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Section A—Mathematical and Physical Scisscbs 

Discussion on the Electrical State of the Upper Atmosphere 
(March 4, 1920) 

Sir Ernest Rutherford During the last few years there have been a 
number of new lines of attack bearing on the problem of the constitution and 
electrical state of the upper atmosphere The work of Linderoann and Dobson 
on falling meteors has suggested that the pressure of the upper atmosphere 
calculated on the ordinary theory is senously m error, and they conclude that 
tho atmosphcro above the isothermal layer of temperature about 220° A rises to 
about 300° A For heights of the order of 100 km the pressure may be 10 to 
100 times the ordinary calculated value I £ these deductions are valid they must 
be taken into account m considering the amount of ionization at various height* 
due to the Sun's rays, and of the ionisation due to the very penetrating radiation 
in the atmosphere brought to light rooently by the work of Kolhbrster and 
Millikan 

There is still some doubt as to the origin of this radiation, tho intensity of which 
increases with height above the earth It may be, as Prof C T R Wilson has 
suggested, that it is of terrestrial rather than of coBmical origin, and may be 
due to tho high velocity electrons and consequent radiation which should be 
present in strong electrical disturbances like thunderstorms No doubt the 
ionization m the upper levels is much increased by the " auroral ” rays which 
extend down to about 100 km above the earth 

The presence of a conducting region in the atmosphere, which on modern views 
u to be ascribed to ionization, has been postulated by Schuster and by Chapman 
in explanation of the diurnal venation of the earth's magnetism The passage 
of electrical waves round the earth early indicated the necessity of assuming 
a conducting or “ Heaviside ” layer, as it has been termed, in the upper atmo¬ 
sphere This view was given definiteness by the work of Kcclcs and others who 
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showed that ionised gases could refract and absorb electrical waves pasting 
through them This aspect of the question has been recently developed by Sir 
Joseph Lartnor who has shown that the long free path of the electrons in the 
upper atmosphere is of paramount importance m producing scattering and 
refraction of radio-waves He has estimated that a comparatively sparse dis¬ 
tribution of ions would be sufficient to bend the rays round the earth These 
calculations have boen followed in the last year by new and successful experi¬ 
ments by Prof Appleton and Barnett and by Rose and Barfield, who have 
obtained convincing evidence that the waves are reflected or refracted at night 
time by a region in the upper atmosphere about 80 km in height for waves of 
about 400 metres in length These important observations have brought to 
light that the downcoming rays show marked polarization, effects no doubt 
connected with the action of the earth’s magnetic field on the motion of the 
free electrons in the effective layer 

The question arises whether the effei ts observed at night can be explained 
by the ionization of the upper atmosphere due to the penetrating rays and 
the auroral rays Taking mto account that at low pressures the electron has 
a long lifo before being attached to a molecule and also the very slow recombina¬ 
tion of the ions, the equilibrium number of ions in the upper atmosphere due to 
the penetrating radiation may easily amount to 10,000 per cubic centimetre or 
even higher It thus seems as if the ionization observed at night ib of the right 
order of magnitude to fall in with the general observations of reflection or 
refraction of electrical waver at high altitudes, and may be of a magnitude also 
to explain the variations of the earth’s magnetism I imagine the question 
is still mbjudxce whether the downoomwg waves from the Heaviside layer are 
due to an actual refraction of the beam or to a type of specular reflection If 
the latter be truo, it seems necessary to postulate a sharp increase of the total 
number of ions per cubic centimetre at a certain level m the atmosphere The 
efficiency of reflection will depend mainly on the number of free electrons and 
the length of their free path It may be that the actual concentration of 
electrons at night may at some points vary very rapidly with height due to the 
presenoe in the air of compounds formed in day time by the sun’s ultra-violet 
rays. While recent research has shown that electrons liberated from helium 
nitrogen and oxygen have a long average life before becoming attached to a 
molecule, it is well known that small traces of impurities may have a great 
influence on the average free life of the electron. The presenoe, for example, 
of ozone or other compounds in the air may possibly have a large effect in tV* 
connection If this should prove to be the case, the amount of ozone in the 
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atmosphere observed by Dobson may have a direct influence on its electrical 
state 

The main discussion to my mind should centre round the following points — 

(1) The mean free path of electrons and the rate of recombination of ions 
at various heights in the upper atmosphere 

(2) The magnitude and origin of this ionisation 

(3) The amount and distribution of ionization required to explain the 
observations upon downcoming electric waves both as regards intensity 
and polarization 

(4) Are the downcoming electnc waves due to reflection or to refraction of 
the incident beam by an ionized layer ? 

There can be no doubt that a continuation of the direct experiments, so 
successfully begun, for studying the propagation of electnc waves in our atmos¬ 
phere will give us most valuable information upon the subject of our discussion 

Prof S Chapman Direct simultaneous measures of temperature and pressure 
up to 25 kilometres, by sounding balloons, give complete information as to the 
variation of pressure, density and temperature over this range The temperature 
falls in the first 10 km from 285° absolute to 220°, and then remains constant 
up to 25 or 30 km The temperature above this height was a subject 
merely for speculation until Lmdemann and Dobson published their theory 
and discussion of meteors They concluded that the temperature remains at 
220° up to 50 or 00 km , after which it nses (perhaps rather rapidly) to about 
300°, which is its value up to about 140 km , thus at this height the an is 
warmer than near the ground This rise of temperature is inferred from the 
estimated densities of the air between 60 and 150 km , the density at 100 km 
being more than 10 times as great as it would be if the temperature had remained 
at 220° Higher up the difference between the estimated density and that 
calculated on the latter assumption is still greater The mean free molecular 
path, calculated on tho assumption that the air is mainly nitrogen over this 
range, increases from about 1 cm at 90 km to about 10 cm at 130 km 

Above this level, even if the temperature were fully known, the pressure and 
density oould not be inferred without a knowledge of the composition, ts to which, 
at present, there is much uncertainty In the lowest 10 km the air u 
thoroughly mixed by winds, but at some height H in the stratosphere diffusive 
separation may begin, the heavier constituents settling out so that the proportion 
of the lighter constituents steadily increases upwards Up to about 100 km. 
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the pressure and density do not depend much on H, but the composition is 
largely affected by it H •=■ 20 km and H » BO km would give very different 
results If we take H ^ 20 km as a likely value, nitrogen is still the main 
constituent at 100 km, its molecules being about 60 times as numerous as 
those of oxygen and helium Above 150 km there will be very little oxygen, 
and such lighter gases as are present (possibly hehnm and hydrogen) should be 
the main constituents 

The question of the composition at 90 or 100 km is of interest m connection 
with the auroral spectrum The conditions there, in any case, are by no means 
those of a largo excess of helium, as supposed by McLennan and Shrum in 
their discussion of the auroral spectrum The auroral spectrum shows that 
nitrogen aud oxygen (accepting tho identification of the green auroral line by 
McLennan and Shrum) are present at auroral heights At the lower auroral 
levels this is quite in accordance with expectation, but aurora are said to appear 
up to heights of 500 km and more The evidence for this, given by Stunner 
and Vegard, seems quite satisfactory The presence of nitrogen and oxygen 
at such levels seems explicable only on the assumption that the atmoephere 
is partly supported at great heights by electrical forces, such as were discussed 
by Atkinson in his criticism of Vegard’s theory of the aurora If such electrical 
forces operate, either permanently or merely temporarily when aurorae occur, 
they may have the effect of allowing the lighter gases, hydrogen and helium, 
to escape altogether , a suggestion which would, if substantiated, explain the 
rather remarkable absence of hydrogen and helium lines from the auroral 
spectrum, though a simpler explanation would be that mixing occurs up to 
auroral heights so that these gases occur only in the same minute proportions 
as m the lower atmosphere 

Another matter of interest concerning the upper atmosphere is the highly 
conducting layer, the existence of which is indicated by the diurnal magnetic 
variation, according to the theory of Balfour Stewart and 8chuster The 
conductivity of the layer must be of the order 3 X 10“*, which is so great as to 
be difficult to explain But recently Appleton and Barnett have assigned 
10* as a lower limit to the number of electrons per cubic centimetre at the level, 
about 80 km high, at which wireless waves are reflected at night From this 
it appears that the specific conductivity must be at least 3 X 10" 14 c g s units 
at this height , a layer having tins specific conductivity would require to be 
1,000 km thick to account for the total conductivity 3 x 10"® This excessive 
thickness can be reduced to a more reasonable figure, however, if the ionisation 
by day is several times as great as by night (as the diurnal magnetic variations 
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themselves indicate), and if allowance is made for the increase in the mean free 
path above 100 km The downward extension of the conducting layer, by day, 
mto regions where the moan free path is less than at 100 km , may not add very 
much to the total conductivity There seems no longer, however, any insuper¬ 
able difficulty in supposing the thickness of the conducting layer to be of the 
order of 1200 or 300 km , without assuming an excessive specific conductivity 

Prof C T R Wilson Among the factors which determine the electrical 
state of the upper atmosphere thunderstorms may bo by no means the least 
important From a statistical study of the distribution of thunder storms* 
Mr C E P Brooks concluded that about 1,800 thunder-Btorma are on the average 
in progress at a given moment, producing about 100 lightning flashes per second 
The quantitydischarged in aflashf is of the order of 20 coulombs, and the potential 
difference which causes the discharge is of the order of 10® volts Thus the power 

expended in produciog lightning by all the thunder-clouds in action at a given 
time is of the order of 10 w watts or 10 l ® ergs per second, * e , about 1/10,000 
of the energy received by the earth from the sun per second 
Not only is the electric power expended by thunder-olouds large, but each 
factor in the power (the current and the e m f) has an order of magnitude which 
suggests the possibility of important effects on the electrical state of the upper 
atmosphere 

On the one hand, there is the possibility that thunder-clouds may supply to 
the upper atmosphere an upward current sufficient to maintain the positive 
potential difference (of the order of 10® volts as shown by measurements of the 
potential gradient in fine weather regions) which exists between the upper 
atmosphere and the earth, and to balance the downward current whioh flows 
in the fine weather regions in consequence of this potential difference (of the 
order of 1000 amperes for the whole earth) 

Again the large e m f of a thunder-cloud is likely to make it act as a souroe of 
p-ray» and of X and -(--radiations of energies ranging from 10* to 10® volte, J»,«, 
up to values exceeding the energy of the hydrogen nucleus and corresponding to 
the most penetrating type of radiation that has been imagined For a particle 
of energy exceeding about 10,000 volts wjU, in general, gam m the strongest 
part of the field of a thunder-cloud (if moving approximately along the direction 
of the force) mem than sufficient energy per cm to make up for that lost m 

* C. & P, Brooks. Meteorological Offioe, ' Geophysical Memoirs,' 24 
t 0 T R. Wilson, ' Phil Trans.,' A, vol 221, p. 73 (1920) 

J0T.R, Wilson, ‘Proo Comb Phil Soe vol 22, p 834 (1928) 
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encounter*; and when it has acquired energy exceeding a few hundred thousand 
volts the loss of energy per cm will be of the order of 1,000 volts only and 
thus small compared with that derived from the field If the acceleration not 
only of the primary (S-rays but of the secondary and higher order ^-particles, 
ejected by those which have already been accelerated, be taken mto account 
it is easily seen that the energy spent in producing penetrating corpuscular 
and y radiation may be large—possibly approaching that which is expended 
m producing lightning discharges 

Penetrating {5-rays from thunderclouds may traverse the upper atmosphere, 
and under the influence of the magnetio field re-enter the atmosphere in widely 
scattered regions, contributing perhaps to auroral phenomena and to the 
penetrating radiation, studied by Kolhorster and recently by Millikan, to which 
a oostmeal origin has generally been assigned 

Sir Henry Jackson Systematic measurements of the variations in the 
intensity and the direction of signals received from Radio telegraph stations 
have been taken for some year* by skilled observers, and their analysis showed 
clearly they were subject to seasonal, diurnal and other effects, and that the 
Sun’s altitude had a gTeat effect on them, but nothing more definite than this 
was obtained 

However, in considering the effect of electro-magnetic waves on a wireless 
reoejver it was deduced that the variations could be accounted for if two or more 
waves from the same source and of the same frequency reached the receiver 
simultaneously but at different phases of their oscillations, and, for some of the 
effects in directional work, if one of them was polarised in a different plane to 
the others 

The fading effects noticed with short waves can also be attributed to the same 
causes 

The recently published work on the Kennelly-Heaviaide layer theory was 
studied, and experiments earned out to by if deflections and conduction by some 
such agency as this layer could be detected and measured Several observers have 
been successful in doing this, by different methods, and their collective remits, 
published independently, go far, I think, to establish the validity of the idea 

There are, however, many calls upon this layer which require consideration 
to aocount for all the varying results thst are now obtained in Radio communi¬ 
cations which cannot be attributed to locality, apparatus or to personnel. 

The variation* experienced with long waves are well known, but with very 
short waves, say under 100 metre*, another phenomenon is noticed, and. with 
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Admiralty permission I will quote a very recent example of this and observe 
thus li not an effect that can be attributed to two waves at different phases 
affecting the receiver 

A vessel on a long voyage transmits a 12 metre wave every 4 hours and also 
other wave lengths at stated periods under a carefully organised programme 
The 12 metre signals were received by a station near her port of departure 
during the first hundred miles of her voyage then lost altogether till she reached 
1 100 miles then heard occasionally during daylight up to about 4 600 miles 
then lost till she rear hed the end of her voyage 6 000 miles when a very clear 
signal was again received The small loss of signal strength if any at this dia 
tance is noticeable and many other observations on these short waves confirm 
this though signal strength vanes enormously but not necessarily Increasing 
much with distance A longer wave (nearing 100 metres) was received from 
the same vessel up to 1 000 miles then lost and only heard twice dunng the 
remainder of the voyage 1 hree other waves intermediate between these are 
received intermittently during some j art of the day and communication has 
been maintained with these dunng the whole voyage 

Fading is often very prominent with all these short waves and at times double 
fading is noticed tc a short period of small amplitude superposed on one of 
long penod with large amplitude Distort ion of long dashes causing an audible 
wave of varying pitch and intensity and sIbo the missing of short dots are 
also noticeable 

These result* indicate that the layer must exercise but bttle attenuation mi 
short waves which show small loss of energy w their passage along it and that 
it appears to deflect down some wave-lengths at various places some distance 
apart and others possibly at all points on the earth s surface and that two or 
more waves must sometimes reach the receiver at varying and different phases 
of their oscillations to account for the extraordinary fading effects that are so 
often noticed with them 

Is a layer that will fulfil all these functions a physical possibility * If not, 
what is the cause of these variations 1 

Prof E V Appleton In attempting to obtain information about the elec 
tncal state of the upper atmosphere from wireless data it is found that the 
evidence obtained from short distance transmissions is much more direct and 
much more easily interpreted than is that from transmissions over longer 
distances The reason for this is two fold In the first place, by studying the 
deviation of wireless rays through large angles by the atmosphere we an able 
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to estimate very directly the electron-concentration of the ionized layer 
Secondly, in short distance transmissions, there is, in most cases, a ground ray 
arriving at the recoiving station, which, acting as a reference ray, enables 
us to study the amplitude and phase of rays reaching the receiver via the 
atmosphere 

During the last few years two experimental methods,* specially suitable for 
investigating the upper atmosphere by means of short-distance transmissions, 
have been developed at Cambridge The application of these methods yielded 
a direct experimental proof of the existence of the ionised layer In the first 
type of experiment the wave-length of a transmitter was changed continuously 
through a small range, and the interference maxima and minima were observed 
at a receiving station 80 miles away Thu experiment showed that signal 
“ fading,” at such distances, was duo to the interference of two or more sets of 
waves arriving at the receiving station, and also gave an estimate of the path 
differences between them To provo that the interfering rays came down from 
the upper atmosphere mothods of examining the electno and magnetic forces 
in the stationary wave system at the ground were employed By comparing the 
signal variations producod on a loop and on a vertical antenna at the same time 
and place, it was possible to measure the angle at which tho downooming rays 
reach tho ground From the results of such experiments wo may estimate (o) the 
height of tho ionized layer, (It) the relative intensities of the ground and atmo¬ 
spheric rays, (c) the “ reflection coefficient ” of the ionized layer, and (d) the 
state of polarization of the atmospheric rays 
The study of atmospheric mfluenoes on ultra-short wave transmission leads 
to a theory of imprisoned and escaping rays and wave-lengths. Due to the 
flute electronic content of the ionized layer, wave-lengths less than a certain 
critical value are not bent back to the earth and escape via the atmosphere. 
Farther, only certain rays of wave-lengtha slightly higher than the minimum 
wave-length are bent back An interpretation of these phenomena gives 10*— 
10* aa the order of magnitude of the maximum number of electrons per cubic 
centimetre in the layer 

The rays deviated by tho atmosphere have been examined and found to be in 
general elliptically polarized, as u to be expected aooording to the magneto-iouo 
theory Thu theory shows that the effect of the earth’s magnetic field causes 
the atmosphere to sot like a quartz crystal, m that rotation of the plane of polari¬ 
sation takes place for tranamiseiOB along the axis and doable refraction for 

* Appleton and Barnett, • Nature,’ March 7, IMS) 'Koy, Hoc. Proc.,* A, tol. 10», 
P-WMlMfi). 



Discussion on Electrical State of Upper Atmosphere 9 

transmission at right angles An examination of the expressions for the refrac¬ 
tive index and the absorption coefficient for such cases shows, us one would 
expect, that the influence of the magnetic field is most marked when the mean 
free path of the electron is large, so that we have hero a satisfactory explanation 
of night-time directional errors 

Thus, summarizing, we find that wireless phenomena demand the existence 
of an ionized layer, the maximum electron concentration of which is 10 s —10* 
per cubic centimetre The ionized layer deviates very long waves by reflection, 
because the change of com] u< tivity ib sufficiently sharp within a wave-length, and 
deviates short waves by magneto ionic refraction In the latter case, to account 
for low attenuation one must assume, as Larmor first pointed out, that the 
frequency of the waves is less than the frequency of the electron collisions 
with the molecules Diurnal variations of wireless phenomena all seem to be 
explicable by assuming that the under boundary of the effective stratum is 
higher at night than during the day, and higher in winter than in summer 
The evidence so far obtained indicates a day-tune under-boundary at 60 to 70 
km , which rises to 80 to 120 km at night 

Dr R L Smith-Bosk (with Mr R H Barfield) In the March issue 
of the Proceedings of the Society* a paper was published by us which 
described in Home detail a theoretical and experimental investigation of wireless 
waves as received on the earth’s surface It was first of all shown in this 
paper that for waves arriving at an inclined angle to the earth’B surface, the 
directions of the electric and magnetic forces resulting from the combination 
of incident and reflected waves should depart from the normal directions of 
these forces in the case of waves propagated horizontally along the earth’s sur¬ 
face From experiments described in a previous pap erf it was found that on 
wave-lengths above 1,000 metres, and owing to the high conductivity of the 
earth, these departures were so small as to make it impossible to distinguish 
between horizontally propagated waves and those arriving in a downward 
direction Later experiments, earned out on wave-lengths of about 400 metres 
have, however, given more definite and interesting results The results obtained 
are dseenbed in the reoent paper referred to above, and prove that at times in 
the neighbourhood of sunset and in the hours of darkness, some of the received 
waves were travelling in a downward direction, evidently the result of deflexion 
from the upper atmosphere Simultaneously with these experiments a method 

* 'Boy Soo Proe,.' A, vol 110, p 680 (1990) 

t • Bay. Soo Pros , ' A. vol 107, p. 687 (1988) 
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of measuring the instantaneous relative intensities of the electric and magnetic 
forces at the earth’s surface was developed This method, whioh is very similar 
m nature to that just described by Prof Appleton and Mr Barnett, also 
gave direct proof of the existence of downcoming waves A combination of 
these experiments provided several methods of measuring the angle of incidence 
and relative intensities of these waves, and these were found to give mutually 
consistent results In an example cited in the paper, the angles of incidence 
varied from 13° to 34°, and the latter value is shown to correspond to a height 
of deflecting layer of about 88 km which is in good agreement with the results 
of other investigators The intensity of the downcoming waves was found to 
be of the same order as the direct wave along the earth's surface which was 
received simultaneously 

Further investigation on this matter is desirable since it will undoubtedly 
lead to a greater knowledge of the physics of the upper atmosphere With 
the object of obtaining more definite results we propose to carry out 
experiments with a concentrated beam of radiation projected at definite angles of 
incidence towards the upper atmosphere, and to locate and investigate the 
deflected waves on their return to the earth’s surface Practical considerations 
necessitate that this work should be earned out on shorter wave-lengths, and 
the preliminary experimental work is already in progress 

Prof W H Eocljcs Preceding speakers having marshalled the available 
evidence for the Heaviside layer, it may be most useful for me, while agreeing 
broadly with the conclusions drawn from that evidence, to refer to some other 
points of view and other agencies For instance, in connection with wirelees 
phenomena at short distances from the transmitting station, the diminution 
of the density of the air with increase of height, which causes the lower atmo¬ 
sphere to act as a prism with its base on the ground, taken together with 
diffraction, must not be ignored Consider a source from which electric waves 
of length 20 metres, 600 metres and 20,000 metres are being simultaneously 
emitted, and consider especially the rays emitted horucntally Up to distances 
of 100 km. all these waves can be detected by an ordinary aenal—beyond 
that distance the 20 metre waves vanish but the others remain perceptible 
This, I suggest, indicates diffraotion of the longer waves, as is supported by the 
{act that on aenal on a high mast or hill can detect the short waves passing aloft 
like the beam of a searchlight I want to suggest also that variations of signal 
strength at these short distances may be due to variations in or movements of 
the lower atmosphere. (The well-known vertical oscillations of pilot balloons 
at a height of 10 km suggest movements of the air) 
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Beyond 100 1cm in daylight the 20 metre signals are completely lost the 
others are continuously perceptible It has been found (e q by Hollingworth) 
that after falling off with distance the long wave signals increase up to a distance 
of 400 km Here it seems that the ionized atmosphere is aiding diffraction and 
the pnsmatio action At 700 km the lost 20 metre signals reappear though the 
tangent plane through the source passes 100 km above This suggests that the 
horizontal rays from the source have followed a trajectory perhaps only W km 
m height at its apex and now graze the ground again Rays starting with an 
upward angle from the source would on this view descend to earth at greater 
distances and perhaps at grazing incidence These possibilities have caused me 
to remain unconvinced by Prof Appleton s use of the Bkip of short waves 
to deduce the maximum electron density at a sharply defined Heaviside surfaoe 
nearly 100 km high This possible explanation bv aid of non intersecting 
and gradually bending trajectories of varying height demands cmsiderable 
thickness in the Heaviside layer It is perhaps in disaccord with Sir Joseph 
Larmor s recent review of an old theory for he appears to doubt ionic bending 
m the lower atmosphere and supports the whispering gallery view which 
assumes the formation of a thm caustic layer of radiation in the sky 

The preceding remarks refer to daytime propagation At night the 20 metre 
waves make a larger skip say 4 000 miles and are poked up at all distances 
beyond the 600 metre waves are picked up at all distances to 5 000 miles and 
the 20 000 metre waves go everywhere Measurements are available on the 
medium wave length* and show that in the great fluctuations of strength beyond 
2 000 miles the maximum may exceed the strength calculated for a perfectly 
conducting flat earth with a non absorbing atmosphere This seems one of the 
beat proofs of the existence of the Heaviside layer for otherwise we must believe 
that the earth is flat 

Dr O M B Dobson The evidence obtained from radio telegraphy indicates 
that the upper atmosphere at a height of some 60 to 80 km is considerably 
ionized or may contain a moderate number of free electrons We shall see 
that there is evidence of an entirely different nature which supports such a 

view 

Large numbers of meteors have been observed by Mr Denning and his 
associates If the frequency with which meteors appear at any height be 
examined, it is found that the most frequent height for a meteor to appear 
u about 110 km and the number decreases regularly above and below this 
level When, however the height of disappearance is plotted we find that the 
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main maximum occurs at 80 km. but that a secondary maximum also occur* at 
46 km, with a region between BO km and 60 km, where very few meteors 
disappear Any errors of observation would tend to smooth out this minimum 
frequency, and that its existence is shown at all is an indication of the accuracy 
of the observations All the meteors dealt with are of similar character, and 
there is no evidence that the two maxima are duo to two types of meteor 
The only suggestion which would seem to account for this type of frequency 
curve is that the atmosphere above and below CO km is different From other 
considerations of meteor observations, we have evidence that while the air up 
to 50 Vm has a temperature of about 220° A , that above 00 km has a much 
higher temperature The observed minimum of frequency may be explained 
by this change of temperature 

We know that ozone is formed from oxygen by the action of ultra-violet 
light of wave-lengths shorter than about 1800 A, so that we should expect 
that it would be formed in the upper layers of the atmosphere by sunlight 
Owing to the rapid absorption of these short waves, it is probable that the ozone 
would be formed chiefly at a height of about 50 km. 

Prof Lindemann has pointed out, that while other constituents of the atmos¬ 
phere are nearly transparent to the wave-lengths emitted by the sun, and have 
absorption bands only in the infra-red, ozone has absorption bands both in 
the visible and ultra-violet regions, and hence its radiation equilibrium tem¬ 
perature will be relatively high Thus we should expect the highest layers of 
the atmosphere where ozone is present to be warmer than those below, as has 
been indicated by meteor observations 
In addition to forming ozone, the sun’s ultra-violet light will ionize the air, 
and produce the conducting layer indicated by radio observations 
Again, Dr Chree has shown that days on whioh much ozone is present, are 
associated with high magnetic character, which may be due to the increased 
ionization Measurements of the amount of ozone to be made shortly at Chile, 
where the results should not be disturbed by changes connected with variations 
of barometric pressure, will afford interesting comparison with magnetio 
data 

Dr G C Simpson The country has every reason to be proud of the work 
just described, for it is of fundamental importance to our knowledge of the upper 
atmosphere I think there is no doubt that Britain now leads the world in this 
branch of knowledge and research We are pleased that Sir Arthur Schuster 
should be present to hear of the later developments of the work which he started 
so long ago 
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Prof F A Lindjulamn I was much interested m Prof C T R Wilson s 
suggestion that 1000 million volt electrons might be obtained from lightning 
discharges If this somewhat startling idea proves to be true and it should be 
easily susceptible of verification, it would introduce a new and potent factor 
into geophysical speculation I can scarcely believe however that it can account 
for the ionisation in the upper air which the discussion we have just heard seems 
to force us to accept If the major part of the current which Prof Wilson attn 
butes to lightning were t/ appear in the form of such electrons they might if 
highly efficient produce enough ions but it seems inconceivable that they should 
produce them all above a certain height as is necessary to account for the wireless 
phenomena 

The mam problem namely to explain the production if the required ionisation 
therefore remains In daytime it is simplo enough for it can be attributed to 
solar lomcation This explanation breaks down at night when most of these 
experiments were made To attribute them to electrical effects such as autor® 
seems fanciful since these t ccur very much higher up and are much too erratic 
to account for such a regular phenomenon as the Heaviside layer Ions 
caused by sunlight could scarcely persist in sufficient numbers at heights so 
low as are demanded The only suggestion I have heard which does not seem 
impossible on the face of it was mentioned to me by Mr R d E Atkinson He 
pointed out that the persistenu if ionization through themght would be accounted 
for if the ozone produced by the sun s radiation broke up into ions In this 
case the ionisation would be maintained as long as there was ozone to break 
up The layer would gra lually ascend as the night progressed since recom 
bination would take place most rapidly at high pressures Finally if Dr Dob 
son and I are right in our view that there is a sudden rise m temperature between 
00 and 60 km it would be natural that there should be ionization mainly above 
this height For the rate of decomposition of ozone would be negligible in the 
cold region at 220° between 11 and 60 km but would be considerably greater 
at the temperatures about 300° w hich we believe to obtain above 60 km The 
whole hypothesis of course stands and falls with the assumption that ozone 
break* up into ions accurate experiments on this question seem most 
desirable 
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On Wave Resistance. 

By Horace Lamb, F R 8 
(Received February 27, 192G ) 

The case here considered is that of a solid whose dimensions are small 
compared with its depth below the free surfaoe, travelling horizontally under 
water The particular case of a circular cylinder advancing at nght angles 
to its length was easily solved from considerations of group-velocity * The 
more difficult problem of the sphero was worked out by Havelockf by direct 
calculation of the pressures exerted on its surface In a subsequent paper}: 
this rather arduous process was avoided by a calculation of the travelling 
pressures, applied to the free surface, which would produce the same wave 
system The work done by these must be equivalent to that which, in the 
actual case, is expendod on the sphere to maintain its motion The same 
principle was furthor employed by him to find the wave-resistance of other 
solids of revolution, in particular that of a spheroid 
There would appear to be room for an investigation on a more general plan 
in which no restriction is made as to the form of the solid, which affects only 
the values to be attributed to certain constants (familiar m another connection) 
m the final results For example, it is not necessary even to assume that the 
solid is moving m one of the directions of free “ permanent translation ” of 
which it is capable, and some attention is paid to cases where this condition 
is departed from As a further variation from previous methods a small 
viscous force is introduced, and the work done against resistance is equated 
to the dissipation of energy 

1 The velocity-potential at any point F m an unlimited mass of liquid, 
due to the motion of a solid through it, is expressed in terms of a distribution 
of double sources over the surface of the solid by the formula 

Wr = Jj(* - f )| n \ «B. (1) 

where r denotes the distance of P from a surface-element 88, and the differentia¬ 
tion d/dn is m the direction of the outward normal The auxiliary function u 

« ‘ Ann <11 matematloV vol *1, p *37 (1»1»), • Hydrodynamics,’ Arts. 247, 24« 
t * Roy 800. Proo,’ vol 81. p 8*0 (1917) 
t ‘ Roy. 800 Proo,’ vol 93, p 384 (1918) 
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the velocity-potential of a fluid imagined to occupy the same apace aa the 
solid, and to be confined by a thm rigid envelope coincident with the 
boundary, where accordingly 


= 

~Sn 5n 


(2) 


To evaluate (1) at points whose distance is large compared with the dimensions 
of the solid, wo take an origin in the interior, say at the mean centre, and 
denote by (r 1 , y u r t ) the co-ordinates of P, and by (r, y, z) those of a surface 
element 8S Then, writing 


we have 


Hence, 


r, - V'(* , i* t- yi*+ *i s ). 

I _ 1 aa-i + »yt + «i _| 

r n fi* 

3_ 1_ _ * Jl + twyi + nti 
3» r ~ ri* 


(3) 

(4) 


approximately, where (on the right-hand side) f, m. n arc the direction-oosines 
of the normal to S3, drawn outwards 

Suppose, now, that the solid is moving with unit velocity in the direction Che, 
without rotation We have then 


where 

A => jj^ldS, C'=(j<6mcfS, B' = jjV»rf9 

These quantities A, C', B' are recognised as inertia-coefficients occurring m 
the general expression for the energy of an infinite mass of liquid of unit 
density due to the translation of a solid through it wiUi velocity (u, v, u>), 
viz * 

2T « Au*+ Be* + Cw* + 2A'tw + 2B'wu + 2C'«v (7) 


(3) 

(6) 


Again, on the present supposition we have 

(8) 

and therefore, from (4), 
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(9) 
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where Q denotes the volume of the solid, since 

JjafdS^Q, Jjst»dS=0, [Jam dS = 0 

Hence, finally, 

= (A MM», + C' Vl + B't t 

f i* 

The effect of the motion of tho solid at distant points is therefore that of a 
double eouroe, but the axis of the source does not necessarily coincide with 
the direction of the translation, which has been assumed to be that of the 
axis of * 

If, however, the axis of x coincides with one of the three mutually perpen¬ 
dicular directions of pormanont translation* of which the solid is capable, the 
coefficients C' and B' will vanish In what follows it is assumed in the first 
instance that this is the case Then 

47t*p -(A + QK/r/ (12) 

2 Proceeding now to the wave problem, we take the origin of co ordinates in 
the free surface of the fluid and tho axis of * vertically upwards The solid 
will be supposed to move in the u plane with velocity c in the negatwe direction 
of x, at a depth/ 

If we introduce a small factional force varying as the velocity the pressure- 
equation is 



(13) 

terms of the second order in the velocity being neglected 
the surfacc-clevation we have, for * =* 0, 

Hence, if £ denotes 

5--S \ 

These conditions are satisfied by 

(14) 

C = e*‘x (•*. y). 4> = Ce-'+^x (*. y). 

where x (*, y) is any solution of 

(15) 

&+&+*-* 

provided 

(16) 

(«H (i)C=y, jfcC~ - a 

Hence, 

(17) 

« = - l(i ± w, where a =» y/(gk), 
* ' Hydrodynamic*,’ Art lit 

(18) 


(10) 

(ID 
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the square of p being neglected In particular, the free waves consequent on 
an initial state 

t=*X(*.y). 3S/&-0 (19) 

are given by 

(20) 


~ T 

5 — e ‘'•‘(court 4 




(21) 


3, In the annexed figure positions of the solid are indicated by their vertical 
projections on the free surface Thus, the origin 0 represents the position at 



X 


the instant for which the valuo of <j> is required, whilst T corresponds to the 
position at some antecedent tune t, so that OT »= ct 
If the solid had been suddenly started from T with velocity c towards 0, 
everything being previously at rest, the consequent value of ^ would have 
been, to a first approximation, 

<**> 

where r denotes distance from the centre of the solid, and 

H (A ■+• Q) c/4n (23) 

by (12) Since/ denotes the depth of the solid, we have 

r 1 = (*+/)* + <5*. (24) 

where <3 denotes distance from T in the horizontal plane 
Since 

1 = jV»v + *>J 8 (*<&)<&, (26) 


VOL. CXI ,—t 
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the formula (22) becomes 

(26) 

To correct this for the influence of the free surface, where <j> must -=0, we add 

(27) 

and obtain, for the initial surface velocity 

= 2H [“ J„ (*<S) k dk (28) 

4, Now suppose that, everything being at rest to begin with, the solid (at T) 
is suddenly moved from rest to rust through an infinitesimal step cSt towards 0 
The nett result of this will be to leatc the surface initially at rest, but with an 
elevation 

Z - 2H 8t [* (U) k dk (29) 

Hence, comparing with (20) and (21), the subsequent history of the surface 
would be given by 

^ = - 2»H it [* <.-*-!(*<+••* fLj p (km) tt dk (30) 

provided the real part only be retained in the end 
Since 

'* < 31 > 

the motion represented by (30) may be regarded as made up of rectilinear 

wave-trains whose directions of propagation are distributed in azunuth about T 
Now, referring to the figure, the distance of any point P of the free surface, 
whose co-ordinates arc x, y, from a rectilinear wave-front through T will be 
(d - x) cos <Ji — y sin iji 

where i|i is the angle which the normal to the wave-front makes with Ox This 
expression takes the place of <5 oos y in (31), and since the integrand is periodic 
with respect to y, with the period 2w, whilst y differs only from ^ by a constant, 
we may replace y by i); as independent variable, with the same range of inte¬ 
gration Thus, 

.-*-*-♦*—«*-*-•*.*•! dmoo. ^ (32, 

Regarding the travel of tho solid from infinity to the position 0 as made up 
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of such infinitesimal steps cSt, we integrate with respect to t from 0 
obtain 


H f* e -#-H*<*oo,++ v»in*) 
» )o J-»Jp — x{c — kc cos ij 


oo, and 
(33) 


as the surface-vahie of ^ at the instant required 

The interpretation of this result by approximate methods has been explained 
elsewhere * As regards the integration with respect to A, the more important 
elements are those for which l differs little from the value (*) which makes 
<r Ac cos Since we are concerned only with positive values of A, this 
implies that cos i}i > 0 Hence writing A: => *e + A', where 

k _=.y/c*< 08 * ip, (34) 

wo have, for small values of h', 


Ip — x (<j - kc cos $) = Jp — t (U — c cos i}/) A', 
where U is the group-velocity corresponding to the wave-velocity r c 
U =a Jc coa ij/ This gives 

* = 2H (*’ {(' - e ll - *'}«■-'+•*« «* c cos* <|<d<l/, 

n p f ti c cos <1 ) 


(36) 
i>, or 

(36) 


approximately, where q x cos i|i -{- y sin t}< The limits of ^ have been here 
contracted to ± Jir, since cos iji must be positive, whilst those of k' have been 
extended to ± «, since owing to the fluctuation of the periodic term only 
mutually destructive elements are, on the whole, thus introduced Now, by a 
known thoorem we have 

| or 0. (37) 


according a? q % 0 Hence 

e- /+ sec» (38) 

« 

where 

k cos* (j i, p, p/c cos <|», q = x cos iji + y sm <J/, (39) 

provided q > 0 If q < 0, the result is negligible, on the present approxima¬ 
tion. 

The integral in (38) can be approximated to by Kelvin's method t We write 


Pw — <«> 

* • PUL Msg ,* vol 31, p. 53* (1616) 

t' Roy See. Proo,' ml it, p 80 (1887) > 1 Math, and Phy*. Paper*,’ vol t, ^ JOS 

O 3 
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Owing to the fluctuation* of the penodio factor ((•***) in the integral, the 
mort important element* axe thoee for which the argument it nearly stationary 
Hence, putting <J» a* 0 -f- w, where 0 it a root of F' (0) => 0, and therefore 

F(<M = F(e) + l««F"(e)+ , (*D 

the variation of | in the remaining factors of the integrand may be neglected, 
and the limit* of ci may at the same time be extended to ± « without senoue 
error. Now lrom (40) we have 

F'(l) _ -ssm| + ycosi +? gmjji (42 ) 

F(i|i) x cos | + y ein | cos | 


|i-tan J 0|F(e)=>w*, 

the value of ^ is reduced to depend on the integral 

j” rfoi ~l£e*‘‘’, 

where m is of course to be taken positively We obtain finally 


k -Jty/c* cos* 0, |i, =» p/e coe 6, (47) 

and 0 is determined as a function of x, y by the equation F' (0) = 0, or 

x tan 0 + y (1 + 2 tan* 8) = 0 (48) 

We have also the proviso 

xcosO + ysmOX) (40) 

The equation (48) shows that there are two values of tan 6 within the range 
of provided x*> 8y* Since their product is J, one value will be numerically 

/ess, and tbeothernumencally greater, than tan” 1 The sign to be attributed 

V* 

to \n in (46) will be + in the former case and — in the latter. 

It is now convenient, adopting a suggestion of Kelvin,* to wnte 


' Math. and Pbya. Papers,' voL 4, p. 413 
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and to regard the position of a point (x, y) an determined by the two para¬ 
meters o and 8 Taking (48) in conjunction with ((SO) we have 

x — a cos 0 (1 + sin* 8), y -= — o sin 0 cos* 0 (51) 


It appears from (49) that a must be positive The equations just written show 
that the two values of tan 0 will be positive in that quadrant of the plane m 
which x is positive and y negative On account of the symmetry with respect 
to the axis of x we may confine our attention to this quadrant The two values 
of 8 may be then taken to lie between 0 and j)jr Denoting them by 0;, 0«, 
and the corresponding values of a by a„ a„ we have 

k ^ = <h + & 


The calculation of the surface value of d<f>jdz would follow the same course, 
but since the various expressions would merely contain an additional factor k, 
or r as the case may be, under the integral signs, the results can be written 
down at once Thus 


cUt 4?ih? | I[ sec. 0 igm _ . \ 

3» e*g f V(tM‘ Or - i) V? *7 


(54) 

(55) 


5 Our initial assumption of a frictional force varying as the velocity implies 
a dissipation of energy at a rate equal to 2p times the lanetio energy This 
must be equal to Rc, where R is the resistance experienced by the moving 
•olid Henoe, 



where the integration is taken over the boundary of the fluid, 1 1 , practically 
over that portion of the free surface for which x > 0 We may further ignore 
alt terms in the integral which do not vanish when n - - 0 The formula thus 
reduces to 

R = tt jj (* d +j + * <&) dxdy, (57) 


taken over the free surface. 
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Now from (51) or from a simple geometric calculation we find 

axSy-lif-i^aO^icoa'eii-tan^laSoSO (58) 
d(a 0) 

Hence 

R-lSMes^lfpe,, 

+ )).«• fce “‘feJS.) (51) 


The range of Oj and <i, w fr>m 0 to <*> 4s regarla 0 t and 0, wc may confine 
our attention as baa been said to the fourth quadrant of the plane xy and m 


tan 1 -i- to £tt the result w found when we finally make pi -• 0 to be 

V2 


> 5 0e 


( 60 ) 

(hi) 


As Havelock has pointed out in relation to the particular case of the 
aphere this integral can be expressed in terms of the Bessel Function* 

K„(i) |*e '^“eosh nudu (62) 


In fact putting sec 0 cosh Ju and taking account of the recurrence 
formula 

K. ,() K„ (*)-^K„H (60) 

we find 

I■{!£,(«)+ flH i)K,(«)} (64) 


where a A graph if R as a function of cis also given by him It 

indicates a maximum in the neighbourhood of c =■ y/(gf) 

It remaina only to meert the value of H appropriate to the particular form of 
the solid For the sphere wo find putting in (23) A Q — 

where l is the radius 

R==M 9$f 31 (66) 


* 1 follow the notation of Watson, fhoory of Bessel Functions, whtae tables are also 
given 
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where M' is the mass oi fluid displaced by the sphere If e ^=> VW) we find 
R ** 0*2733 H'g 

For a prolate spheroid moving in the direction of its polar axis (21) we find 

mi 

where e is the excentncity of the meridian For the oblate form 

H = - (!— - V (1 - e J )} , (67) 

where b is the equatorial radius * 

6 We have not been concerned with the surface elevation In calculating 
it we may put p — 0 at once, wherever this does not make the expressions 
indeterminate It results then from a comparison of (20) with (21) that the 
difference from the calculation of <f> will (insist in a factor vkja after the integral 
signs in (33) The results < an therefore bo written down at once We have 

c - ci + Kt, m 

where 


It is unnecessary to dwell on the interpretation, which would follow the 
same lines as in the case of a pressure point tiavelling over the surface, which 
has been discussed by Kelvin and other writers, but it is to be noted that the 
elevation is now finite at the origin where 9, =0, 0* -= Jrc There remains, 
however, a mathematical infinity at the cusps of the lBophasal lines, where 


tan 




but the formula (68) shows that the integral of the 


surfaco-elevation over any finite area, however small, is still finite 
7 It has been assumed so far that the solid is moving along one of its axes 
of permanent translation, and that the remaining axes are horizontal and 
vertical, respectively It is plain, however, since the inertia coefficient A 
does not appear in (11), that a tilt about the first-named axis would make no 
difference. The case is altered if the body has a yaw in the horizontal plane 
Let Ao, Bo, Co be the principal inertia coefficient* of translation, so that the 
formula (7) reduces to 


•2T-; Ao^+B^ + O* 
‘Hydrodynamics,’ Krtt. 105, lOfl, 114 


(71) 
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We will suppose in tiie first place that the axis to which Co refers is vertical, 
whilst that of Ao makes an angle w with the direction of motion, The coefficients 
in (11) have then the values 

A = Ao cos* cl + Bo sin* co, C' = (A 0 — Bo) sin to cos u>, B' *= 0 (72) 

We must now add to (22) a term 

K 1 1 , where K = (73) 

ny r tn 

The only difference will be that, so far as this term is concerned, the factor 
oos ij/ in (32) must be replaced by sin <{*, with tho final result that we must 
replace the factors H sec" 0,, and H see* 0 2 which appe-ar in the values of ^i 
and <f>2 by 

(H (- K tan 0i) sec' 0i and (H 4- K tan 0 2 ) sec* 0„ 

respectively Similarly in the values of tty,/3s and 3^,/t?r we must replace 
H sec* 0, and H see* 0, by 

(H + K tan 0,) sec* 0, and (H -f K tan 0,) seo* 0, 

Allowing for tho different signs of tan 0 in the first and fourth quadrants we 
now find 

K - (H* f K ! tan* 0) sec* 0 «' 

- 152£il(IH s 1 JK*) (74) 

where I is defined by (Cl) and 

J i-= j* tan* 0 sec 6 Oe”^" c ’ , d0 

as may be proved by the same substitution as in (61) 

The corresponding values of the surface-elevation are found by replacing 
H in (09) and (70) by H + K tan 6] and H + K tan 0 S , respectively. The 
wave-pattern is now no longer symmetrical with respect to the direction of 
motion If the angle w m (72) li&s between 0 and Jw, and A* > Bo, the waves 
will be higher in the quadrant where tan 6, and tan 0, are positive, i e , on the 
side towards which the yaw is The reverse will be the case if A« < Bo 
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II the solid has a tilt (J in the vertical plane of motion, the inertia coeffit tents 


A - A* cos* £ 4- C„ sin* p, C' = 0, B' = (A« - Co) sin p cos p (76) 
We muBt now add to (22) a term 

B'c ^ i = - B'c f e-‘ ‘"“Jo (idi) k dk (77) 

Compensating this so as to make <f> -* 0 at the surface, as in (27), we find that 
the addition to the initial surface value of 3£/3t in (28) is, in the present case, 
aero The wave resistance, and surface-elevation, are therefore given hy. the 
same formula as in the case of symmetry, provided wo substitute the value of 
A from (76) 


On the Electrostatic Potential Energy, and the Rhornbohedral 
Angle, of Carbonate and Nitrate Crystals of the Calcite Type 
By 8 Chapman, F R S, J Topping, M 8 e, and J Morratx, M Sc 
(R eceived February 23, 1926 ) 

& 1 Introduction 

§ 1.1 This paper is a sequel to, and an extension of, one with a somewhat 
similar title by W L Bragg and 8 Chapman,* in which it was shown that, on 
certain natural assumptions, the rhornbohedral angle could be calculated for 
the well-known lsomorphous series of carbonate orystals of the calcite type 
The detailed results and the method of calculation were not described This is 
done in the present paper, where also the results of a parallel calculation for a 
similar possible senes of nitrate crystals is given, the only knoun nitrate 
crystal of this type, however, u that of sodium, the corresponding potassium 
salt crystallising in the aragonite form f 
11 2 As the underlying principles of the method have been described m the 
paper cited, they need only receive brief mention here The crystals considered 
are supposed to oonaist of positive and negative ions, namely, metallic ions 

* ‘Roy. 800 Proc A v>l 106, p 146 (1924) 

♦ W L. Bragg ‘Roy Snc.Pioc,’ A. vot 105, pp 16and 370 (IBM). 
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(doubly charged, like Ca ++ m the carbonate series, or singly charged like Na + 
m the nitrate caae), and ionised gronpe CO, (t e, CJJ, O'", O'”, 0~~) or 
NO,~ (‘ f Ntt + . 0" ", 0 ,0 ) The detailed arrangement of these groups 

is described in § 2 4, but if the CO, or NO, groups are treated as wholes, the 
arrangement of the positive and negative ions is similar to that of the ions in 
a simple cubic crystal of tbe ro< k salt type, except that the eubic lattice is 
contracted-into a rhombohedral lattice parallel to one diagonal, this 
diagonal thus becomes the trigonal axis of the crystal The edges meeting in 
the trigonal axis are inclined to one another at an angle (the “ rhombohedral 
angl? ”) of about 102°, instead of 90° in the case of rock-salt 
§ 1 1 The equilibrium of the crystal is supposed to be maintained by the 
joint action of electrostatic forces (attractions and repulsions) between tbe 
various ions, together with certain other repulsive forces such as those which 
come into play at close approximations (collisions) of molecules m gases These 
will be referred to as Me repulsive forces , they are known to vary much more 
rapidly with distance between the ionic centres than do the electrostatic forces, 
namely, by the ninth or some higher power of tbe inverse distance m the former 
case, as against the second in the latter caae The repulsive forces between 
other than immediately adjacent ions are therefore probably negligible, and it 
will be assumed here that this is so , each 0 ion is in contact with two equidistant 
Ca ++ (or two Na ++ ) ions, and each Ca ++ (or Na ++ ) ion u in contact with six 
equidistant 0" ions (Cf § 13 5, where the relative distances of the next 
nearest (non adjacent) pairs of ions are all given ) 

§ 1 4 In a state of stable equilibmunthe whole set of ions w ill adopt a grouping 
which renders the total potential energy a minimum The change of potential 
energy corresponding to any small tint-order change in the ionic grouping will 
therefore be zero (that is, of the second order) If a displacement is considered 
in which the form and size of the CO, (or NO,) ionic groups remain unaltered, 
and in which also the distance between neighbouring pairs of 0 and Ca (or O 
and Na) ions is preserved, there will be no change in the potential energy of the 
repulsive forces, in so far as the above assumption (§ 1 3) is correct , the whole 
change will be in the electrostatic potential energy, The size of the CO, (and 
N0 a ) groups, and the distance between neighbouring 0 and Ca (or Na) ions are 
known from X-ray measurements (but cf § 13), they do not suffice to deter¬ 
mine the rhombohedral angle « This, therefore, may be treated as a variable 
parameter, and if the electrostatic potential energy corresponding to several 
values of « is calculated, the value of a which makes tliat energy a minimum 
should correspond to the equilibrium or actual value of a As described ui the 
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former paper, the result* on the whole confirm this expectation, though their 
interpretation is not without ambiguity, owing to some uncertainty as to the 
exact position of the foree-contrea within the ions The questions involved 
here are discussed in § 13 of this paper 
§ 1 5 Since carbonates of different metals are under discussion, the distance 
between the centres of immediately adjacent O and metallic ions will vary from 
one salt to another * Thus the geometry of the Rime lattice will lie taken to 
involve two vanable ratios or parameters, which correspond to the rhombohedral 
angle « and to t he rat to of the distance between an 0 ion and an adjacent metallic 
ion, to the distance between an O ion and the neighbouring G ion In tbe 
actual calculation it is found convenient to replace these by two alternative 
parameters t and X (cj §§4 3 and 2 3) 

§ 1 8 The calculation therefore relates to the electrostatic jiotential energy 
(per unit volume or unit cell) of an infinite lattice of point charges involving 
two parameters l, X The results can be indicated graphically by contour or 
equipotential lines on a diagram in which t and X are ordinates, these lines 
being drawn so as to pass through points (or pairs of values of X and l) for which 
the electrostatic potential energy has a constant, value On the same diagram 
lines (called configuration turves) can be drawn which indicate the relation 
between X and f, as a is varied, as above described, for a crystal m which the 
sue of the CO* ion and the distance between an 0 ion and the metallic ion 
are fixed The equipotential lines mdioate how the energy vanes in such a 
change of configuration , where the configuration curve touches an equi- 
potential line, a state of maximum or minimum potential energy is indicated 
This will correspond to an equilibrium configuration of the given crystal 
In the present paper two such diagrams are drawn (figs 3 and 4), 
one for carbonate crystals and one for nitrate metals (cf § 121) Fig 3 
covers a wider range of the parameters than does the corresponding figure 
on p 374 of the former paper cited above 
When combined with the corresponding values of the potential energy 
arising from the repulsive forces, the present calculations have wider applica¬ 
tions than are made in this paper Some of these it is hoped to discuss in a 
later paper w collaboration with Dr J £ Leonard-Jones 
Subsequent to the former paper by W L Bragg and S Chapman, a theoretical 
calculation of the form of a simpler senes of crystals (rutile and anatase), 
involving one parameter only instead of two, has been made by M Bom and 

* The »Ue of the 00, (onto group Is supposed to be the same In all the members ot the 
oaldte series of crystals j this group is so tightly bound together by electrostatic forest 
that variations in ths metallic Ion are unlikely to affeot the CO, group appreciably 
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0 Bollnow,* using a method given by Eward f The result* appear to be in 
satisfactory accord with observation 

The authors wish to acknowledge the advantage they have denved from 
consultations with Prof W L Bragg on some of the physical questions involved 
in this paper 

The Electrostatic Potential Energy or a (Jalcite Lattice op Point 
Charges 

§ 2 Geometrical Description and Analysis qf the Lattice 
§21 The point charges of the lattice to be considered lie in plane*, spaced 
at constant distance i apart, perpendicular to the tngona! axis of the crystal 
Let d denote a vector of magnitude i, having the direction of the trigonal 
axis Then, starting from a given plane, numbered zero, the successive planes 
will be numbered # (* = ± 1, ± 2 ), corresponding to a displacement 

<d from the given plane 

In each plane there lie either only CO, groups of chargee, or only Ca charges,^ 
and planes of the two kinds occur alternately Choosing a CO, plane for the 
plane u=0, all the planes for which s is even will be CO, planes, while those 
for which s is odd will be Ca planes 

§ 2 2 In any plane the C or Ca ion* are situated at the corners of an equi- 
tnangular network , these networks are of the same dimensions and similarly 
orientated in all the planes The sides of any such elementary triangle, taken 
in order round the triangle, may be represented in direction and magnitude 
by three vectors a,, a,, a,, of equal length a 
These vectors mil clearly satisfy the equation 
a l +** +B, = 0. 

so that the third can be expressed in terms of the first two Taking any point 
of such a network as origin, the position of any other point of the network 
can be specified by its displacement vector from the origin, in the form 
ma l +na„ 

where m and n are any positive or negative integers this expression suffices, 
without ambiguity, to represent all points of the network 
* Born And Bollnow, " Zur Gittertheorie des Rutils ” In • Nsturw,’ vol 13, p #69 
(1926)1 And “Zur Gittertheone des AnstA* ” in ' Nschr d Gw d Win zu Gottingen ’ 
(1926) 

t Bom, • Atorotheorie d«i Pe-iten Zustsndes,” 2nd Aufl., p 727 (1926) 
t The meUlUo ion* will be referred to, for deflnttenen, f* Ca Ions j but they will simply 
signify double positive charges, snd may be loti# of any other reetAl forming carbonate 
crystals iaomorphous with calotte 
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§2.3 In successive planes these networks are not immediately above or 
below each other, when viewed parallel to the trigonal axis There is a dis¬ 
placement of the network in plane s + 1, relative to that in plane », of amount 
§ (a,—«,), consequently, the net-points in plane s -f 1 lie over the centres 
of alternate triangles of the network in plane * the further displacement of 
the network in plane s -(-2 makes the net-points in this plane lie over the 
centres of the remaining triangles in plane t The still further displacement of 
the network m plane * + 3 (the total shift relative to plane « being a,—a a ) 
makes tbe net-points in this plane he over those in plane s If the plane » 
is a CO, [Jane, the plane s -(-3 will be a Ca plane, and vice versa not till 
plane * + 6 is reached are both the disposition and the kind of charges at 
the net-points the same as in plane s 

In any CO, plane the three 0 ions of any CO, gtoup lie at equal distances 
Xa (where X is a positive fraction) from their central C ion along three alternate 
members of the set of six radu of the network through this ion , that is, relative 
to this C ion their positions are given either by Xa,, Xa,, Xa, or by Xa,, 
— Xa,, — Xa,. In each (’0, plane the arrangement is the samo for all the 
CO, ionic groups, and the two arrangements occur alternately in successive 
CO, planes Hence the CO, groups m planes s and * )- 6 (» being even) differ 
in the arrangement of the O ions around the C ions , not till plane « + 12 
is reaohed does the arrangement in plane s recur completely 
§24 The positions of the whole set of charges in the lattice (wluch for 
brevity will be termed the lattice L) may be concisely specified as follows, 
relative to a C ion in the CO, plane * — 0 For definiteness the O ions in 
this plane will be supposed to be displaced from the C ion of the samo CO, 
group by the amounts — X(a,, a„ a 3 ) Let l, m, n denote any positive or 


negative integers, 

and e the (positive) electronic i barge 


Let 

, = d f ma, + «a s , 

(lA) 


r= r,„„ Hfri-as). 

(IB) 


r".^.S W+t(* r a,) 

(1c) 


Than the planes for which n is even are CO, planes, in which the C ions are 
at points r, Bj<i T\ or r", * i . i as follows, while the 0 ions are displaced 
by either + X or — X tames a,, a„ a, from the C ion of their CO, group, as 
indicated below , for convenience in printing, the suffixes », m, n to r, r', r" 
are omitted 

CO, plane a 121 121+2 121 (-4 12f +« 121+8 I2f (-10 
Positions of C ions r r" r' r r" r' 

Sign of x — + — + — + 
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For example, m the plane s ~ 121, there are chargee 4e (C ions) at the points 
r, a . and charges — 2e (O tone) at the three seta of point* r - Xa,, r — Xa,, 
r - XBj 

The pianos for whi< h s is odd are ('a planes, and there are charges 2e (Ca ions) 
at the points r, r' r" as follows 

8 I2l +1 121(3 121+1 121+7 121 f 9 121+11 
Positions of Ca ions r’ r r" r' r r" 

In this specifit atton the implied suffixes *, w, n take all the values obtained 
by letting 1, m n have anv zero positive or negative integral values 
<j2 r > This whole lattice of pomte specified relative to a given C ion, and 
excluding this ion, will be termed the lattice Lc If we change the origin to 
a neighbouring fa ion say, in the plane «-=-1, we must subtract d + J (a, — a,) 
from all the above position vectors The corresponding lattice of points, 
excluding the Ca ion at the origin, will be termed the lattice Lq, Similarly, 
if we change the origin to any one of the three 0 ions at - Xa,, — Xa, or 
— Xa 3 the corresponding lattices, excluding the 0 ion chosen as origin, will 
be termed the lattices L, L,, L, 

Fig 1 shows the positions of the point* r, t' r" represented by dots, circles 
and crosses projected on the plane * - 0 The vectors a, a r a, are also 
indicated 



§2 6 Each 0 ion may be regarded as m “ contact ” with two Ca ions, 
which are those immediately adjacent to it For example, the 0 .ion at 
- - Xa, (relative to a C ion in the plane » = 0) is in contact with two equi¬ 
distant Ca ions at the points d + J (a, — a,) and — d + ■§ (a, — a,) 

Each Ca ion is in oontact with six equidistant 0 ions taking any such 
Ca ion aa origin, the relative position v ectors of the six 0 ions are 
-d +i(».-«s)~ *«„ —d+l(a,-a,)— Xa,, - d + } (a, - a,)-Xa, 
together with these same vectors reversed 



Electrostatic Potential Energy. 31 

The distance / between a pair of adjacent 0 and Ca u>na w given by the 
equation * 

/».= (- d + Ja„ - ^a, - Xa,. - d + Ja, - - Xa f ) 

in which the right-hand side is simply the square of the first of the position 
vectors just mdtcatod 

Since (d, a,) — 0, (d, a,) — 0, (a,, a,) = - \a* we have 

= ,r- -| (> - 4) 2 <r 1 (,o* - 2 (X - |) 4 4a 2 , 

=- <? + (/- - > I j)«- (2) 

§ 3 The Electrostatic Potential Energy of the Lattice 

§ 3 1 The crystal lattice is supposed to extend to infinity in every direction 
The total electrostatic potential energy of the crystal is JEEV, where E refers 
to any one of the point charges, and V to the electrostatio potential at that 
point due to all the remaining charges the summation is to be exteudod 
over all the charges The sum will, of course, be infinite , what we wish to 
know is the value of the sum (W say) extended over the hve ionR of one Cat'O, 
molecule, viz 

W - 4 {4cV c - 3 2eV 0 + 2eVo»), 

where V 0 , V 0 , Vc* denote the value of Vat the corresponding ions, owing to 
the symmetry of the strut tun, V has the same value at all ions of the same 
kind 

Writing the last equation m the form 

W-4c{4V 0 -3 2V 0 + 2VoJ, (3) 

W/4« may be interpreted as the potential at a point P due to a composite 
lattice (Lp) of chargee, constituted of a lattice whose arrangement relative 
to P is the same as that of the lattice Lc (§ 2 5) relative to a C ion, but with 
all the chargee quadrupled , a lattice geometrically the same as (§ 2 5), 
but with all the charges doubled , and three lattices of type L„ L, L, (§ 2 6) 
but with all the chargee doubled and reversed 

J 3.2 It may readily be verified that the charges of the lattice Lp are arranged 
aa follows in successive planes *, reckoning * — 0 ae the plane through P 
normal to the trigonal axis The chargee in each plane will form groups 
arranged at and around the points of the same equitriangular networks as 
are specified (relative to a C ion) in § 2 4 The charges at and around each 
such point can be described as a cliarge ± 8e at the lattice-point, together 
with a group of charges in which the total charge is zero Four kinds of 
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these group# occur, which will be denoted by the letters Gj, G*, G„ G 4 , they 
are illustrated in fig 2, the centre of each group being supposed situated at 
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a lattice-point The arrangement of the lattice-point charges and the group# 
around them, in the vanouB planes, is as shown in Table I 
§ 3 3 To determine W (§31) wo have to calculate the potential of this 
composite lattice of charge# Lp, at P This has been done by re-dividing the 
lattice into (a), the charges ±8e at the lattice-points in all the plane# (but 
excluding the origin, cf §25), (p) the sets of neutral groups in all the plane# 
1^0, and (y) the sets of neutral groups in the plane »=> 0 The potentials 
corresponding to these parts of L P will be denoted by V„ V 4 , V r , respectively, 
and will be considered in this order 
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Table I 



§ 4 The Potential of the Charges ± Be at the Lattice Points 
§41 The first part of the potential to be considered is that due to the 
chargee ± 8e at the lattice point* whose positions are given in Table I (§ 3 2). 
These points may be divided into three groups according as their position 
veotors are expressed by r (for s — 12 l — 0, 3, t», 9), r (for * — 12 l =* 
1,4,7,10), or r' (for * — 12 l -2,6,8,11), m any one such group the point* 
may bo divided into linear series in each of which in, n remain constant and » 
varies The distanoe between consecutive points in each linear sonee is A d, 
and positive and negative charges alternate along each series , such a senes 
is therefore eleotncally neutral as a whole 
§ 4 2 The potential at a point P due to such a linear senes of charges ± 8e, 
alternately positive and negative and arranged at equal distant es 3d, is 
deducible from a formula given by Madelung * and is 

«> 

(«M) 

In this formula p denotes the magnitude of the vector p =» PN, whero N is 
the foot of the perpendicular from P on to the line, and * denotes the distance 
of N from the nearest positive charge along the line 
* Madelang, 1 Phy» Zdt.’vol 19, p 624(1918) The function K. is a Bcel function 
of Imaginary argument Cf G N Wateon, ‘ Theory of Bceeel Function*,’ p 78 (Cambridge, 
1991) Values of K,(u) to 20 decimal pUcee have been given by Aldia (* Hoy Boo. Proo,’ 
A, vol 64) for a range of u from 0 to 12 at intervals of 0 1, For the present work It wae 
found convenient to construct a table, using the ordinary Interpolation formula, giving 
values of K,(e) over the same range of u, but at intervals of 0 001 
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In the present case the potential is required at the origin so that in the 
above three groups of charges p and x have the following values — 

Group r p — mai + nai z — 0 

Group r p ■= mti l 4 na -f } (a, - a,) x — d 

Group t" p — waj f- na, +1 (a, — a,) x — 2d 

The calculation of the potential at the origin lue to the series m = n = 0 

in the group r (in which case p 0) cannot be made by the above formula 
the potential of this senes is charly — 

* 4-S+S-&+ | 

— 16e/3d log, 2 

the factor 2 being included to an unt for the < harges on both sides of the 
origin 

§ 4 3 The total potential is given by summing the above senes (in equation 
(4)) for all the values of p in the three groups obtained when m and » take 
all positive and negative integral values (really infinite m number) But 
for the present purpose it is unnecessary to consider values of l and p that is 
values of l m and n which make the argument of K (2irip/6d) greater 
than 12 

Thus the total expression for the potential of these charges becomes 

V. - - lo*2 + ?£ [- {JK.M + *Ke(2t) + K.(l V?> + K„ (<V^) 

+ iK 0 (4<) + Ko(<Vl»)+Ke(W) 

+ Ko(-»v'7)+Ko(<V31)H Kfl(t\/87) 

4 K 0 (ty'43) + K 0 (2iy'13) 4- Ko(f\/61) 
•4- K« (<-v/67) 4- ^Ko {81) hK„(«V73) 
4-2Ko(7f)} 

+ KoGy'S) + 2Ko(3<) 4- K a (hy/^) + ^(1^21) 
+ 2K<> (3 1 -y/3) + 2K 0 m + 2K„ (t i/39) 

+ Ko (4t y/Z) + 2Ko (t V57) 4- 4K« (3 1 ^7)] (5) 

where for convenience the parameter l = ■mj'idVz u introduced (cf § 1 5) 
Equation (5) may be written 

V.«-(64s/6d)ri log, 2-^(1)] 
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where / (() is the sum of the K« functions—the expression in square brackets 
in equation (6) The factor 64 ejM may be written (192«/6) Xl/2n \/3, 
and consequently we can write equation (5) in the form 

V. = - (192s/b) (6) 

where 

= (Xt/2ir V*3) lilog, 2 - 6/(<)] and 6 *= Xo 
The distance b defines the sire of the C0» ionic group, and ir the constant 
distance from the C ion to the 0 ions of the same group 

Values of ^>. (X, t) were calculated for a series of values of X at intervals 
of 0 00 from 0 to 0 25, and for values of t at intervals of 0 2 from 1 4 to 3 2. 
The values of <f>. (X () are given in Table II 


Table II —Values of <f>. (X, t) 



§ 5 The Potential of the Neutral Groups in the Planes s jS o 


§ 5 1 To obtain an expression for the potential of the sets of neutral groups 
in the other planes, we make use of a formula proved by Madelung* (using 
rectangular co-ordinates) for the potential of a plane network of charges The 
network considered consists of two parallel line senes of charges so arranged 
that the charges lie at the comers of parallelograms with sides a, b and angle 
<f> In the special case a — b and ^ — 60°, it can be shown that, in terms of 
obbque co-ordinates (x, y) along the sides of the parallelograms, Madelung’s 
formula reduoes to ’ 


V 




4nE 

«V3 


(7) 


where E is the charge at each point of the network, * denotes distance 
measured perpendicular to the network and K, is a constant The accent (') 
* Msdehmg, loe at 

D 2 
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in the summation sign indicates that although 1 and m may be zero, they do 
not take simultaneous zero values 

This formula can be applied to find the potential of a network at each point 
of which there is a 0,, G 2 , G, or G 4 group of charges 
§ 0 2 Potential of a Network of G s or G 4 Groups —Consider new co ordinates 
(5, >)) such that 

2 me I a — 5 and 2 ity/a - i) Also wnte p — 2itX 
Then a G 4 group of charges consists of a charge 24e at a point, together with 
charges — 8e at the points (p, o), (o, — p) and (— p, p) relative to this Hence 
the potential of a network of 0 4 groups is given by the formula (7) in which 
E =- 24 e, less three similar expressions m which E = 8e and (i) 5 is replaced by 
5 — p, (u) Kj by vj + p, and (ui) 5, rj by 5 -f p, tj — p respectively 
Thus m the resultant expression for V the last two terms in (7) disappear 
the first factor m the summed terms remains as above (since all members of 
the G 4 groups in a plane have the same z), and the trigonometrical factor in 
(7) becomes — 

24 cos (ll - mr>) — 8 cos <15 — mr, — ip) 

— 8 cos (15 — mr, — mp) — 8 oos (15 ~ mr, + ip + mP), 
which readily reduces to 

8 cos (I? — mr]) {2 sin* Jip + 2 sm* jmp -f 2 sin* J (I + m) p} 

— 32 sin (15 — mr]) sin J Ip sin i mp sin | (1 + m) p (8) 
In the present paper the only relevant values of (5, r,) ate 

(а) 5 = i) ~= 0, ia which case the seoond term m (8) vanishes for every 

combination of I and m. 

(б) 5 = i) = fw, for which the sum of the values of the second term in (8) 

for all values of l and m is zero, since the values of this term 
for combinations of l and m such as (2 3) and (3 2) cancel, and 
sin (15 — muj) vanishes when 1 — m 
Hence the potential of a network of G 4 groups is — 

V = 8e/a rS exp (8*) + (l, m) cos (15 = m ), (9) 

where 

t (l, m) = 2 [sm* iip + sm* *mp + sm*} (H m) fi]J(P +lm + m*)», 
and ^ 

8o - - (4»/oV3) (I* + Im + m*)* 

8ince a reversal of the sign of p leaves <f> {l, m) unaltered, it is clear that the 



Electrostatic Potential Energy 37 

potential of a network of 0, groups is the same as that of a network of G ( 
groups 

§ 5 3 Potential of a Network of G, Groups —A G t group of chargee consists 
of a 2G, group together with the following additional charges —24e atthe centre 
of the group and oharges 4e at point* (p, P), (— p, — P), (2p, — p), (— 2p, P), 
(— p, 2P) and (p, — 2P) relative to the centre The potential of a network, 
about each point of which there is a group of these additional charges, is obtained 
bv taking the original formula (7) and substituting E = — 24e, together with 
six similar expressions in which (i) E = 4e and (u) tj is suitably altered in each 
case, as in arriving At the expression (8) 

It is clear that the resultant formula will involve 
— 24 cos (15 — mi]) 4 4 cos (15 — mi] +1 — mp) 4 4 coa (J5 — mi) 4 ( + 2mp) 
-f 4 cos 45 — tot) +2f-f mP) +4 cos (15 — m-rj — {— mp) 

+ 4 cos (15 - mi) — l -f 2*»p) 4- 4 cos (15 - my — 21 + mP), 

which reduces to 

— 8 cos (15 —mi)) {2 sin’J(/ 1 2>n) p+2sm* J(2i 4-»»)P 4-2sm*i(I — >») p} 
Hence the potential of a network of Gj groups is 

V = (8e/o) S ? £ exp (Do*) {2^ (I, m) - <K 1, m)} cos (15 - mr)), (10) 

where 

(l, m) = 2{sm> i(H2m)p+ sin»l (21 + m) p +s.n* * (1 - m)p}/(l» + Im 4- m‘)» 
§ 5 4 Potential of a Network of 0, Groups —It is clear from fig 2 that a G, 
group of charges consists of a G 4 group, together with a G 4 group in which 
(l) the chaiges have been reversed in sign and halved, and (u) the displacements 
of the charges doubled 

Henoe the potential of a network of G t groups is 

V - 8e/a STS exp (*oz) {<f> (l, m) - {<f> (21,2m)} cos (<5 - wj) (11) 

§ 5 5 The formula (9), (10), (11) give the potential at the origin Ae to a 
plane network of either G } , G 4 , Gj or G, groups of charges in a plane at a distance 
* from the origin, and displaced relatively to the origin as indicated by (5, rj) 
It is now necessary to combine these formula so a* to obtain the complete 
potential for all such planes, the distribution of which is indicated in Table L 
It is convenient to write 

8 — Sod = — (4ic*/9<) (1* + Im + m*)» (C/ §51) 

X = *(l,»n), Y = 2^ (l, m) ~ <|i (I, m) and Z = #1, *») - J <f> (21,2m) 
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Hence m thin notation we have, for the potential of the G, and G 4 group* on 
both sidce of the central plane * = 0 — 

2 (8e/a) S'E X [{exp 8 -f- oxp 58 j- exp 78 4 } cos Jr (l — m) 

4- exp 38 + exp. 98 4 ]. 

for the potential of the Gj groups on both sides of the central plane — 

2 (8e/a) X T S Y [{exp 48 f- txp 88 [ exp 168 4 } cos Jit (l - m) 

4 exp 128 4 ] , 

and fur the potential of the U a groups on both sides of the central plane — 

2 (8c/a) STS Z [{exp 28 | exp 108 b exp 148 4- } cos Jit (1 - m) 

f oxp 68 4 ] 

In the subsequent numerical cahulations the exponential terms beyond 
exp 88 may be neglected Omitting these, the potential of the whole set of 
neutral groups outside the plane s = 0, is given by — 

V, = (lCe/o) s'x [X (exp 8 4 exp 58 + exp 78) cos J* (l - m) 4 X exp 38 
-f Y (exp 48 f exp 88) cos Jit (l — m) 

4 Z exp 28. cos Jit (I — »t) 4 Z exp 68] 

= -(192e/h) MM) (12) 

where MM) is the expression m square brackets multiplied by — X/12 
since b = Xo 

Owing to the presence of the exponential factor this series fa (X, t) is rather 
quickly convergent for the values of X and t considered, and its evaluation 
involves no serious difficulty The values of <f>p( X, l) for the values of X and l 
considered are given in Table III 


Tabic III —Values of (X, f) 
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§ 6 Potential of the Neutral Groups m the Central Plane s=0 

§ 0 1 A group of charges G, (fig 2) can be resolved into four tunes the 
sum of groups }G, and G 0 (fig 2), the position vectors of the vertices of these 
groups, relative to their centres, being respectively ±Xa,, ± Xfl,, ± ha, and 
iMa.-a,), ±X(a,-a f ) 

The potential at P of a group JG, at the point ma, + na t relative to P is 
that of a charge Ge at a distance r from P, where r~ka and 
F — w* — mn n* 

and of six charges — c at distances from P whose squares are the following 
multiples of « s - 

(m ± X) 1 — (m ± X)n -| » J — F ± X (2m — n ) + X 1 

>»* — m (n -fc X) 4 (n± X)* = F ± X (2ft - m) 4- X* 

(,„ -fc X)‘ - (m ± X) (* ± X) + (» ± X«) -- *• ± X (as 4-«) + X* 

Hence, the potential of a {Gj group (m, n) is 


there being really seven terms inside the bracket corresponding to the alter¬ 
native upper and lower (4- and —) signs The quantity in the bracket can be 
expanded as a power series m X The resulting expression for the potential 
of this JG, group (>», n) is, therefore, as follows, correct to the power X® — 


3«() s , 9 a * , 281 X® _ 231 27 .,/»* 
2« IF ' 16 F 128 F 128 2 ' F 


2ra 4 

* n 


+ 


p)l 


(13) 


Similarly, the potential of a group G 0 at the same net-point (m, n) is given 
by 


3e|3X* 9 (3X*) S _181 (3X 2 )» 

" 2a IF + 16 ~F~ 128 F 


. 231 27 
+ 128 2 


(3W (S-f + S). 


(14) 


where the ratio X is replaced by X\/3, because the size of the hexagonal group 
G 0 is \/3 tunes that of JG S Apart from this, the difference between the expan¬ 
sions for the two groups arises because of their different orientations relative 
to the network, and the difference in the signs of the chargee 
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The potential at P of a G, group at the given net point (t/i n)is4 (2p„ , + ,) 

The potential of the whole set of Q, gtoupe in the central plane is obtained by 
gumming 4 (2p„ * 4 o m ,) for all positive and negative integral values of m and 
n This summation oan besimplified because the network of groups can be 
divided into six exactly similar s« tor* and the net points in one sector are 
represented by the values of n from 0 to to — 1 to itself varying from 1 to 
infinity The potential for the groups in one sector is therefore obtained by 
summing the expression 4 (2p„ , •) <r, ,) for these values of to and n Con 
sequently, the potential for tho whole set of neutral groups in the central plane 
is 

V y = 24 S V (2*. „ + «„,) (15) 

§6 2 To render the summed power series in X suitably convergent the 
values of p„ , and <r„ „ are calculated separately for the points (to n) — 
(1 0) (2 0) and (2 )) The c >rr«apondmg part of 2422 (2p„ » + ex* „) 
is given by 

24(2pi o + 2p, o + 2pg,) - (4fe/«) {<6 - 2(1 - X + X«) * 

— 2(l + X+A*) »-2(l-X 8 ) ‘) 

+(2-y/3 -2(3 —3X4- X*) * 

-^() + 3X+X e ) »-2(d + X 8 ) ») 

+ (3 — 2(4 —2X4- X s ) * 

-2(4 f2X+X*) * — 1 (4 — X*) ')} 

together with— 

24(<r to + oso f «*i) — — (24r/a){(6 — 2(1 — 8X + 3X 8 ) » 

-2(1 1 3X + 3X 8 ) * — 2(1 )- 3X 2 ) ») 

+ (2-v/3-2(1-3a + 3X'’) * 

-2(3 + 3Xd 3X‘) »-2V3 (3-3A 8 )" 1 ) 
-f (3-2(4 6X + 3X*) * 

-2(4 + 6X + 3X 8 ) * — 2(4 43X 8 ) *)) 

To obtain the values of p m „ and a m „ for the remaining groups it is necessary 
to calculate the values of— 

£ s’1/P 

where p takes the values 3 5 7 and also the values of 

S^wF/P, and £ Yut/L'* 
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Now 



It 1* therefore necessary to find 2 »'(m — »)' = E n r (m — n) r where r 
is an integer We have 

.8,-l' + 2'+3'+ +*»' 

- 2 1 B s m’~ s j. , 

where B,, B,, are Bernoulli’s numbers if r is even, the last term in this 
expansion is a multiple of m, whilst if r is odd, the last term is a multiple 
of m* 

Using this expansion the summation 1, n r (m — n) r can be expressed as 
a sum of multiples of negative integral powers of nt, for all the necessary values 
of r Thus the double summation will involve S', — II 1 /m p , where p is 
an integer > 1 Values of S, = 2 l/m” are given in tables from which S', 
can be found 


2 1 /**= 2 2 


+H } 


, 3J I 1 q 
2 4 1*2 3 5 1 


2 4 6 14 5 7 


,) + 


4 

3 


S'* 


3_5 \ Bo, , 3 5 7 1 7_ g , 
2 4 30 1*2 2 4 6 42 80 8 


, 3 5 7 9 1 631 

+ 24(i 8 30 40 56 ^ 10 


= 0 5215 793, 
on substituting for 8',, S' 4 , 
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Similarly, 

t "S l/fc“ = 


h 2 4 12 3 5 


. 5 7 9 f 1 
a 4 oU 5 7 


2 30 4i 
5 7 1 1 Q, .579 


2 4 6 42 80 


, 5 7 9 11 \ J37 
’* 2 4 6 8 30 16 l 


In a similar manner it is found that 


Let 


SL 1/* 7 = 0 0033 4468 7 

III m J //L° = 0 0041 3866 7 

Si: m 4 /* 11 = 0 0051 5501 2 

SS mV* n - 0 0064 6466 2 


r, 231 27 /» 3 2m 4 , m* i 

S 128 2 ' *« F + k”> 


Then, substituting the abovo values, M — 0 0071 0179, and, consequently, 

- SS i + il = 0 0023 722 and ~ Q SS ± - M = 0 0002 408 
128 ft* 128 k* 


§63 All the quantities involved m the p„ „ and <i m>n summations have 
thus been evaluated (</ equations (13) and (14)) Hence, the potential V, 
for the plane of groups is given by (cf equation (15))— 

V, = 24 (2 Pm + 2pt,o + 2p M + a, „ + <j m + x) + 24 £ V (2p„ . + «„,„) 
=* 24 (2pi o 4- 2pj o + 2p s j + ffi.o 4- at a 4- <** i) 

— 48(3e/2a)[X*(0 5215 793)4- X 4 (0 0177 656)4- X*(0 0002 408)] 

4-24(3e/2o)[3X*(0 5215 793)+9X*(0 0177 656) + 27X‘(0 0023 722)] 

( 16 ) 

The potential of the G, group of changes surrounding the point P, corre¬ 
sponding to m as n = 0, is not included in this expression (16) 
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Writing b — Xa we can express (16) in the form 

V, = («&/&) 4>y (X), (17) 

where <k (X) is the function obtained by multiplying the right-hand side of 
equation (16) by Xfl/192e 

The values of V y were calculated for a Renos of values of X at intervals 
of 0 06 between 0 and 0 25 The values of ^ (X) are given m Table IV, 
and they are the same for all the values of the other parameter t 


Table IV — Values of (X) 



§ 7 Potential of the Complete Composite Lattice of Charges L P 
The potential of the complete composite lattice of charges Lj,, at the point P, 
is obtained by adding the three sets of results corresponding to the three parts 
(a, p, y) of the calculation, which are given by the formulte (6), (12), and (17) 
(cf Tables II III, and IV) The final results are given by 

V. + V, 4 V r -(192e/b) F (X, t), (18) 

where the values of F (X, /) are given in Table V 


Table V -Values of F (X, t) 



§ 8 Electrostatic Potential Energy of the Carbonate Series of Crystals 
The electrostatic potential energy W of the carbonate crystal* per molecule 
u given by (cf $ 31)- 


W = - (96e*/6) F(X, 0 


(19) 
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This may be expressed m heat units per gram molecule of the crystal on 
( 1 ) multiplying bv the number of molecules per gram molecule and (u) dividing 
by the mechanical equivalent of heat J 
Thus the electrostatic potential energy per gram molecule for the carbonate 
series of crystals is given by 

- (96« s /f>) F (X,t) 6 062 X 10“/J calories, 
where e is expressed in electrostatic unite, b in centimetres, and J => 4 184 X10 7 
ergs per calorie 

§ 9 Calculation for the Nitrate Crystal/ 

The corresponding calculation for sodium nitrate will now be described 
As indicated in § 1.2, the sodium-nitrate lattice is of the same geometnoal type 
as that of calcite, and hence the method need only be briefly stated The 
Ca and C ions m calcite are replaced by Na and N ions m sodium nitrate, 
consequently, the complete speciflcation of the charges for the latter crystal 
is the same as the one given in § 2 4, except that the charges 4« of the C ions 
are replaced by the charges 5e of the N ions, and the charges 2e of the Ca ions 
by the charges e of the Na ion« 

Thus the electrostatic potential energy of sodium nitrate per molecule is ■ 
W' = HfcV„'-3 2eVo' + eV Kl '}, 

where V B ', Vo', V N ,' denote the electrostatic potential at the corresponding 
ions due to the remaining charges (rf § 3 1) 

This equation may be written 

W’ = i«{5V N '-3 2V 0 ' + V*.'} (3') 

Again, may bo interpreted as the potential at a point P due to a composite 
lattice Lj,', built up in a similar manner to the corresponding one in calcite 
This lattice consists of a system of chargee at the lattice-points, and of 
neutral groups around the lattice-points, similar to that indicated in Table I, 
except that the charges ± 8e are replaced by chargee ± 2e, while the neutral 
groups, although they retain the same forms, are built up of different charges 
These groups may be denoted by G/, Q,', JG,. and JG 4 (fig 2) 

§ 10 Potential of the Composite Lattice of Charges L' P 
§ 10 1 It is clear that the potential of the charges ± 2e at the lattice- 
points is simply one-quarter of that of the charges ±8em the case of calcite 
Thus the potential for these charges is 

V.' - - (192«/c) i(S') 
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where the values of (X, t) are given in Table II, and the distance c defines 
the sire of tlio N0„ ionic group, being the distance from the N ion to the adjacent 
0 ions 

§ 10 2 To find the jiotontial for the neutral groups in the planes » 0. 

we have first to obtain expressions for the potential of a network of neutral 
groups 0,', G 2 \ JG 3 , and $G 4 These can be found from the equations 
(9), (10), (11), and are as follows — 

The potential of a network of JG, or J0 4 groups is 

V - 4,/a XX exp (M *(!,») cos (H - w,) (9') 

The potential of a network of G,' groups is 

V — 4e/o S*Sexp(8o») (5*(f, m) - 2 ^(1, m)} cos (15 - mi]) (10') 
The potential of a network ol G,' groups is 

V - 4e/a £*2 exp (M (l, m) - + (21, 2m)} cos (15 - mr,) (IT; 
It is convenient to write 

H (l, w) - 2i]/ (l, m) = Y' and Ity (l, m) - 4 , (21, 2m) * Z' 

As before, these formulee can be combinod so as to obtain the oomplete 
potential for all the neutral groups in all the planes above and below the central 
plane Omitting exponential terms beyond exp. 88, the potential of the 
whole set of neutral groups outside the plane * = 0 is given by 

V/ = (8e/a) [X(exp 8 + exp 68 + exp 78) cos (l -m) + X exp 38 

+ Y' (exp 48 + exp 88) cos (l — m) 

+ Z' exp 28 cos |* (l — m) f- Z' exp 68] 

= -(192e/c) *'(X,t), (12') 

where (X, I) is the expression in square brackets multiplied by — X/12 
The part of this expression which involves X is also included in the corre¬ 
sponding expression for calcite (c/ equation (12)), and its value has therefore 
been evaluated The values of <f>f (X, t) for the values of X and t considered 
are given in Table VI 

j 10 3 It is evident that a G,' group of charges can be resolved into the 
gu^i of groups 10 (JG,) and 4 G„ (fig 2) Consequently the potential for the 
Ggroups in the central plane is given by 

V,' = «S S , (10p.. + 4<r.J 


(15') 
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Table VI -Values of 0 



where p, , and a m „ are given by equations (13) and (14) respectively The 
taluee of f>„„ and <t m „ for the points (m, n) — (1, 0), (3, 0) and (2, 1) are 
calculated separately as m the case of the carbonates 
Equation (15') can be written in the form 

V/«(lW»/e) */(X) (If) 

The previous calculations can be used, and the value* of <£/ (X) for the various 
values of X are given in Table VII 


Table VII —Valuee of (X) 



{11 Blectroetatxc Potential Energy of ike Nitrate Senet qf Crystals 
The electrostatic potential of the complete composite network of charges 
L,' is obtained by adding the three sets of results given by equations (6'), 
(in and (17 ), and the final expression may be written 

V.' + ^ + V/ - - (192d/e) F (X, <), (180 

where the valuee of F' (X, t) are given m Table VIII, 

The electrostatic potential energy per molecule of the nitrate crystal is 
therefore given by 

W' - — (96**/e) F'(X, I) (ly) 

This may be expressed in heat units per gram molecule (</, j 8) 
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§ 12 Graphical Representation of the Calculated Remits 
§ 12.1. The value of F (X, <) thus being known foe venous values of the two 
parameters X and t (cf Table V), it is easy to construct, by graphical inter¬ 
polation, any number of equipotential curves passing through points on a 
(X, t) diagram for which F (X, t) has a constant value The curves or contour 
line* give a detailed representation of the function F, and are shown in fig 3 
by broken lines Similarly the broken bnee m fig 4 give a representation of 
the function F’ (X, t). 

In applying these curves to the consideration of tho equilibrium of an 
actual crystal, it will bo postulated that the size of the C0 S ion (determined by 
b, § 4.2) is fixed, and also the distance / (52 6) between an 0 ion and an 
adjacent metalhc ion These two conditions imply a relation between X and 
t, since the constant ratio f/b is a function of X and t, as follows — 

We have by equation (2) 

ft __ (x* — X-t-Do" and 6 = Xo, d? «* JiV/27t* 


v - 1 

- b* 


if * = i -i 


so that if / and b, and therefore also k, are constant, the right-hand side must 
also be constant Configuration curves corresponding to various value* of k 
have been drawn on fig 3 in full line# (and similarly, replacing b m equation 
(20) by c, in fig. 4) ; these correspond to configurations of a crystal in which 
/ and b have any constant value* consistent with the indicated value of k. 

The electrostatic potential energy (per molecule) of the crystal is W, equal 
to — (96«*/6). F (X, <), so that along any configuration curve it u a constant 
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multiple .1 F (X, >1 The cm*™*" ™*~ 

m»i. m mi; »«•> e«n» el eorfffimOom . 1 . ^ « «k«F /" 
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S 12 2. It is clear that if a configuration curve touches an equipotential 
curve at a point C, say, this point come ponds to a configuration of the crystal 
in which the electrostatic potential energy is stationary Further, since the 
curvature of the equipotential curves is greater than that of the configuration 
curves, if we pass from C to a neighbouring point C on the same configuration 
curve, C' will lie on an equipotential curve for which the value of F (X, t) or 
F (X, t) is smaller than that for the equipotential curve which paeses through 
0 Hence the point C of this configuration curve corresponds to a maximum 
valuo of F (X, t), or F’ (X,. t ), that im, the point C represents a configuration 
of the crystal in which the lost electrostatic potential energy is a maximum, 
so that the configuration is one of stable equilibrium As stated in § 1 3, 
it is assumed that the potential energy of the repulsive forces remains constant 
when, as here, the distances between immediately adjacent ions are not varied 

There will be such a point C for every configuration curve, and the locus of 
these points can be found In figs 3 and 4, only a definite number of 
equipotential lines and configuration curves are drawn, although in reality 
there is an infinite number of each kind of curves, one of each passing through 
every point of the diagrams However, it is possible, by means of the curve 
shown, to sketch out the locus of the points C with some accuracy, and the 



Pm. S. 
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locus In the two cases is shown in the diagrams Each point on these loci 
corresponds to a pair of values of the parameters X and t, which determine a 
stable equilibrium configuration of the crystal 
Now the rhombohedtal angle a of these crystals is not fixed by their symmetry 
but is given by* 

sin* i<x = 1/4«, (21) 

where » is defined in equation (20), and depends on t 
Hence we can plot these loci on a new diagram with X as abscissa and the 
rhombohedral angle a as ordinate, the resulting curves are shown in fig 6 

§ 13 Discussion and Companion with Observation 
§ 13 1 Before comparing tho results of our calculation with the observed 
data for the crystals, it is desirable to examine how far the physical assump¬ 
tions undetlying the analysis are justifiable, and in what way the various lengths 
a, /, h defining the crystal lattice are to be interpreted 

§ 13 2 It has been assumed that the various atoms are completely ionised, 
in such a way that the 0 and Ca ions have eight electrons in their outer Bhell, 
while the C ion has lost its outer electrons It is not certain that this is so, 
especially m the case of the 0 ions, but Prof W L Bragg has recently pointed 
outf that even if the 0 electrons are partly shared with the C ion, they may 
Circulate round the latter (because of the high positive charge) so quickly 
that they produce little or no effect of electrical screening 
§ 13 3 But though the charge on the O ion may be effectively — 2e, the 
strong and highly unsymmetrical field in which it is situated (owing to its 
proximity to the CJJ ion) must distort it very much from the simple 
spherical form The question then arises whether it is legitimate to assume that 
its external electrostatic field can be that of n single point charge — 2«, or 
whether it behaves as a combination of charge and doublets In the case of 
tiie C and Ca ions, round which the adjacent ions are grouped much more 
symmetrically than round the 0 ion, the assumption that they act as point 
charges, or, what is equivalent, spherical charge-distributions, is probably 
legitimate 

Without fuller knowledge of the 0 ion than we possess, a conclusive answer 

* By so oversight, la the former paper by W L Bragg and 3 Chapman, this relation 
was quoted inoorreetly as mo* fa ■» l + «, but the oorreot formula was used In the actual 
deductions. 

t ‘ Instltot In te r na ti onal de Chlmie Solway,' Deuxlhm* Cornell (1923) W L Bragg, 
" Tho X Bay Analysis of Crystal Structure " 

s 2 
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to the above question is impossible It is certain that the 0 ion cannot be 
symmetrical, and Prof W L Bragg has cited* m this connection a calculation 
by Mr Hartree (based on spectroscopic, not crystal, data) indicating that the 
nucleus with the two inner electrons must be considerably displaced from the 
centre of the outer electronic system The cah ulation does not bear imme¬ 
diately on the present problem, because it relates to the displacement of 
the nucleus from its usually central position, when the ion is brought into a 
field equal to that of the C ion in the C0 3 group, but supposing the outer 
electronic system to be maintained unchanged The estimated displacement 
is 0 3 A, which, though very small, is a considerable fraction of the distance 
(1 25 A) between tho C ionic centre and the O ionic nucleus, as measured 
by Xrays In actual fact, of courae, the outer electronic system will be 
much distorted from the approximately spherical form, but in so far as it can 
be said to have an effective centre of action, this is probably nearer to the 
C ion than the 0 nucleus, by an amount approximately equal to 0-3 A, as in 
Mr Hartree’s calculation 

§ 13 4 It is perhaps worth stating that if the oxygon ion is assumed to 
behave, as regards its external elm Irostatic field, like a conducting (insulated) 
sphere possessing a charge — 2«, with ita centre at the distance 1 25 A from 
the C ion carrying a charge ie , then, if the diameter of tho sphere be 1 25 A, 
the positive and negative image cliarges of the C ion m the 0 ion will exactly 
neutralise the equivalent charge — 2e at the centre of the 0 ion, leaving 
a single equivalent (image) charge — 2« at the image-point, at a distance 
0 94 A from the L' ion The value here assigned to the 0 ion is of reasonable 
order of magnitude Though this calculation obviously cannot conclusively 
justify the assumption that the 0 ion behaves electrostatically at external 
points like a single point charge — 2c, distant 0 9 A (approximately correct 
to 0 1 A) from the C ion, yet it may be regarded as supporting the assumption. 
It will accordingly be supposed that the electrostatic centre 0, of the 0 ion 
in a COj group is 0 9 A distant from the centre of the C ion, viz, that 
6 =* 0 9 A (CO, group) 

J 13,5 Another assumption involved tu our analysis which requires some 
consideration is that the repulsive forces act from the same centre as the 
electrostatic forces This is legitimate in the case of the C and Ca ions, owing 
to the symmetrical distribution of their neighbouring ions, but it is unlikely 
to be true in the case of the distorted 0 ion Fortunately it w easy to examine 
* Lee. til., ' InstHut Intematkmsl de Chimis Solvsy, 1 p 19. 
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how our Calculation is affected by the supposition that the centre of action 
(0,) of the repulsive force of the O ion does not coincide with 0, By symmetry 
it must he along the line C0„ but we will suppose that CO, =- 6' where b' h 
Writing b' — Wa, the virtual displacement of the lattice in which the change 
of potential energy is ecro, both for the electrostatic and repulsive forces 
separately, is that for which an oquipotential curve F (A, t) — constant, in 
fig 8, touches a revised configuration curve corresponding to a senes ol states 
m which the distance Ca - 0, is constant, sea configuration curve whose 
equation is {of equation 20) 

k' X'* ■=» » - X'. (22) 

where A' is a constant 

Since the CO, ionic group m supposed to remain unchanged throughout the 
small displacement of the lattice, and throughout the different carbonates 
of the senes, b' may be taken as a constant multiple of b, say pb and therefore 
X' will be equal to pX The factor p may be supposed to lie within the range 
0 9 to 1 2, corresponding to a range of b' from 0 8 A to 1 1 A 

Curves have been drawn on a (X, t ) diagram corresponding to fig 3, satisfying 
the equation (22) (instead of (20)), for a series of constant values of k' It is 
found that these revised configuration curves differ extremely little from those 
in fig 3 and the locus of the points of tangency is not appreciably altered 
Consequently, when X — 0 181 (the appropriate value for calcite, taking 
6 = 09 A), the range in the equilibrium values of the rhombohedral angle, 
corresponding to the above range of 6’, u no more than 30' We may therefore 
conclude that a slight disagreement between O, and 0, is immaterial to our 
results 

Ws have also assumed that the repulsive forces between other than imme¬ 
diately adjacent ions are negligible (cf § 1 3) Now in calotte the distance 
between adjacent Ca and 0 ions is shown by X-ray measurements to be approxi¬ 
mately 2-4 A, while the distance from an 0 ion to the next further Ca ion it 
approximately 9 42 A, and to the nearest 0 ion not in the same CO, group 
u about 3 3 A Since the repulsive inter-ionic forces probably vary with 
the mutual distance, according to the inverse tenth power (roughly), it seem* 
safe to make the above assumption 

§ 13.6 The above discussion may be summed up in the statement that the 
assumptions made in our calculation are approximately legitimate, provided 
that the oorrect position is assigned to 0„ the electrostatic centre of the 0 ion 
It u concluded that the probable value of the distance CO, or 6 is given correct 
to about 0 1 A by: 


6=0 9 A, 
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and investigation shows that our results are substantially unaffected by 
supposing 0„ the centre of the repulsive field of the 0 ion, to coincide with 0, 
The remaining distance involved in our calculation is a, the distance between 
the centres of consecutive C ions When this is given, the value of 6 = X/a 
is known, and this determines the equilibrium value of a in fig 5 
For calcite the value of a has been determined by X-ray analysis owing 
to the symmetry of the C ion, there is no doubt that the distance thus measured 
represents the magnitude a here involved It appears that. 

o=4 06A 

Hence, taking 6 = 0 9 A, X =• 0 181, and the corresponding theoretical value 
of «, deduced from fig 5, » 101° 40' The corresponding values of a if 6 is 
assigned the values 0 8 A and 1 OA are 99° 32' and 103° 38' The observed 
value of a is 101° 05' The agreement between theory and observation may 
therefore be considered satisfactory In the original paper by W L Bragg 
and S Chapman, the value of b was taken as 1 25 A, the distance from the C 
to the 0 nucleus the corresponding values of X and a ere 0 262 and 101° 48’, 
but fhe above discussion indicates that this interpretation of 6 is physically 
improbable 

§ 13 7 If for calcite we invert the application of our theoretical calculations, 
and use them as a means of inferring X from the observed rhombohedral angle a 
of calcite, we obtain the value 0 184, which, taking the above value of «, 
indicates that the oorrect value of 6 in the CO* ion is 0 91A 
If, further, we assume that the CO t ion is the same m all the isomorphous 
senes of carbonate crystals, from the known values of a m these crystals we 
can infer the value of X corresponding to any given value of 6, and hence oan 
deduce the theoretical values of a. The value of b which gives the best fit for 
the senes of carbonates is 0 92 A (as compared with 0 91 A from calcite only) 
The results calculated by taking 6=0 92 A are given in the following Table, 
and the good accordance between the calculated and observed values shows 
that the theory can give an excellent account of the small change of rhombo¬ 
hedral angle from one member of the isorroorphous series to the next The 
probable accuracy of the observed values of a is such that the small remaining 
discrepancies m this Table may be due to experimental error 
§ 13 8 We next consider the nitrate case X-ray measurements on sodium 
nitrate have been made by W L Bragg* and Wykooff.f which show that 

• W L Bragg, ‘ Roy Hoc ProcA, vo) 89, p 468 (18H). 
t K W O Wykoofl, 1 Phy* Rev ,’ vol 18, p. 149 (1900). 
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MgOO, 

7nCO, 

FeOO, 

MnCOi 

KSKT* 00 * 

OftCO, 


the value of a te the distance between adjacent N centre* » 5 15 A The 
value of X is estimated to be about 0 25 the corresponding value of the 
distance e between an N ion and the Oions of the same greup is 1 29 A But 
on Kossel s view of the structure of the NO, group acoordmg to whi h the 
N ion has a five fold positive chargi the sire of the NO, group is likely to be 
smaller than that of the CO, group This view is supported by considerations 
of birefringence from which W L Bragg* estimates the distance o to be 1 09 A 
It therefore seems that we may take this latter estimate as tho more correct 
one though the two estimates do not necessarily refer to the same point in the 
Oatom 

Fot the purpose of the present paper the important point is the equivalent 
eleotrostatic centre of the 0 atom and owing -to the fivefold positive charge 
of the N ion the distortion of the 0 io i is likely to be even greater in the oaso 
of the NO, group than in that of the CO, group This would draw the electro 
static centre of the 0 ion towards the N ion and an estimate of the resulting 
distance NO, (=s c) obtained from an image calculation similar to that m 
§ 13 4 but assuming the distance from the C ion to the centre of the 0 ion to 
be I 10 A givee a value of o about 0 70 A The value of a in NaNO, being 
5 15 A, the corresponding value of X will be 0 136 The corresponding value 
of k, as given by fig 5 (curve 1) is 102° 26' and the observed value is 
102° 42 5 The agreement is therefore satisfactory 

If a is regarded as known and fig 5 (curve 1) is used to determine X and 
thence c, the deduced value of c is 0 72 A 

{ 14 One of us (J Topping) has been in receipt of a grant from the 
Department of Scientific and Industrial Research 


W I Bragg, ‘Roy Soc Proo- A, vol 106, p SM(1«4) 
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Summary 

(1) lhe details and detailed results of the calculation of the electrostatic 
potential energy of ionic lattues of tht talute type as used m a recent paper 
by W L Bragg and S Chapman are given 

(2) The method and results of a similar calculation for an ionic lattu e of the 
same geometrical ferm as in calciti but with different ionic charges such as 
occur in sodium nitrate art given 

(3) These results are used to gi\i a theoretical determination of the rhombo 
hedral angle in a series of carbonate crystals t f the calcite type and in sodium 
nitrate or alternatively to leducc from the observed rhombohedral angles 
the distance between the elcttrostatic centres of tho oxygen ions in the CO, 
and Ml, groups 

The above applications by no means fully utilise the calculations of this 
paper which have an essential bcai mg on many other physical properties of the 
crystals considered Some of these involve the calculation of the potential 
energy of the repulsive forces betnetn the ions It is hoped to deal with such 
further applications m later pajers 


On Lightning 
By G C Simpson D Sc F R 8 
(Reoeived March 17 1929 ) 

[PLATSS 1 AMD >] 

A lightning discharge is a discharge of electricity through a gas at atmospheric 
pressure and can take three forms — 

(а) A discharge between a part of the atmosphere having a volume charge of 
eleotnoity generally a cloud and the ground 

(б) A discharge between two part* of the atmosphere each part having a 
definite volume charge of electricity, but of opposite signs 

(c) A discharge from a part of the atmosphere having a volume charge into 
a part of the atmosphere in which no initial volume charge is present 
In the first case the ground forms an eloctrode, but in the two latter cases the 
discharge does not pass between electrodes In most studies of the discharge 
of electricity through gasea the conditions at the surface of the eloctrode* form 
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an important part in the discussion, and so far as I know, the mechanism of an 
electrodeless discharge at atmospheric pressure hAs not been described 
In the following discussion the method m which electrics! separation takes 
place in a thunderstorm is not considered, but the following assumptions are 
made — 

(a) The mechanism of a thunderstorm results in the concentration of 
electricity of one sign m the form of a volume tharge throughout an 
appreciable extent of the atmosphere 

(5) The air is unable to withstand more than a certain definite electni al 
intensity , if that intensity is exceeded ionisation takes place 
(e) The mobility of negative electrons js so great in comparison with 
the mobility of positive ions that the latter may be considered Dot to 
move to any appreciable extent, while the former move at a high velocity 
and are the chief vehifles of the transport of the electricity 
Fig 1 is a diagrammatical representation of the field of force about a region 
of the atmosphere, A, containing a volume charge of electncitv, say the cloud 
of a thunderstorm For simplicity the volume is represented as a sphere placed 
some distance above the ground, the latter being perfectly level and smooth 
The region of greatest electrical intensity is obviously at B, the lowest point 
of the cloud There the air will " break-down " first and ionisation occur 
Aa soon as this happens the lines of force move towards the conducting region 
and in consequence the field there increases, especially at the upper and lower 
parts of the conducting region This is shown diagrammatically in fig 2 
The increase of force causes further ionisation and the conducting region 
extends along the lines of force, both upwards into the cloud and downwards 
towards the earth, as showu in fig 3 * 

At first sight it would appear that this process would be followed whether the 
oharge m A were positive or negative On closer study, however, this appears 
not to be the case 

Let us assume that tho stpge represented in fig 3 has been reached when the 
cloud A is charged with positive electricity The end of the conducting channel 
is shown in fig 4 (a), it is filled with positive electricity, because all the negative 
electrons have passed rapidly along the channel towards tho positively charged 
cloud. The field, however, is very intense at the end of the ohannel where the 
line* of force leave it and the region of greatest intensity is shaped something 
hks that within the dotted line in fig 4 (b) Withm this region ionisation takes 
* J UrmoraodJ 8. B. Larmor, ‘ Roy Soo, ProoA toL 90, p. S12 (lftU), 
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place According to our assumption we need not consider how the ionisation 
takes place, all we need to know is that the intensity is greater than the minimum 



bed 


EJJGL 5 

Kios 1-6 

intensity under which ionisation takes place in free- air This intensity whs 
obviously reached at the moment the discharge started near the cloud, and since 
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then the intensity at the end of the channel has been steadily increasing as the 
channel lengthened 

Ionisation will therefore take place, as indicated in fig. 4 (5), by the plus and 
minus signs , but the negative electrons are at once drawn into the channel 
and pass upwards into the cloud The ionised region in this way becomes filled 
with positive eleotnoity and becomes indistinguishable from the remainder of 
the channel In other words the channel has lengthened, as shown m fig 4 (c), 
and the process once started will continue A number of things have, however, 
to be noticed In the first place, if there is any irregularity at the end of the 
channel a local increase or decrease of the force will result The discharge will 
tend to follow each of the directions m whioh the irregularity causes local mamma 
of force, and to avoid the minima There will, therefore, be considerable tendency 
fox the end to bifurcate In fact a single straight discharge requires very 
uniform conditions which are not likely to oocur often The normal condition 
of discharge will be a branched discharge, each branch continuing with a sharp 
point until it, in its turn, bifurcates 

Secondly, it will be noticed that there is a sharp boundary to the channel of 
the discharge As soon as ionisation has occurred the negative electrons move 
at once into the channel, and as the positive ions do not move appreciably, 
there is little or no spreading of electricity from the ionised channel into tho 
surrounding air The air is, therefore, practicallv unaffected outside the 
channel m which ionisation actually takes place 

Thirdly, as the ohannel bores its wa) through the air, the negative products 
of the ionisation .move aloug the channel towards the cloud, where tho positive 
oharge, which has been tho cause of the discharge, is situated In other words, the 
discharge drains negative electricity out of the air through which it passes, and 
this may supply sufficient electricity to neutralise the greater part of the initial 
positive oharge on the cloud As soon as this occurs the electrical intensity at 
the end of the ohannel decreases, and the discharge may come to an end while 
the channel is still far from the ground 

We will now consider the case in which the charge on the cloud is negative, 
and assume that in this case also the discharge has proceeded as far as the 
stage shown in % 3 Fig 5 (a) shows the end of the ohannel filled with negative 
electricity Again, the strongest field is at the point of the channel where 
ionisation takes place, fig 0 (6) So far the process is the same as with the 
positive oharge, but now a difference takes place, the negative electrons are dnveu 
out of the ionised region into the surrounding un-iomsed air , in doing so they 
extend the region of ionisation far beyond the boundary where the initial field 
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was strong enough to cause a break-down of the air They also continue to move 
into the surrounding region after they have lost their power of ionisation This 
is shown diagrammatically in fig & (e) in which the region within the dotted 
curve corresponds with the similar region in fig 4 (6), while the region between 
the dotted curve and the broken curve indicates where the electrons, driven out 
of the former region, have ionised the aLr Outside this region there Is another 
region containing the electrons which have moved forward without ionising the 
air The positive ions have not moved but negative electrons flow out of the 
channel and neutralise them The final state is shown in fig 5(d) The channel 
no longer ends in a sharp point, but is blunted and surrounded by a mass of 
negative electricity This is obviously very different from the state of affairs 
from which we started (tig 5 (o)) The intense field at the point of the channel 
no longer exists and the tendency for the air to break-down in front of the 
discharge is greatly diminished and would very soon cease altogether It would 
appear from this that a negative discharge cannot form a channel but only a 
diffuse ionised region 

Experimental support of these considerations is easily obtained, although it 
is impossible to reproduce the condition we have been describing m the labora¬ 
tory , for we cannot produce a discharge without using electrodes which com¬ 
plicate the conditions , still, experiments were made which show that the main 
line <5f reasoning is correct 

Two circular olectrodeB, each provided with a short piece of wire projecting 
from the edge, wore placed on a photographic plate Each of these electrodes 
was connected to the outer layer of a Leyden jar, the inner layers of the two 
jars being connected to the terminals of a Wimshurst machine On causing 
a spark to pass between the terminals of the machine, an induced discharge took 
place from the two circular electrodes over the photographic plate. The result 
is shown in fig 6 (Plate 1) The electrode A received a positive charge The 
small piece of wire was intended to represent the channel depicted in fig 4 (a) 
We see that the discharge has left it in long, pointed and much-branched channels, 
whioh have proceeded far into the surrounding region. It will also be noticed 
that each channel has a sharp boundary and that the ends of all the channels 
are pointed The conditions are entirely different in the negative discharge 
from electrode B There the discharge has not proceeded along clear-out 
channels, but has simply spread out in a diffuse cloud at the end of the wire * 

* Heavily condensed negative discharged over photographic pUtee frequently show 
branched channels These are, however, quite different from the ohaanets eseooisted with 
positive discharge*. They simply oonneot point* at which negative brash discharge* occur 
and supply the electricity from the electrode to tbas* brushes They oannot grew lndednitsly 
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The electrical intensity must have been approximately the same at the two 
electrodes. but in one case the discharge baa spread far from the electrode 
into the surrounding air, while in the other case the discharge has not spread 
appreciably farther than the small region m which ionisation occurred in 
oonsequence of the first intense field 

Returning now to the thunderstorm problem we see that the condition 
represented in fig 3 would be possible if the cloud A had been positively charged 
but the discharge would probably have been along several branched channels 
instead of the single channel shown in the diagram On the other hand if the 
cloud had boen negatively charged a channel would not have been formed at 
all As soon as tho air had broken down in a small region (B of fig d) owing 
to the intense field the negativo eli ctrons would have spread out m all directions, 
reducing the intensity and so preventing the formation of a channel 

To develop those ideas furthi r the following experiment was made K brass 
ball, to represent a doud was mounted opposite a brass plate to npresent the 
earth, the ball and the plate being connected to (he poles of a Wimshurst 
machine The brass ball half an inch in diameter, was mounted on the end 
of a brass rod pivoted so that the ball could describe a circle in a plane at right 
angles to the brass plate The atm was first set at nght angles to the plate so 
that the ball was at the minimum distance from the plate about 1J inches 
and a discharge made The arm was then rotated slightly so increasing the 
spark gap, and another discharge made This was repeated the result bong a 
senes of discharges each having a longer spark gap 

When the ball was positively charged and at its minimum distance from tho 
plate, sparks passed between the ball and the plate These sparks were 
branched towards tho plate As the spark gap was lengthened, branched dis 
chargee oontmued from tho ball towards the plate, but did not reach it A 
Photograph of the effect is shown in fig 7 (Plate 1) which is strongly reminisrcnt 
of typical photographs taken during thunderstorms 

When the ball wrae charged negatively the conditions wore ontirely different 
If the ball was sufficiently near the plate strong unbranchod discharges passed 

in length j but Immediately they reach a part of the electrical field not already oooupied by 
a brush discharge they give rise to a new brush discharge It must be remembered that a 
discharge over a photographio plate is a thno-dimenstoned discharge constrained to two 
dimensions In the absence of the plat* the negative discharge would be a mass of small 
brush discharge* around the eleotrode each connected to the electrode by three short thick 
flhannels. This u dearly seen in Toeplers important discussion Leber den innereuAuf ban 
voatJWtbuacMn und die Greet* Direr Leochtttden, 1 Annalen der Phymk,’ vol 63, p. JIT 
<1M7>' 
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between the ball and the plate bnt when the spark gap was lengthened these 
ceased entirely and there was only a small brush discharge on the surface of 
the ball In this ease there was no intermediate discharge between a simple 
brush and a spark to the plati set fig 8 (Plate 1) 

The spark discharge with tin ball in gat icily charged seems to be caused as 
follows — 

The brush discharge cannot carry off the electricity so rapidly as it reaches 
the ball and tho intensity of the field between the ball and the plate inc reases 
It is well known that at thi surface of an electrode a discharge can start before 
the eleetrual field in the a Ijaecnt air has reached the intensity necessary 
for the air to break down in thi nbscnci of tho electrode Thus as tho elec tncal 
intensity bi tween the ball and plate iik reiw s astagi is reached when a discharge 
can st irt at the surface of the plat* This is a positive discharge which rapidly 
grows along a channel towards the ball The < hannel however as it grows and 
approaches the ball g ts into strong! r and stronger fields thus the discharge 
onto started ut the plate rapidly passis to the ball as an intense spark The 
dischargi fellows tbi lines of forei but in this exp riment all the lmes of 
forci converge into the small ball there is therefore very little spreading of 
the lines of force atthe end of the discharge as itproceedsfrom the plate towards 
the ball Hence there is little or no tend« ne y for the dischargi to brum h and 
none of the photographs of this experiment showed branchts If however 
the ball had been more extensive and composed of a badly conduc ting material 
there is little doubt that branching would have taken plac e as the discharge 
approached the surface of the ball The branohing would however, ha' e been 
towards the ball and not as in the CAse of a positively charged ball towards 
the plate 

Thus these experiments confirm our conclusion that branched discharges 
into the air are possible from pisitively charged clouds but not from nega 
tivelv charged clouds Discharges may pass between the earth and both posi 
tively and negatively charged rlouds but m each case the branching will be 
away from the seat of the positive charge A discharge from a positively 
ohargeel cloud will have the branches turned sway from the cloud while a dis 
charge from a negatively charged cloud—which discharge must always start 
from the earth or from a positively charged cloud—will have the branches 
directed towards the cloud 

Having reaohed these conclusions I decided to examine as many photographs 
of lightning as I could m order to determine the charge on the cloud from the 
direction of the branching I therefore wrote to ‘ Nature asking for photo 
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graphs to b* loaned to me This letter was reproduced m the popular press 
attd m response I received 121 photographs to examine The Royal Meteoro 
logical Society has » large collection of photographs of lightning and there 
are a few in the library of the Meteorologioal Offioe In all I examined 
442 photographs 

I was considerably surprised to find that while 242 of these photographs 
showed branched discharges with the branches directed away from the cloud 
only three two of which an. very doubtful had the branches directed towards 
the cloud There wore unbranched discharges on 173 photographs some of 
which contained also branched discharges But there is a difficulty here The 
branches on a branched dim harge arc always muoh less intense than the main 
discharge In consequence a branched discharge photographe 1 through cloud 
or ram may appear uni ranched simply because the branches are obscured while 
the main discharge cun be sc n \n example of this is shown in fig 9 (Plate 2) 
Here four flashes have been photographed simultaneously all obviously pro 
oeedmg from the same clou 1 It is to be presumed that there was heavy ram at 
the time The flash in the f ireground is clearly branched away from the cloud 
The two flashes in the mid He distance are partly obscured by the rain but 
branches in the same direction can be faintly seen The flash in the back 
ground is so much obscured by the ram that it is relatively faint and no sign 
can be seen of the branches but there can be little doubt that it was branohed 
away from the oloud equally with the others Many of the unbranched dis 
charges were faint and I have little doubt that a large proportion of them were 
branohed away from the cloud although the branches could not be seen an 
the photographs 

The 442 photographs may be classified as follows it being remembered that 
if several types of discharge appear on one photograph that photograph will be 
counted in more than one class — 

Class I —Photographs showing definite branches away from the cloud 242 

Class II —Photographs showing branches towards the cloud 3 

Class III—Photographs showing unbranched discharges 173 

Class IV —Photographs showing meandering and other discharges not 
classified above 134 

We can say definitely that flashes of Class I indicate positively charged clouds 
and flashes of Class II negatively charged clouds Flashes of Class III may 
indicate either positive or negative clouds but m view of the fact stated above 
that the absence of branches is frequently due to the branches being obscured 
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by clouds and rain, the largo majority of them probably belong in reality to 
Class I In any case it is almost certain that if we allot half to positive and half 
to negative clouds we shall ov er-estimate the number of negative olouds Nothing 
definite regarding the sign of the clouds could be deduced from photographs of 
Class IV 

So far as the evidence of these photographs go there can be little doubt that 
a largo preponderance of the low clouds with whuh visiblo discharges are 
associated are positively chargod Dividing the unbranched discharges into 
equal parts, os suggested above, we find that 328photographs indicate positive 
clouds while only 89 indicate negatively charged clouds , this is a ratio of 
nearly 4 to 1, and even this, I am inclined to believe, is too small a ratio 

In view of the exceptional nature of flashes branched towards the clouds, a 
few words might not be out of place about the three examples found in this 
collection of photographs In two of them there is reason to believe that the 
apparent branching towards the cloud is not real but only an cffe< t of perspective 
They could equally well be explained by ordinary branched discharges directed 
towards the camera from some distant point in the sky, for the branches appear 
to radiate from a centre, some branches going upwards and some downwards 
In view of the doubt they have been ineluded in Class II, but alone they would 
carry v ery little weight The third photograph m this class is most remarkable, 
and in view of its unique nature it is reproduced here as fig 10 (Plate 2) 

This photograph, which is m the collection of the Royal Meteorological Society, 
is so remarkable that I long doubted its genuineness and thought that it might 
be the photograph of a picture On the back there is the statement “ Taken on 
the night of June 28/92,” while the name of the photographer appears on the 
front as “ I Craik, Canterbury and Heme Bay,” evidently a professional 
photographer To get information I wrote to the address given, but my letter 
was returned through the Dead Letter Office While seeking for internal evidence 
of its genuineness I examined the picture with a magnifying glass and then 
noticed that every rope of the rigging of the boat in the foreground is duplicated 
If the picture had been painted this would not have been done , but if a camera 
had been held while the shutter was opened, so that it moved slightly betwoen 
two of theflashos, the effect—which is frequently seen in photographs of lightning 
—would have been produced I therefore now have no doubt that the photo¬ 
graph is genuine 

So far we have only considered the discharge outside the cloud The same 
reasoning must also apply to the part of the discharge which distributes the 
electricity within the cloud Taking the case of a positively charged okmd 
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first, after the air has broken down at the odge of the charged region the channel 
starts to develop in both directions But the part of the discharge directed 
towards the interior of the cloud is a negative discharge and, therefore, cannot 
produce a channel The negative electnoity, which flows along the channel 
towards the cloud, escapes into the cloud in the form of a diffuse cloud of ncgativo 
electrons The electrons soon become negative ions, after which they can only 
move relatively slowly towards the positive elect™ lty in tho remoter parts of 
the cloud There is, therefore, an accumulation of negatavo electricity around 
the end of the ohannel within the cloud This is shown diagrammatically in 
fig 11 The accumulation of negative electricity reduces tho field at the mouth 
of the channel and prevents further flow In other words,the end of the channel 
becomes blocked and the diwharge along tho channel ceases But the 
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accumulation of negative elect™ lty is constantly being dispersed under the 
electrical field and by eddies within the cloud As the accumulation disappears 
the field is again established and flow of eloctnoity commences again along the 
original ohannel if the ions within it havo not had timo to recombine entirely 
Thus tho flow along the channel will be intermittent and this is exactly what has 
been found to be the case The intermittent nature of lightning discharges 
has been much studied in a senes of valuable papers by Prof Walts r, of 
Hamburg 

Itbas boon shown that a discharge botwocn the earth and a negatively charged 
cloud takes the form of a positive discharge which starts at the ground Within 
the cloud the channel branches and tho branches extend rapidly into all parts 
of the cloud, discharging the greater part of the negative volume charge as the 
result of a single flash This is indicated in fig 12 Another discharge oannot 

Voi. cxi —a. I 
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start until the intense field has been again established nght to the surface of the 
earth and this will take some time A discharge of this nature is not likely 
therefore to be intermittent * If this reasoning is correct, lightning flashes 
between the earth and a negatively charged oload will be much more intense 
than flashes to a positively charged cloud, although the two clouds may bo 
charged to the same intensity In fact, one would expect on this reasoning 
that discharges from positively charged clouds would be frequent but weak, 
while discharges from negatively charged clouds would be infrequent but very 
strong 

These considerations are supported by the flashes shown m fig 10 There 
can be little doubt that the flashes shown in the photographs were from the sea 
to a negatively charged cloud above The cloud, however, was so thin that the 
branching within the charged region of the atmosphere oould be clearly seen 
Normally, the branched part would be within a thick cloud and therefore invisible, 
only the thick unbranchod discharge below the cloud being visible 

There is a type of lightning discharge, which starts m a cloud and then 
progresses so slowly across the sky that the eye can follow it with ease, m the same 
way that the path of a rooket can be aeon I saw this phenomenon in Belgaum, 
in India, in the year 1907 There was a thunderstorm in the distance, the 
cumulus cloud of which stood up Bharp against the sky From the lower part 
of the cloud a senes of discharges took place, the discharges moving quite slowly 
in a horizontal direction to some considerable distance from the cloud The effect 
was as though coiled up ribbons were being thrown out of the cloud which un¬ 
rolled as they moved away to the right There can be little doubt that the 
explanation is the following - 

A positive discharge starts from the cloud , as it progresses it ionises the air 
in a narrow channel, sending the negative ions along the channel to the cloud 
But the rate at which the channel can grow depends on the rate at which the 
cloud can absorb the negative charge which reaches it. If it can absorb it quickly 
the channel can grow quickly, if it absorbs it too slowly tho discharge ceases. 
But there may be an intermediate state in which the cloud can absorb just 
sufficient to keep the channel growing slowly without the discharge ceasing 
altogether In this case we should have lightning of the nature described 
Probably meandering lightning is also caused in some such way 

For simplicity of treatment, discharges between a cloud and the earth only 
have been considered above , but obviously the same considerations apply to 

• AM the photographs of intermittent lightning which I have seen are clearly branched 
a*ay from the cloud, indicating that tho cloud vu positively charged. 
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discharge* be twee a clouds The discharge will start in the region of greatest 
electrical strain between the two clouds and travel as a branched discharge 
towards the negatively charged cloud. All the other consequences will follow 
naturally and need not be considered further here. 


Summary 

An explanation of the discharge of electricity through air at atmospheric 
pressure has been given which leads to the following conclusions — 

(а) The oonductmg channel of a lightning flash originates in the region of 
maximum electno field and develops only in the direction of the seat 
of negative electricity 

(б) A negatively charged cloud can only be discharged by a discharge which 

originates in a positively charged cloud or in the induced positive charge 
on the earth’s surface 

<o) A positively charged cloud may be discharged by discharges starting in 
the cloud and terminating either in the surrounding atmosphere or on 
the earth’s surface 

(<f) If a lightning flash is btanchod the branches are always directed towards 
the seat of negative electricity 

(e) The application of these conclusions to 442 photographs of lightning 
discharges reveals the fact that the preponderance of the lower olouds 
from whioh lightning discharges proceed are positively charged. 

In conclusion I would like to express ray thanks to all those who provided 
me with photographs of lightning to study, and in particular to tho Royal 
Meteorological Society, who not only placed then fine oolleotion of photographs 
at my disposal, but have also given me permission to publish here the unique 
photograph reproduced as fig 10 (Plate 2) ‘ I am also grateful to Prof 
CaUendar, who kindly lont me a powerful Wimshurst machine for carrying out 
the experimental part of the work 
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A Remew of Mr George W Walker's Magnetic Survey ( 1915 ). 

By Sin Arthur Schuster, F R 8 
(Received March 25, 1928 ) 

1 Recent magnetic survey*, whether extended over the whole surfaoe of 
the earth or confined to limited area*, seem to indicate that the observed 
magnetic forces are not entirely deducible from a potential function, the curl 
round a vertical axis having finite value The evidence is strong, and were 
it not for the extreme difficulty of finding a rational explanation it would 
probably be accepted as decisive Exclusiv e of unknown effects, the observa¬ 
tions can only be accounted for by electric currents cutting the surface of the 
earth Such currents are indeed known to exist, but their intensity is only an 
insignificant fraction of that deduced from the magnetic forces Grave objec¬ 
tions may also be raised against the alternative explanation assigning the 
effect to a penetrating corpuscular radiation 

The principal argument in favour of the real existence of an earth-air current 
is supplied by the world surveys, which show an apparent regularity depending 
on latitude, being upwards in the polar regions and generally downwards 
in lower altitudes According to Dr Bauer, upward currents of the same 
order of magnitude are found in terrestrial districts within the United States 
Rttcker and Thorpe obtained no dociaive results in Great Britain, while in 
the districts covered by Mr Walker’s survey, he gives six with currents agreeing 
in direction with that found by Dr Bauer and two in the opposite direction 
It appears to me that the most hopeful method of obtaining a decisive test 
is to examine the distribution of the magnetic forces over an area sufficiently 
small to justify a linear representation of their variation This will at the 
same tune facilitate the taking of simultaneous observations at each pair 
of the selected stations 

In order to form some judgment of the possibility of obtaining the desired 
accuracy, 1 havo found it necessary to re-calculate the whole of Mr Walker’a 
material, applying the method of least squares instead of the simplified pro¬ 
cedure first introduce^ by Rttcker and Thorpe and adopted by Walker The 
better agreement so obtained botween the calculated and observed forces 
may not be very important, but the more ngorous method of calculation 
hat collateral advantages which seem to me to outweigh the increased labour 
involved It excludes arbitrary assumptions, it affords convenient cheoka 
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on the calculation*, and it so happens that the magnetic problem adapts 
itself exceptionally well to treatment by it With the help of calculating 
machines the additional numerical work u by no moans formidable 
2 We express the North and West Forces by ~ 

N-S, + «(X-X') t-M'-m (1) 

W -- W « + o (X - X') h (1 — I') J ' 

where X' and i' are couvemontly selected latitudes and longitudes Each 
of these equations contains throe quantities to be determined and each observing 
station furnishes one equation 
Introducing the notation 

A'=.E(X~ X') 4 . B' = 0'=»E(X-X')(1-1')'| 

F' =»SN (X — X'), O' = SN (I — 1') 1.(2) 

8«S(X-X'), t -= E (I — I'), II — n _1 EN J 

the normal equations obtained in the usual way are 

nU N 0 n |- &x + *p "| 

F' = N 0 8 -f- A'« + C'P j- (3) 

O' — N p e -f C'« -f B'p J 

Eliminating N 0 between the first and second and between tho first and third of 
these equations and writing 

A = A' - »r‘ 8*, B = B — n -1 c*, C-C'-»- l 8c 
F = F' - US G =. G' - Ue 

the equations reduce to 

F Act + Cp, 



and finally 
Similarly for the We 


G = Ca 

BF -CG 
: = AB - C* ’ 

BD - CK 

"ab-c 1 ’ 



(5) 

(6) 


D and E taking the place of F and G when N and W are interchanged These 


calculations are simplified if X' and V are respectively the average values of 
tho latitudes and longitudes of the stations, so that 8 and i arc equal to tero 
We shall denote the mean latitude and longitude by Xo and k and refer to 


the point having these co-ordinates si the “ central ” point 
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A further simplification results when the observing stations are placed 
symmetrically with respect to the central point, in which case C =*0 The 
expression for the coefficients then takes the simple form 

a = F/A, P-O/Bl {7) 

a = D/A, 6 = E/B J 

Local circumstances will, in general, prevent the condition C = 0 from being 
exactly fulfilled in the first choice of stations, but this may then be secured by 
an additional station being introduced anywhere on the hyperbola defined by 
L (h - Xu) (l — lo) 53 - C 

It may further be inconvenient to introduce additional decimal places in order 
to satisfy the condition that S — c — 0, but it is always easy to obtain 
sufficiently accurate values to be able to treat these quantities as small, so 
that their squares and produot in (4) may be neglected 
3 We now proceed to show how a number of regions for which the coefficients 
have boon determined may be combined and reduced to a common centre 
Wo denote by A and L the averages of the latitudes and longitudes of all 
stations in the area, and desire to find the value of A, B, C, etc , for the whole 
area in terms of their values in the separate Districts If the average latitude 
and longitude in the mth District is respectively X* and l m while A* is the District 
value of A, the contribution of the mth District to A is 
S(X-A)* = £{(X- K) M*.-A)»* 

= S(X-XJ* f S(X«-A)* + 2S(X-X.)(X*--A) 
Within each District X„ - A is constant and £ (X — X K ) = 0, so that the 
contribution of the mth District to A is 

S(X-A)‘ = A.-(-n.(X.-A)-, 

when n m stands for the number of stations m the District The oomplete 
value of A is found by summing up the contributions of the separate Districts 
The same reasoning holds for the values of B, C, etc We thus obtain 
A = £A* (-£n,.(X.,-A) s , 

B = SB. + £»„ (/„ — I,) 2 , 

C = £C. + Sn^X* - A)(t„ - L), 

F-LF„ -I- £»«U,,(X,-A), 

0 = 2G.+ Sn„U,(I - -L), 

D = 2D b + ZhJEUx.-A), 

B-H. + &JL0.-U 
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U„ and R„ are the average values of N and W m the mth region, and the sums 
are taken with respect to m 

4. Equations (1) determine the lines along which tho two components of 
magnetic forces are equal, but we obtain a clearer view of the distribution 
of the foroes by expressing the result of terms of the direction of the normals 
to the lines of equality and the rate of variation along these The coefficients 
being negative in the majority of cases, it is convenient to measure the angles 
from the line drawn towards the South in anti-clock wise rotation We put 
for the North component 

C09e ^V7T?- 8,n0j: V?+T i ’ ten0 “ p/a> 

and for the West component 

C08 * “ y/7Tb*’ * m + ~v77?’ t “* =s6/ * 


The sign attached to the tngonometnoal functions are chosen so as to give a 
positive value to the direction of increasing North and West Force It is 
to be noted that X and l are expressed in minutes of arc and not in linear measure 
The angles are therefore those applying to a map in which minutes of arc 
in latitude and longitude have equal length 
5. Having obtained the relevant coefficients, we apply them to determine 
the departures from the potential law Without committing ourselves to 
any opinion as to their origin, it is convenient to express these departures 
in terms of the earth-air currents with which they may be associated If R 
be the radius of the earth, N and W the components of magnetic force, the latter 
being positive towards the geographical West, the vertical current densities (*) 
in the upward direction are 


4nRt cos 


v _ dW cos X _ dN 
dX dl 


( 8 ) 


In the application of this formula it is convenient to replace tho circular 
measure by minutes of arc and to introduce y =■ 10“ 5 C O S as unit of force 
We must therefore write 


dN 

dx 


; X10“", 


dW 

dl 


=* ab X. 10“ 4 , 


where «le the unit circular measure m terms of minute* of arc, t c 3 4378 X 10*. 
Equation (8) then reduces to 

4* X 10“ R» cos X = <r (a co* X — p) — W sin X. 
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Finally wo put wR «= 2 X 10® and introduce the factor 10 u in order to obtain 
the current density (I) in amperes per square kilometre We thus obtain ■ 

81 = 3 *4378 (a - p sec X) -W„ X 10'* tan X (9) 


6 In determining the probable errors in the usual manner, we must give to 
that expression a somewhat extended meaning and include not only the actual 
errors of observation but all deviations from the linear law, whether due to the 
normal ourvature of the lines of force or to local disturbances We must there¬ 
fore expect the probable error to depend on the sire of the area included in 
the survey We denote the sums of the squares of the differences between the 
observed and caloulated values of N by e 1 (N) If r be the probable error of 
a single observation, the probable errors of No, a and ]S are then determined 
_ 




where n denotes the total number of observations and m is a quantity called 
the “ weight ” in the theory of probability which has to be determined 
separately for each of the unknown quantities Calculating the weights by 
well-known methods, we find, expressing probable e.rrors by square brackets 


[N„] = « 


with similar expressions for the West Forces It is to be noted that the 
expressions for the coefficients are considerably simplified if C == 0 

It is assumed in this investigation that the North and West Forces are inde¬ 
pendently observed quantities, which m past surveys has not been the case 
But the probablo error being only used to serv e as a rough estimate of the extent 
to which our results may be trusted, there seemed no need to compbcate 
materially the numerical work in order to obtain an improvement of doubtful 
value 

The expression for the probable error of the ourl demands attention Equa¬ 
tion (9) shows that I depends on a, {J and W 0 , and as both a and Wo are derived 
from the measured West Forces, it is not obvious how the terms should be 
combined so as to give the probable error of I Sir Frank Dyson, whom I 
consulted on the matter, was good enough to give me the solution, showing that 
we may prooeed as if we were deahng with three independent variables We 
therefore find 

[81]*« 11 817 {[<»]* + [pt] sec* X} + l<r* [W 0 ]* tan* X (11) 

The last term is in general negligible 
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7 We may now proceed to summarise and discuss the results obtained 
The whole country was divided into nine Districts, but the outbreak of the 
war prevented the completion of the second District, oovenng the North-West 
of Sootland We therefore deal with only eight Districts The geographical 
outlines of the Districts arc shown in fig 1. The figures indicate in terms of 
Y the values of the North and West Forces at the central point I divided 



each District further into four quadrants aloDg the lines of latitude and longitude 
passing through their central point, and I treated each quadrant as a separate 
unit 1 was aware that with the reduction in the number of stations less 
reliance could be placed on the results, but I hoped in this way to find some 
region comparatively free from disturbance The coefficients for the larger 
areas were then obtained by intermediate steps, as explained m Article 3 

The coefficients, on which the rate of variation of the magnetic forces depend, 
show considerable irregularities in the smaller aub-divisions of the Districts, 
and it is not necessary to set them out in detail But it may be useful to gu e 
an example of how the calculation was earned out to check, aud, if necessary, 
improve the accuracy of the numerical work, after the coefficients had been 
obtained as explained in Article 2 

I choaa for the purpose the West Force in the North-West Quadrant of 
District VIII, which includes both Greenwich and Kew and contains some 
anomalous features 
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The meaning of the figures entered in the first four columns of Table I is 
sufficiently indioated by the headings The columns marked C and 0 give 
the calculated and observed values of the West Force diminished by its averago 
value in the quadrant In the last two columns the residuals v are treated 
in the aame way as the originally observed values of the Forces The suras 
d and t correspond respectively to D and E If the calculation be correct, 
and >0, k are the accurate average values of X and l, so that 8 and c an- aero, 
the sums put down in the bottom row should all be zero, to the degree of the 
accuracy aimed at An occasional difference of one unit in the last decimal 
place is, however, unavoidable The fiuto value of the sum in the last column 
show that the agreement could be improved by a alight change in the values 
of a and 6 The equations of Article 2 yield the corrections, which are 


Bd - 
AB-C*’ 


86 — 


Ae-Ci d 
AB - U* 


With the previously calculated values of A, B and C the corrections work 
out to be —3 X 10" s and 1 x 10 -5 for a and 6 respectively, and may there¬ 
fore be looked upon as insignificant If our aim had been only to determine 
the differences between the calculated and observed forces, it would, of course 
not have been necessary to calculate the value of the forces to more than one 
decimal place The value of the check, however, repays the additional labour 

8 Table II gives the constants obtained in the eight Districts, the upper 
figures referring to my own results, while the lower ones are those obtained by 
Mr Walker * Both sets of figures are based on the same observations, and the 
difference between them is solely due to the substitution of the method of 
least squares for the approximate method used by Walker In the bottom 
row, m which all Districts are combined and which therefore applies to the 
British Isles as a whole, the agreement is remarkable, especially as Mr W alkcr, 
is combining the Districts, introduced a conditional equation which eliminates 
the earth-air current 

9. The second and third columns of Table III give the probable errors of the 
calculated values of N # and W 0 as defined by equations (1) From these 
we obtain the probable errors (r) of a single observation, which are entered in 
the fourth and fifth columns The figures in brackets again indicate the values 
derived from Mr Walker’s tables, m which the differences between tho observed 


•In Walker’s Table* (‘PhiL Trana, voL 219) there is a misprint on p 32 the 
Watt Force at Glggleawick should be 4958 instead of 5958 as printed There is aho on 
tnalgntfloant numerical error on p 34, the average latitude In District V should be 
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lable II —Constanta for Districts 


District 


S 

1 'I ‘ 1 • 1 * 

-J*+? 

a/S+S* 

I s 

6 <KH 

l 087 

1 060 

+2 86S 

1 

29 

69 

36 



l 


1 43J 

1 014 

+3 037 

13 

65 

71 

32 

B 686 

3 202 

{ 

9 23£ 

1 8 

0 778 

+2 334 

18 

60 

71 

37 



6 209 

1 974 

l 101 

+2 690 

17 

26 

60 

58 

0 597 

2 814 

tv { 

6 118 

1 86J 

499 

f-2 064 

10 

ri 

79 

20 

8 392 


e 1U 


1 080 

+ 1 968 

20 

33 

61 

14 

6 031 

2 246 

V / 

9 424 

1 .>82 

0 132 

+1 786 

13 

» 

8 

lfi 

6 816 


\ 


I 472 

0 724 

+2 742 

12 

38 

79 

13 

0 764 

2 836 

VI { 

A 968 

1 993 

0 173 

+2 686 

16 

46 

h 

17 

7 3< 

2 682 

7 303 

1 999 

0 073 

+2 790 

16 

18 

78 

■>0 

»2 

2 791 

VII | 

7 697 

1 7°8 

0 668 


12 

39 

7 

48 

7 888 

2 275 

7 613 

1 740 

0 637 

+t *74 

18 

£ 

76 

43 

7 7J2 

2 337 

VIM | 

8 381 

1 436 

+0 946 

+2 794 


43 


8 604 

2 886 

8 309 

1 439 

+0 722 

4-2 872 


« 

104 

7 

8 433 

2 991 

IX / 

7 460 

1 6 3 

0 449 

+3^341 

11 

69 

9 



2 863 

\ 

7 279 

1 647 

0 493 

+2 360 

14 

0 

78 


7 442 

2 400 

Whole / 

9 867 

I 908 

0 704 

+1 381 

13 

10 

73 

61 

043 

2 387 

Area \ 

‘“I 

1 A3S 

0 726 

+2 283 

13 

83 


22 

7 055 

2 399 


Table III —Probable Errors of No W 0 and ol Single Observations 
Unit of Force => y 


Dutnct 

* 

w, 

r(N) 

r(W) 

(X) 

r (W) 

38 

38 

82 

S3 

30 

29 

32 

25 

I 

III 

IV 

V 

VI 

VII 

VIII 

IX 

14 (18) 

18 (IS 

28 (29) 
7(10) 
8(9) 

III! 

7(9) 

11 (12) 
7(7) 
27(27) 
9(11) 
7(9) 

7(7) 

#(10) 

1 0(8) 

68 ( 82) 

77 (80) 
103(106) 

38 (46) 

37 (47) 
39(44) 
19(33) 

31 (42) 

80/87) 

29(30) 

108 110) 
48(48) 

38 44) 
39(41) 
37(44) 
29(38) 

49 

70 

18 

18 

28 

18 

19 

Arenas 

n (i3) 

10(11) 

81 (00) 

47(81) 

33 

IS 
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and calculated components of force are set out As alrea ly stated the error 
here means the discrepancy between the observed and calculated values 
and includes not only inaccuracies of measurement but disturbances duo to 
local magnetic causes My calculations were earned out separately for the 
four quadrants into which each of the Districts was divided and thus furnish 
a second measure (r) of the error of a single observation The average 
values of these probable errors as denved separately from the four quadrants 
are entered in the last two columns The companBon between r and r is 
significant the former being very consistently nearly 50 per cent greater 
than the latter both for the West and North Forces This can only be accounted 
for by the circumstance that the effect of the disturbances in the smaller areas 
are to a greater extent capable of representation by a linear equation and 
therefore appear as a change in the coefficients rather than as errors in the 
sense here used So far as the calculation of the curl is concerned all that 
matters is that the linear law should hold and it would seem therefore that as 
a test of the earth air effect a smaller area is preferable With the data at 
my disposal it was unavoidable that the division of an area into four parts 
meant a diminution of the observing stations to about five on the average in 
each quadrant Hence though the probable error of a single observation was 
diminished that of the coefficients was increased This could be easily ami n led 
by increasing the number of stations or the number of observations at each 
station 

10 Table IV gives the current densities of the earth air currents in amperes 
per square kilometre It will be noticed that the more accurate process of 
calculation reduces the Districts showing a descending current from two t> 

Table IV —h artb Air Currents 


Dutnrt 1 (A 8) I (1 W \\ ) flf 



Average (a) - +0 ±0 Ml Airerege (*> - 0 1J3 _k0 1*1 


BcHfa* Idee, I - 0 OOS* 
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one, but the probable errors are too large to allow any certain oonolualons to 
be drawn for the Districts separately We proceed, therefore, to combine them 
so as to obtain their joint verdict This may be done m several ways The 
most natural procedure, and probably also the best, is to oaloulate the general 
mean in the usual way, the weights of the separate entries being proportional 
to the inverse squares of the probable errors given m the last column ol the 
table The value obtained in this way is entered as “ Average (a)," and supplies 
substantial evidence in favour of the earth-air current, the current density 
being more than four times as great as the probable error But the argument 
is considerably weakened if we derive the average curl from the linear formula 
applied to the combinod Districts The relevant coefficients are given in the 
bottom row of Table II With the help of equation (9) we find that the value 
of I is 0 003, which is practicably negligible Doubts may reasonably be 
urged with regard to the validity of tljis method, as it rests on the assumption 
that the linear formula can be assumed to hold with sufficient accuracy over 
so large an area as the whole of Great Britain and Ireland The curvature of the 
lines of force would alone introduce sensible errors 
There is a third way of determining the average current density by calculating 
the total current passing through the whole area, thiB being equal to the sum 
of the currents passing through the individual Districts If Q be the area of a 
District, it follows that the average current over the whole country is £ (QI) 
divided by £Q, and knowing the probable errors of I for the several District* 
we may find the probable error of the resulting value If a District cover a 
range AX and A l m latitude and longitude, and its mean latitude be X, the 
areas are proportional to AX. AJ cos 0 This procedure leads to the value 
entered in Table IV as “ Average (b) ” In estimating the value of this pro¬ 
cedure, it should be noticed that the probable errors of the District values are 
not taken account of in this determination of I, but only in the calculation of 
its probable error The latter is dominated by a great disturbance in District 
IV, amounting at one station in the North of Ireland to 404-y The accuracy 
of the method last employed is also affected by an over-estimate of some of the 
areas It has been assumed for the Bake of simplicity that the values of AX 
and A1 are those laid down by Walker and shown in fig 1 In some District*, 
such as VIII, these include appreciable areas covered by sea, when, of ooune, 
no observations were taken For this reason it would seem that greater value 
should be attsched to Average (a) than to Average (b), 

In all these calculations the dissenting voioe of the first District, oovermg 
the North-East of Scotland, u fully taken into account, but its evidenoe is of 
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doubtful value in consequence of the great disturbances within its precincts 
Among the 22 stations it contains there are not less than 12 in which the difference 
between the calculated and observed values exceeds 100y in one or other of the 
two components of force At Stirling the difference amounts to 297y (374y 
according to Mr Walker), while at Dundee the discrepancy of 23y found by 
Rfloker m 1886 has. according to Walker’s tables, increased to 207y, the co¬ 
ordinates of the observing stations being changed by about half a mile in 
latitude and three miles in longitude 

11 In comparing our results with those obtained elsewhere I may refer 
to Dr Adolph Schmidt,* who has recently published the results he derived 
from charts of Dr Neumayer’s survey for 1886 Roughly speaking, they show 
a belt of inward flow in the equatorial regions not quite parallel to the circlea 
of latitude, but stretching from South-East to North-West The line of zero 
current separating the two regions cuts through the North-West part of Africa, 
and thence passes North so that the positive region includes nearly the whole 
of North America up to a latitude of 60° For Great Britain an outward 
current of about 0 3 umpire per square kilometre is given, and this is in fair 
agreement with the weighted mean of the seven Districts of Great Britain 
found above The same subject has been repeatedly discussed by Dr Bauer,f 
who dealt with the results derived from more recent charts He gives positive 
currents from the Poles to latitude 46°, with negative currents farther south 
If this be correct, we should have to conclude that the line of zero curl passes 
through North America in higher latitudes than in Western Europe, but not 
quite so far north as shown in Dr Schmidt’s chart 

12. In Article 6 it has been shown how the probable errors of the coefficients 
« and (3, which determine the probable error of I, depend on the quantities 
denoted by A, B, C. In the most favourable case in which the observing stations 
ate placed symmetrically with respect to the central point 0 = 0, and the 
probable errors for the same value of r are inversely proportional to the square 
toots of A and B for a and (3 respectively The definition of theso quantities 
shows that, in order to diminish the effective error, 2(X — Xo)* and 2 (1 — k) 1 
should be made as large as possible, which means that for the determination 
of * the stations should be on the longitude circle and for tho determination 
of {3 on the latitude circle. It is further to be notioed that a station placed 
at the oentral point has no effect whatever on the determination of the co¬ 
efficients, and hence also takes no part in the calculation of the earth-air current 

* ‘ ZeKeohrift fur Oeophysik,' vol 1, p 281 (19*5) 

f * Terrestrial Magnetu.m,’ rtA 2B, p. 1S1 (1920) 
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Observations at such stations have then importance in determining the 
errors, but not m fixing the value of the unknown quantities 
In planning a scheme of operation which may lead to a decisive test of tho 
reality of the curl, we must in tho first place form an estimate of the accuracy 
of our measurements of magnetic force In the account of their survey of 
1886 Rtickcr and Thorpe give 3y as the probable error obtained by their 
observations in the measurement of Horizontal Force with the Kew instrument * 
To arrive at this figure two independent observations were taken at a short 
interval and the error was assumed to be half the difference of the values 
obtained But if r be the probable error of one observation, that of half the 
difference between two observations is r/\/2 It seems to me, therefore, that 
their estimate of the probable error should be multiplied by \/2 The same 
correction would apply to their second survey,! which gave 5y for the probable 
error of an observation With the instruments at present at our oommand, 
the time taken to measure the Horizontal Force is very materially diminished, 
and we may hope to reduce the probable error substantially I would propose 
four stations, two of which are on a meridian circle at a distance ± y from the 
central point, and two on a latitude circle at distances ± x from the same point, 
the distances being measured in minutes of arc If we imagine n observations 
to be token at each point, or, mother words, n coincident stations to be placed 
at each of the four points, we find by Articles 2 and 6 

A = 2 V, B = 2*w*, C = 0, 

and hence by (11), neglecting the last term 

[81]* - (2»r'oV(y-* + *"* sec* X) X HT* 

If tho stations are at the same distance from the central point, we hare 
y *= x cos X, and henoe, introducing the numerical value of <r, 

y[I]V^ = 0 4Sr (12) 

We are not concerned with the absolute values of the forces and need only 
consider the accuracy with which the difference between the magnetio forces 
measured simultaneously in two localities can be determined. We therefore 
introduce the probable error (fi) of the difference between two determinations, 
which is equal to rV2 If, as an example, 26 independent measurement# am 
made, equation (12) becomes 

y[I] - 0 0607r,. 

• 'PWL Tran. ,* voL 181, p. V (1880). 
t ’ Will Tran. to! 188, p S3 <l8«) 
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If we Me satisfied with a probable error of I equal to 0 1 and the probable 
error of a determination of the difference 6f the forces at two localities can be 
reduced to 3y we find for y the value of 1 82 miles The explored area would 
be a square having for its diagonals a length of 8 6 miles and for its sides a 
length of 2 6 miles This is the minimum area by means of which we may hope 
to obtain a decisive result 

13 My principal object in undertaking the labour of the detailed calculations 
of which only a summary is given here was to find an area in which the magnetic 
forces varied with sufficient regularity Unfortunately my hopes were not 
fulfilled adjoining parts of a District showing considerable discrepancies 

I found however the following relevant statement by Rucker and Thorpe* 
in their discussion of the magnetic character of the various districts examined 
by them In Mid Kent and Sussex the horizontal disturbing forces are 
extraordinarily small being less than the limit of accurate determination of 
direction at a group of nine neighbouring stations I have not yet been able 
to identify the stations aa^the hat of 696 included in the survey is arranged in 
alphabetical order The geographical position indicates however that they 
must he in Walker s District VIII This as already mentioned has special 
interest aa it oontams Greenwich and Kew and it may be added the new 
magnetic observatory at Abinger The diatnot as a whole is anomalous 
it being the only one m which the coefficient a is positive showing an increase 
of the West Force towards the North Fig 2 is intended to illustrate the main 
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features of the District It shows the outline of part of the South and Blast 
coast, and the observing stations are marked so as to indicate roughly the 
intensity of the West component For that purpose the stations were divided 
into four groups m the order of their intensities. The weakest group is indicated 
by a simple dot, the next by a cross, the third by a horizontal and two vertical 
lines, while the strongest are marked by two horizontal and two vortioal lines 
The oentral point is indicated by a ring, Greenwich and Kew by their initials. 
Looking at that part of the map which lies to the East of Greenwich, we find 
that, with the exception of Harwich, situated in the top nght-hand oomer, 
the increase of force is decidedly towards the North I haveentered in the figure 
the directions of the normal to the lines of equal West Forces both for the 
four quadrants and the District as a whole, the latter being indicated by a 
double-headed arrow The coefficients I obtain for the separate quadrants 
do not indicate any great regularity and show considerable departures from 
the general averago over the whole country. This is not perhaps surprising, 
the whole District containing only 18 observing stations 

14 It is hoped that uso may be made of the next sun-spot minimum to put 
the matter to a test In the meantimo there is muoh to be done in the pre¬ 
liminary work of preparation Apart from the Selection of suitable sites, it la 
necessary to ascertain how far the forces at two stations a few miles apart 
preserve their relative magnitude, and may be assumed to vary uniformly 
along the line joining them The unknown quantity here is the possible effect 
• either deep-j 


of wth ' r 

the vary a 

but WjoBr very little abouf^WiKcur 


P I *PF«ci 

Currents, and the!? effect may depl 
changes uw level or g&logiosl formations The selection of an n 
suitable for magnetic surveys is also important, and is, I believe, at the present 
moment engaging the attention of the Ordnance Survey Our problem is 
soraewnat simplified if the method advocated in thiB paper be adopted, £ecause 
only four stations are involved, and these may possibly be taken m pairs if 
the variation be found to be equal at all four stations 

Bjbject is of primary importance to the progress of the scienci 
trial mwetisin, and if the deviations from the potential be showi 
sent observations seem to indicate, we cannot altogeth 
the^jj^ility of some unlmo^gause affecting magnetism in general 
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An Interpretation of the Spectrum of lontted Oxygen (0 [I) 
ByR H FowutR, FRS andD R Habtrrk 
(R eceived March 13, 1926 ) 

§1 Introduction 

The object of this paper is the correlation of the terms of the spectrum of 
ionised oxygen, dednoed by A Fowler* from the regularities in the observed 
spectrum, with the terms to be expected on the theory of complex spectra 
indicated by Heisenberg,t and worked out in some detail by Hund X It will 
appear that the agreement between observation and theory is most satisfactory 
A large proportion of the observed terms can be correlated with the theoretical 
terms almost with certainty All the observed terms can be correlated with 
theoretical terms in a way which, while less certain, shows regularities which 
suggest that the correlation is significant Almost all the theoretical terms 
which would give strong lines in the region searched by A Fowler are repre¬ 
sented among the terms already deduced by him 
As it is possible to teat the theory of Heisenberg and Hund here with far more 
certainty and completeness than is possible in the Fe-group, where among the 
theoretical terms there are usually several alternatives with which an observed 
term might equally well be identified, we have ventured to set out the argument 
in some detail No test so complete has been possible for an atom homologous 
with a member of the fifth column of the periodic table (N, P, As, Sb, Bi) 
previous to the publication of A Fowler’s results 

§ 2 Outline of the Hewnbcrg-IIund Theory of Complex Spectra 
It may be convenient to the reader to begin with a bnef sketch of Heisenberg 
and Hand's theory of complex spectra It must be understood that this con¬ 
tains nothing original and is an outline only By a complex spectrum we mean 
the spectrum of an atom whose uncompleted n t groups with jfc> 1 contain more 
than 1 electron 

Altogether there are five numbers which may be used m specifying die orbit 
of a angle electron , those used by Heisenberg and Hund will be written hare 

* A. Fowler, ‘ Roy Boo, Pioo. ’ A, voL 110, p. 476 (1938) 
f W. Heiwwbsr*.' Zrit l PhysV vol 32, p 841(1996) 

$>*. Hand, * Z«it f Phye,’ rol. 83, p 846 s rob 34, p 996 (1925) Thaw paper, will b» 
aimed to as I and U. 

o a 
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n, Jfej, k y mj, m, Of these n is the pnncipsl quantum number, and retains the 

same sense as in Bohr’s oentral orbit theory, it, is less by J than the sub¬ 
sidiary quantum number k of that theory It is usually more convenient to 
work with it, than with k in building up terms of complex speotra, but for the 
convenience of writing integral suffixes, and on account of its familiarity, it 
is often convenient to refer to an orbit by its quantum numbers n t of the oentral 
orbit theory £, = it, ± i , when there is only one electron not m a complete 
group k t = ; + | m the notation adopted here for; (see later), but; is usually 
interpreted as the angular momentum of the whole atom and so cannot generally 
be associated with a single electron m an orbit The magnetic energy of the 
orbit in a weak field is where g is given by Lande’s “^-formula ” and 

o, ui Larmor’s rotation frequency, the magnetic energy of an orbit in a 

strong field is , these define nt, and m t For a single orbit only three 

of the quantum numbers it,, m„ are independent 

All the electrons in incomplete n t groups have to be taken into aooount in 
working out theoretically what terms are to be expected m a complex spectrum 
The speotrosoopio nature of each term (» e , its Zeeman effect and combination 
rules, which determine whether in the analysis of an observed spectrum the term 
shall be named an 8, P, D term*) is specified by a quantum number l which 
relates to the whole set of electrons not in complete groups. It is not neces¬ 
sarily equal to the i, of any one of the orbits present, and » taken to be J, 
f { .for 8, P, D terms, so that l =• fc, when there is only one electron in an 
incomplete group It may perhaps be thought of as the resultant angular 
momentum of the incomplete group Each term will also be specified by a 
certain multiplicity 2r, and in general will be a multiple term consisting of 
several members with different values of the " inner quantum number ” , 

the/s are uniquely determined by r and l 

The relation of the r, l of the terms given by a set of electrons m incomplete 

* Following Heisenberg and Hunrl we adopt the notation suggested by Russell and 
Saunders (' As trophy* Joum ,’ rol 61, p 64 (1926)), in whioh the speotroscopio nature of 
a teem is represented by a oapital letter and the multiplicity by a small figure written 
above and to the left 

t There are dill went conventions for tho values to be taken for j (only difference# are 
defined by the combination rules); we follow Hand and take j 0 for a singlet t term and 
; — } for a doublet s term, value# for all other terms are then given by the possible com¬ 
binations. For convenience of writing, the separate members of a term in a spectrum 
of evan multiplicity will be indicated by the integral suffixes j + {. These suffixes ogres 
with those given by Russell and Saunders (Joe, eti.), and with thou used by A. Fowler 
The number of magnetic toms is 2j + 1. For s member id a term of even moltiptidty 
this is twice the written value of the suffix. 
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groups to the n k of the separate electrons is worked out as follows The 
orbit of each n k electron m & magnetic field is specified by the five quantum 
numbers n, k v k„ m v m,, the magnetio state of each orbit is given by nq, m,, 
and the magnetio state of a set of electrons is given by S, =• 2m}, m, = 2m, 
Each separate n k electron can take all its possible magnetio states, subject 
to the condition that no two electrons can have the same values of all the 
quantum numbers n, k lt *„ m,, m,. The separate magnetic states defined 
by *»„ m, are then collected up into sets corresponding to the magnetic 
states of terms of various r, l, j For example, an n, orbit (i, =» i) has 
six possible magnetic states, vus — 

r *. = 1 *. = 2 

*i “ M ”>i - \ -H i 

t m,= -l 0 -2 0 12 

A system formed of an n, orbit and an (»*), orbit (n l ;«£ n) has 36 magnetio 
states, since each orbit has six magnetic states and each orbit can take all its 
magnetic states independently of the other These 36 magnetic states have 
values of m„ m, corresponding to the magnetio states of six terms, via , l S, 'P, 
l D, *8, 'P, *D If the two orbits have the same n, 21 of the 36 magnetic states 
of the system drop out, some because interchanging the n's of the electrons, 
leaving the jfc,, m,, m, the same, does not give a different state of tho atom 
when the n’s are the same, and some from the condition that no two electrons 
can have the same A„ Jfc,, m„ m, if they have the Bame n, the magnetic states 
left have values of m,, m, corresponding to the terms ‘8, l D, *P 

It is not always necessary to go through the calculation of the magnetio 
states Hund gives a general theoretical rule that if an electron in an n» orbit 
is added to an ion in a state specified by values r = R, I = L (», it not being 
both equal to the n, it of an electron already present) a set of terms is obtained 
for whioh l, r are given by 2r =■ 2R±1, | L - ^ | + i<l<L + ^ $ For 

example, if to an ion with complete lj and 2 X groups and 2 2, orbits, giving a 
*P state*(2R = 3, L= |) a 3, electron is added (Jfe, = |), then 2r => 2, 4,1 <=» J, 
|, { so that the following states are obtamed *S, *P, *D, 4 S, 4 P, 4 D, to find 
which of these terms persist when the n of the added electron are equal to that 
of an electron already present, it is necessary to consider the magnetic states 
of the orbits 

Hund also gives an empirical rule that of the terms based on a given state 
* This arrangement of electrons abo gives • l D and a >6 state. 
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of the ion and a given a* orbit of the new electron, those with greater (and 
greater r usually he deeper than those of smaller l and r 
It u not possible to correlate uniquely the states of an atom with tbe values 
of k, of the orbits of the individual electrons m incomplete groups, but if the 
states are due to the addition of an electron to an ion m a state giving a multiple 
term, the individual members of the resulting multiple terms can be correlated 
with individual members of the multiplo term of the ion from which they were 
derived This and this only is physically significant, and probably it is only 
significant when the single electron is in sn orbit from which it can be removed 
much more casdy than the electrons in the ion * 

In the example given above the correlation is as follow*! — 


Ion 

Orbits Terms 

2,2, *P» 

S P, 
‘Po 


Atom 

Orbits Terms 
2, 2j 3* ‘D 4 ‘P, i S,*D 1 »P,*S l 

‘VPs'Pi'D.'P, 

‘D, *D, 


• He state of sn atom onnnot depend on the order in which the electrons filled up the 
orbits, but when one electron is much more easily removed then soy other, it is reasonable 
to think of it as a “ aeriea electron " and the rest cf the atom as a “ core ” consisting of 
previously captured ejections. On the other hand, when it la almost equally easy to remove 
an electron from either of two orbits of different »„ it hardly seeroe significant to think of 
either cf these ejections as lAe “ aeriea electron* ”, or to correlate the atatea of the atom to 
those of the ion left by removal of either electron, if p, in Nil there is a *D term doe to an 
election arrangement with 9 S, orbits and 1 4, orbit, this can equally well be thought of 
aa due to the addition of a 3, orbit to a ( F state of Ni * with 8 3, orbit# and 1 4, orbit, or 
doe to the addition of a 4, orbit to a *D etate of Nl J with 9 3, orbita , the separate member* 
of the U term of Ni I oould be correlated to the members of cither the *F or a D term of Ni 
n with equal significance 

Similarly when an electron is added in an orbit of the same as some orbits already 
preaent in the “ core”, it » sometime* the ease that tbe resulting terms osn be correlated 
equally well with any of several states of the oore, 

t This table disagree* in one particular with the diagram given by Hand (tol II, 
p 302) Probably by a misprint, Hund’s diagram assigns both members of tbe *1) term 
to the *Pi state of the ion, and both member* of tbe '? term to the *P, state of the ion. 
It oaa be aeen without working out the details that this is inoorreot; the nnmber of 
magnetic terms derived from one term of the ion must be equal to the product of the 
numbers of magnetic terms for the km and added electron separately For the 3* electron 
the number of magnetic terms is 6 and for tbe *P, state of tbe oore it is 3, giving a total 
of 18 magnetic terms based on the , P l state of the oore. Hie number of magnetic states 
cf the atom is twice the sum of the suffixes j 4- 1 of the terms, which is 18 according to 
the correlation given here, as it should be, but is 21 according to Bund’s Correlation. 
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The combination rule* ate a» follows — 

(1) Not more than two electrons make transitions from one n t orbit to another, 
and then only such transitions take place for whioh Ai, -=>±1 for one 
eleotron and Afc, =■ 0 ±2 for the other (The case when only one 
electron makes a transition can be thought of as a special case of this 
when for one electron An = Afci = 0) 

(2) The terms can be divided into two classes which will be written with 

and without a bar over the letter (8, P, D ) specifying the l value 
Within one class A1 — -fcl end occasionally ±3 
Between the two classes A! = 0 and occasionally ±2 
It is immaterial which class is indicated by a bar The difference between 
barred and unbarred terms is just the same as the difference between dashed 
and nndashed terms in the more usual notation but a different notation is 
perhaps desirable the bar indicating only combination properties of the terms 
while the dash la sometimes taken to indicate something more (eg, if the 
undashed terms fall into a regular Rydberg sequence a double dash in some¬ 
times used for terms whioh combine like undaahed terms of the same l, but do 
not fall into the same sequence) 

(8) Aj ~ 0 ±1 

•abject to the condition that j -=>0—*-j «= 0 does not occur 
§ 3 The Spectrum 0 II 

The normal distribution of electrons of the 0 + *" atom among the groups of 
it k orbits is presumably 

0 ++ 2 lj , 2 2 t , 2 2, 

giving terms *P J D, J S of which the 'P may be expected to be the deepest,* 
then the *D , the U) and *3 states are metastable 


* The neutral Si atom has 
terms are — 

•P 66370 7 

•P, 66293 6 

*P, 66147 8 

‘D, 60072 0 

80076 8 


two 3| orbits In addition to oompleUd groups. Its lowest 

77 1 
146 1 
8078 5 
0098 8 


The ttnns are those quoted by Hand (t, p 338) from McLennan and Shaver ('Trans 
Boy. Boo, Canada,' voL 18, p 17) adjusted to agree with PowWs value for *5, (-» IP, 
4 PhUt TraosV voL 226, pp 18-19) The next lowest terms are about 26,000 
The 0 ++ atom has a structure of the same type (2 2, orbits in addition to oompieted 
groups) so would be expected to have a similar set of deep term* 
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The epee tram 0II of ionised oxygon would therefore be expected to include 
mainly terms based on a *P state of the core, with some baaed on a l D state and 
perhaps some based on a *8 state 

The figure shows the terms to be expected on the theory of Heisenberg and 
Hand and the observed terms whioh are correlated with them * The three 
deep-lying states of 0 ++ are indicated by the vertical lines on the nght of the 
diagram (the *P state is shown resolved) Prom these are drawn a senes of 
horizontal lines, which are intersected by a senes of vertical lines, and some of 
the points of intersection are marked with dots Each dot represents a member 
of a multiple term deduced from the theory of Heisenberg and Hund, those 
on the same vertical bne represent terms due to the same n, orbit of the “ senes 
electron," % e , the electron which is additional to the 0 + h core whoae states are 
indicated by the vertical lines on the nght, the value of the n t for the senea 
eleotron is shown at the top of each line On any one honzontal line the points 
represent individual members of a multiple term, with the same r, l,j, produced 
by adding a " senes ” electron in tn orbit of given k but varying »to the 0 ++ 
core in the state represented by the vertical line on the nght at which the 
honzontal line is terminated For example, points on the seoond and 
third honzontal lines on the diagram (counting from the top) represent 
respectively *P, and *?! terms ansing from the addition of a senes eleotron 
m an », orbit to the 0 ++ oore in the 'P,, *Pj states respectively The 
honzontal hues for the members of a single resultant multiple term are 
grouped together 

When the senes electron is in an orbit loosely bound compared to those of the 
other electrons in incomplete groups, it seems reasonable to expeot that the 
terms due to the addition of orbits of given k but different n to a core in a 
definite state should form approximately a Rydberg sequenoe with a limit 
corresponding to the state of the core, to make the resultant terms comparable 
it is also necessary that they should be of the same r, k That is, terms 
represented by points on the same horizontal line on the diagram should 
form such a sequence, whose limit corresponds to the state of the ion 
represented by the vertical line on the nght at which the honzontal line 
terminates 

The points represent members of multiple terms predicted by the theory of 
Hund and Heisenberg, the numbers written to the nght of the points are the 
value of the terms given by A. Fowler which ore identified with the theoretical 

•The idea cZ this diagram was suggested by the diagram in Bund’a teoood paper. 
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terms, and the separations (in the case of multiple terms)*, on the left are given 
A Fowler’s designations of the terms A query on the left indicates that the 
identification is considered doubtful, one on the right that the reality of the 
observed terms is doubtful (usually because only one combination with other 
terms has been identified among the lines) All A. Fowler’s observed terms are 
represented in the diagram! with one exception, the zX doublet term 92682, 
92633, and A Fowler expresses considerable doubt whether this term is real. 
The identifications are in some cases fairly certain, in others rather dubious, 
some of the dubious cases will be mentioned individually later 

HundJ gives a diagram of the terms duo to the addition of a senes electron to 
the *P state of the core, but these terms do not seem to account satisfactorily 
for all those observed for 0 II , m particular there is no room for s' terms as 
well as t terms, but terms of both these kinds are certainly observed There 
are other terms also which can beat be accounted for as based on the 'D state of 
the core, and reasons will be given later for thinking this interpretation of these 
terms is significant 

The general agreement between the observed terms and those expected on 
the theory of Heisenberg and Hund is excellent, except for the doubtful jxT 
term already referred to, there are no observed terms for which there is no place 
m the theoretical scheme, and practically all the deeper lying terms which are 
theoretically to be expected have been observed. Further investigation of the 
far ultra-violet in the region 400-800 A U will be necessary before much can 
be said for certain about the deepest-lying *5 *D and *S states Hund’s rules 
that of the terms derived by adding an electron m an orbit of given n t to a 
state of the core defined by a given R, L, the term value increases with the r 
and l of the resultant term, is oboyed in nearly all cases } Only the values of 
2», ap‘ and a*' fail to conform to these rules. These rules are not universally 
• The lines suggested by A. Fowler u id,' —ad, , msy be provisionally identified as 
— /„ giving/, ** 60273 fi, a doublet / term might be expected at just about this 
value, and the intensities are consistent with this combination; the /, member of the 
term is doubtful, as there are several lines whioh might be identified as o<f, —/, This 
/, term and a possible/, term are given on the diagram 

f A Fowler's apparently tingle term r, which oombines wtth the quartet terms *, p\i 
has been provisionally Identified as the unresolved first p' term of the quartet system, 
t loc, ett., II, p. 802, 

| The term values for the doublet terms are bated on a series limit calculated from Sp* 
Sf>„ 4p,; those for the quartet terms are based on an assumed value foray* which, however, 
does not seem likely to be in error by more than 8000 The tero of term value is the stats 
of the atom In whioh the oore it in the ’P, stats and the “ series ” electron is at rest at 
infinity. 
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obeyed even among the simpler spectra (e g , in Ca I the firet two l P terms are 
less than the corresponding *P terms , the later *P terms are greater than the 
corresponding *P terms) 

There seem to be the beginnings of three sequences of Rydberg type among the 
observed terms The most definite is the *P sequence arising from the addition 
of n t orbits to the *P state of the core , each of those *P terms consist of two 
members, one based on the •P, state and the other on the *P, state of the 
core The added orbit, having it => 1, is not likely to affect the separation 
much, so it would be expected that the separations of the doublets would all be 
about the same, and would tend to the difference between the *P, and ’P, 
states of the core as the principal quantum number of the orbit of the seneB 
electron increased This is the case, the three observed *P terms have 
separations 180,187, and 193, while the *P state of the core probably bos separa¬ 
tions about 107, 204,* of which the latter is the difference between the *Pj 
and *P, states The signs of the differences in the 0II spectrum agree with what 
would bo expected from the sign of the differences in the 0 III term t 

The quartet terms ap, bp probably also form the beginning of a sequence of 
Rydberg type The separations of the terms would be expected to tend to the 
separations 107, 204 of the *P state of the core as the principal quantum number 
« of the orbit of the senes electron increases, but when n is small they would be 
expected to agree more nearly with the ratio 3 5 given by Landes interval 
rule for quartet terms The separations for the two observed terms are 106, 
168 and 106,161, the smaller separation 105 agrees well with the corresponding 
separation of the core terms , the separations 158, 161 arc smaller even than 
is required by the interval rule 

The identification of the observed ad', id' terms as the first two terms of a 
Rydberg sequence due to adding n t orbits to the *D state of the core, seems at 
first sight much less oertsm than the identification of the terms of the *P and *P 
sequences, but the following three points suggest that it may be correct, though 
the combined evidence is not conclusive 

(1) If the terms are taken as members of a sequence of Rydberg type we find 
—22000 for the limit of the sequence, which would indicate that the ID term of 
O III is about 22000 less than the *P term The O III spectrum is not known 
well enough to check this value, but it seems very reasonable, for the Si I 

* KQbkan sod Bowen's triplet with these separations at X 703 is provisionally Identified 
as a triplet of O UI Involving the 'P states. 

t By dsdnlHon, a separation of member* of a multiple term is reokotwd positive when 
thedespar-lying mambas has tha smaller; 
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spectrum (which has the same general structure as 0 III) the corresponding 
difference u 6000; it would be expected to increase with core charge (perhaps 
more rapidly than the first power but less rapidly than the seoond) and from 
one row of the periodic table to the next 

(2) It would be expected that terms due to adding a senes electron m a given 
Hi orbit to the *15 state of the core would differ from those due to adding a 
senes electron in the same orbit to the *P state of the core by roughly the 
difference of term values for the two core states, and actually the difference 
between such corresponding terms is about 22000 in all cases 

(3) Small separations would be expected for terms due to adding an », 
orbit to a singlet state of the core , the actual doublet separations of the ad', 
iX terms are both —1 

The values of the terms due to adding a 3 8 orbit to the vanous states of the 
core are interesting The term value for a 3, orbit m the field of a point charge 
2 is )R = 48772 , if m 0 + the 3, orbit bes entirely outside the core, as would 
be expected from a consideration of orbital dimensions, the terms duo to 
addition of it to the core would be expected to have about this value (reckoned 
from the appropnate state of the core) It is actually the case that the observed 
terms identified as due to the addition of a 3, orbit to the core have values close 
to 48772 (on the whole rather greater, as might perhaps be expected from 
analogy with simpler spectra) Further, the separations of the doublets (bp', 
oX) due to adding the 3, orbit to the *D state of the core are both small (about 
2 in each case) as might perhaps be expected, for (Bpeakmg roughly) the external 
3, orbit itself is not likely to contribute much to the sepafation, and the core, 
being w a singlet state, has no separation which the added orbit might affect * 

In this row of the periodic table the deepest lying terms are due to adding an 
electron in a 2, orbit to the two already existing in the core, the terms next 
in order of magnitude may be expected to be those due to the senes electron 
in orbits of quantum number 3 t , 3, and 3 S> in this order, as is the case In 
the next row of the penodic table after the normal 3, orbit the first orbits of 
the senes electron with k =°o 1,2,3 will be 4,, 4 a and S s respectively , the terms 
due to the 3 t orbits of the senes electron are quite likely to lie deeper than 
those due to the 4, orbit, and perhaps deeper than those based on the 4 t orbit 
Hand's diagram is drawn for the case in which the first set of term* due to an 
n a orbit of the senes electron he between the first set due to an tq orbit and the 

* 'When tbs core Is not In a state giving* singlet tom, the addition of a series electron er«o 
in an external orbit (with 4 — 1) may effect the separations oonsiderabiy, ef Hsteenberg'o 
formula for separation! of terms doe to 8 orbits not in complete groups (Joe. oit, p. US). 
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first set, after the deepest lying *8 *P *D terms, due to an », orbit, this may be 
the case for elements in later rows of the periodic table, when the principal 
quantum number for the first n, orbit is different from that for the first n x and n, 
orbits (apart from the normal orbit), but it would not be expected to be the case 
for N I, 0II, etc A similar difference is to be expected between other spectra 
of the elements of the first row of the periodic table and those of corresponding 
elements of later rows , e g , in Si I the terms due to the 3, orbit of the senes 
electron he between those due to the 4 X and 4 t orbits, while for C I it would be 
expected that the terms due to the 3, and 3, orbits of the senes electron would 
he deeper than those due to the 3, orbit 
The term os' (87310) only appears in one pair, and A Fowler appears to con¬ 
sider its reality somewhat doubtful It is the only observed term which it seems 
necessary to consider as based on the ‘8 state of the core As such its value is 
not altogether satisfactory , from the estimated value 22000 for the wave 
number difference between the *P and *D states of the core, and analogy with 
Si I, l S for the core would be expected to lie less deep than *P by about 
56000, so the *8 term, due to addition of a 3 t orbit to the ] 8 state of the core, 
might be expected to lie between 40000 and 50000, instead of at 87310 
The terms 6p', hs\ od' might be identified as terms based on the >8 state of 
the core, but in view of the close agreement in term value between bp' and bd', 
and between hs', bp", od' the identification adopted appears more probable 
The definite absence of the combination ad — op', and the large negative 
separation of the term op' throws doubt on the identification of this term, but 
there seems little prospect of explaining it m any other way on the theory of 
Heisenberg and Hund There is always the possibility that terms based on 
other states of 0 III might occur, the doepeat would be a *P term due to the 
eleotron arrangement 2 1( 3 1( 3 X (m addition to the electrons m completed l x 
and 2 X groups), and the next a group of terms (including a *P term) due to the 
arrangement 2* 3 lt 3„ but these terms would be expected to be very much 
smaller than the observed op* terms 

An interesting combination appears in the quartet system, vu, « - $ 
This has A! 2 but At =< 1 for the senes election and At => 0 for the other 
electrons, in conformity with Heisenberg's combination rules 
Among MiUiiran and Bowen’s lines in the far ultra-violet there is no tnplet 
reoordsd with separations 158, 105 which might be identified as the resonance 
triplet *8 - 4 P of the quartet system, there is a pair of lines with separation 180, 
which i* equal to the separation of the 2p term, and which may be the wteroombi- 
nauoc resonance doublet *8 —*P (as suggested by Fowler), but this seems rather 
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unlikely a* the resonance triplet *8 — 4 P would be expected to be stronger than 
such an intercombmation doublet, and no other mtercombmation lines have 
so far been recognised * 

On the theory of Heisenberg and Hund, however, the normal state of the 0 + 
atom must give a quartet term, in order that the addition of a further electron 
should give the triplets and quintctsf of the observed 0 I spectrum Further, 
the normal state of 0 + probably gives an S term, because the addition of a 
further electron to an ion in any but an S state does not usually give such well 
developed sequences of the Rydberg type as those observed for 0 11 Thus 
from consideration of the spectrum 0 I it is possible to say that the deepest 
term of the 0 II spectrum is probably a *S term 

§ 4 Summary 

The terms of the 0 II spectrum deduced from the observed lines by A. 
Fowler arc correlated with theoretical terms expected on the theory of complex 
spectra recently developed by Heisenberg and Hund Some of the identifica¬ 
tions cannot be made with certainty but the general agreement between 
observation and theory is satisfactory 

No lines involving the deepest-lying terms have yet been identified, but from 
consideration of the 0 I spectrum it appears likely that the normal term of the 
0II spectrum is a quartet 8 term 

In conclusion we wish to express our thanks to Prof A Fowler, F R 8, for 
putting at our disposal his experimental results before publication 

* In the esse of Si I interoombinationa between the singlet and triplet systems involving 
the deepest lying terras do ooour, but aro not as strong as combinations within the singlet 
or triplet systems of terras. 

t See A Sommerfeld,' Atombau und Spootndlinktn,' 4th Ed., p. 598. 

t The normal electron arrangement of the neutral 0 atom gives a »D and a *8 state as 
well as the *P state identified by Hopfleld; these ringlet states hav* not yet been identified 
experimentally 
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The Relativity Theory of Plane Waves. 

By 0 R Baldwin and Q B Jeffery. 

(Communicated by Prof L N 0 Filon, F R 8 —Received January 15, 1926) 

Weyl* has shown that any gravitational wave of small amplitude may be- 
regarded as the result of the superposition of waves of three types, via 
(l) longitudinal-longitudinal, (u) longitudinal-transverse , (m) transverse-trans¬ 
verse Eddingtonj carried the matter much further by showing that waves 
of the firat two types are spurious , they are “ merely sinuosities m the co¬ 
ordinate system,” and they disappear on the adoption of an appropriate 
oo-ordwate system The only physically significant waves are transverse- 
transverse waves, and these are propagated with the velocity of light He 
further considers electromagnetic waves and identifies light with a particular 
type of transverse-transverse wave There is, however, a difficulty about the 
solution as left by Eddington In its gravitational aspect light is not periodic 
The gravitational potentials contain, in addition to periodic terms, an aperiodic 
term which increases without limit and which seems to indicate that light 
cannot be propagated indefinitely either m spaoe or time This is, of course, 
explained by noting that the propagation of light implies a transfer of energy, 
and that the consequent change in the distribution of energy will be reflected 
in a cumulative change m the gravitational field But, if light cannot be 
propagated indefinitely, the fact itself is important, whatever be its explana¬ 
tion, for the propagation of light over very great distances is one of the primary 
facts which the relativity theory or any like theory must meet 
In endeavouring to throw further light on this question, it seemed desirable 
to avoid the assumption that the amplitudes of the waves are small, terms 
neglected on this ground might well have a cumulative effect All the solu¬ 
tions discussed in this paper are exact 
When the amplitudes are not small it is no longer true that any wave may be 
resolved into waves of Weyl’s three types We may nevertheless discuss these 
types as important particular cases In the earlier part of this paper we show 
that Eddington’s results are still true for waves of finite amplitude , longi¬ 
tudinal-longitudinal and longitudinal-transverse waves are spurious, and 
transverse-transverse waves are propagated with the velocity of light 

* ‘fUum. Zeit, Materie,’ 4th edition, p, 286 , SngUah edition, p 252 
t 'Roy Soo. Proa.,* A. vol 102, p 26811922) 
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In f 5 the theory of the propagation of plane transverse-transverse wave* is 
shown to depend on the solution of a single differential equation with five 
dependent variables Since we deal only with particular solutions, it is not 
possible to state the result with oertainty, but a strong presumption is created 
that an infinite plane electromagnetic wave (or puke) cannot be propagated 
without change of the wave-form There is little doubt but that this result 
arises from the infinite character of the Wave-front, and it seems that the fuller 
working out of the relativity theory of light must come through the study of 
divergent waves 


§2 The Field EqucUvmt 

The equations to be satisfied m space devoid of matter and oharge are 

(1) G„.«= - 8-TyE^ 

where G„, is the contracted Riemann-Chnstoffel tensor, y is the constant 
of gravitation, and E„, is the electromagnetic energy tensor, together with 
the electromagnetic equations 

( 2 ) - 0 » 

where T w ’ is the electromagnetic force tensor 
If B*,/ is the Riemann-Christoffel tensor, we have 

(3) 9*. B m „* = B„„, ■= ((tpov) 
and 

(4) G„, = B„„‘ = g" (|ifxrv). 

The Chmtoffel four-index symbok are given by 

(5) (wxxv) - i 3^} 

— ff* (f«T, *J [pV, $]+f* [|iV, «] [{XJ, 61 

m which the Chnstoffel three-index symbok of the first land are given by 


If is the electromagnetic potential vector 


(7) 


-fe-3t 


and the electromagnetic energy tensor is defined by 

( 8 ) 
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For plane waves propagated with velocity V in the negative direction of xi 
we assume that the lomponenta of all tensora are functions only of 
5 =E x t -j- Vx 4 The electromagnetic equations (2) then give three independent 
equations which at once integrate to show that 

(F 14 F" +- VF° 4 F 41 f VF^-y/f-p) 

ire constants Those are components of a tensor density defining the 
force per unit mesh on charge moving with vi locity V with the waves By 
the superposition of an appr ipnate static homogeneous field these < instants 
can be made to be zero * 

We accordingly take 

(9) *•« 0 

(10) F* + VF“ 0 

(11) l)* 1 + VF 4 - 0 


Denoting differentiations with respect to 5 by accents and WTitmg 

(12) « 4 V*, *o 

we have 

(13) F„ 0 *, *, *• 

<c. 0 0 V*. 

j -Ki 0 0 V*j 

*• V-r 2 V* 3 0 

Using these values wo have 

iF^F-o *o F« | |F ’ F VF 4 } |-*, {F 91 f VF 94 } 

- 0 

by (9)- (11) Hence (8) reduces to 

(14) E/ F^.F” 


§ 3 Lortgvtiuhnal hirujitudinal Waves 

For these waves 

(15) %r Pi i 1* 0 Pli 

0 10 0 

0 0-1 0 

Pi* 0 0 P«* 


* A similar situation arises m the ordinary ware theory of hght when the integration 
of Marvell a equation* give* m the first instance that Ea H, + VK, H,-VE„ are 
oonatanta. These are taken aa aero for ordinary light non aero value* of the constants 
arising In the theory of the Zeeman and Stark effects 

VOL 0X1 —A a 
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The determinant of 

(16) ? - 3n9u ~ 3ii’ 

(17) 9T = 9u. 0. 0 -ft, 

0,-9 0 , 0 

0 , 0 ,- 9 , 0 


The three index symbols of the first kind vanish unless each index is either 
1 or 4, and 

(18) [11, 4] = fu ' - * Vf,,'. [44,1] - Vj- i 9u ', 

[M, 11-V [11 11 — JVjji', 

[44,4] = V (14,4] — l Vg u ‘ 

Prom (5) we see tliat the four index symbols vanish unless each index is 
either 1 or 4, and owing to their anti-symmetry, the only independent surviving 
symbol is 

(19) (1414) — - 
From (4) we have 

(90) G„ - - (1414), 0 I4 - f* (1414), G 4 , - - g" (1414) 

the remaining components of vanishing 
From (11) and (17) we obtain 

(21) y F*" = 0, -(gu-VguW, — (ffn — VguW, 

_ (j« - Vju) * s ', 0 , 0 , "(ju -VyuV 

} (j« - Vy») 0, 0, -(9H~Vjn)*,' 


(jii-Vyu)*j', (jii—Vjn)*i', 0. 


Substituting these values in (9)—(II), we have either (l) -* *> 

= 0, or (n) *</ -=0 and g u - 2Vy It -f V 1 },, = 0 In the first oase 
E^, «- 0, and therefore G,,, — 0 Hence from (20), (1414) = 0 In the 
second case (1414) — 0 by (19) It follows that for any longitudinal-longi¬ 
tudinal wave all the component* of the Biemann-Chnstoffel tensor vanish. 
Accordingly, such waves are spurious in the sense that they disappear on the 
application of an appropriate transformation of co-ordinates. 
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1} 4 1a ngtiuAmnl Transverse Waves 

In this caw 

( 22 ) q h - -1 9i t 9n 0 

0i* - 1 0 9u 

In 0—1 qn 
0 ffu 9 m 1 

Tho contrav inant <f the 5 index symbols and the 4 index symbols are 
more complicate 1 than m the last case and it is conveiuent to proceed Bomewhat 
lifferently Fn m (8) wt ha\o 

F a - -F^F^-F^'-F^F* 

(*-' + VF‘) 

0 

firv 1 2 3 1 by (9) (11) Similarly E, = 0 It follows that 

(23) F a 0 t„-0 

and the < nly non vai slung components of T, are E,, F )t E M 
Hence from (1) we have in patti ular 

(24) ( t 0 G*,- 0 

We will first alcul ite th 4 in 1 x symbols necessary to determine Q„ an 1 
O u vi* (2pa 2) an 1 (3po 1) Ih non vanishing 1 index symbols ure 

(25) [11 2) — 9it [H 1J 9u [44 2} Vg u [44 3] - \g u 

[14 21 k (q u \q lt ) [14 5] * <g M + Vg l9 ) 

[12 4] [24 1] J( 9m \g lt ) 

[13 4]- [34 1] Ug„ Vg la ) 

From these we obtain 

(26 ) 

(J^__(H43)_(3m 1 ^_ i ^_ Vj/jj)J 

all other symbols of the type (2po 2) (3po 1) vanishing 
Hence 

(27) G„ - - i foV* - m {g u - V 9 „ }* 

G» lari" (9 u f)i9u V 9u * 

a 2 
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Now g*g“ -($“)» = g» g" g“ 

0 10 0 

0 0 10 

j/ 14 <r <r ? 4 * 

Multiplying by the determinant g we obtain g n y* 1 (v 14 ) 1 l/g and there 

loro i an never be zero Accordingly from (27) we must have 
(2b) g u Vg n - 0 g M Vg a 0 

If these are satisfied all the 3 mdov symbols vanish except 

(29) [11 2]-g n [1*21 9u [**2]-V ?w 

[11 3]-y„ 114 31 g M [44 3|-V 7m 

It may now be shown that all the 4 index symbols vanish In (5) the terms 
involving the second differential coeffiuenta will vanish unless of the four 
indices one is 2 or 3 and the remaining three are 1 or 4 It is easily verified 
that in this case these terms vanish by reason of (28) The terms involving 
the 3 index symbols will vanish unless all four in bees are 1 or 4 Hence the 
only possible surviving symbol is 

(1414) <^[11 «1 [44 ?l-fs*«[14 «H14 pj 

= +g 2S gu ){gu -Vgu ) + (r*gu + g* 3 gu )(gu -Vg it ) 

= o 

by (28) 

Hence for any longitudinal transverse wave all components of the Riemann 
Chrutoffel tensor vanish the wave is spurious and mav be transformed 
away by an appropriate change of co ordinates 

§ 5 Transverse Transverse Waves 

For these waves 

(30) g„ - J 0 0 0 

0 9t i 9n> 0 

0 9» 9ss 0 

0 0, 0 1 

The determinant of is 

( 31 ) 9 ~ — 9*t9n 

and 

(82) gg" «= - g 0 0 0 

0 ~9ss 9 *a 0 

0 ~9n 0 

0 0 0, g 
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The 3 index symbols vanish unless one index is 1 or 4 and the otter two 
2 or 3 We find 

(33) V[12 2] V [22 1] — [22 4] [24 2] - [ Vff„ 

V [12 3]- V [13 2] V [23 1] = [23 4] 

[24 31 [M2] = *Vff B 

V [13 3] V [33 1] = - [33 4] = [34 3] = J Vg„ 

The eleven 4 indix symbols w) ith do not vanish identically are 

(34) (1212)— — $ff M I i Irtn* f 2 ^ 9n9n +A«‘) 

(1213) -Iff*, hSf“(9*«Jas + <ha *) + <>“ 

(1313) i <7 m + i l^ffaa* + 2ff u 9 B ff S 3 + ff M ffss' s } 

(4242) V (1242) \* (1212) 

(4343) V (1343) V* (1313) 

(4243) V (1243) V (4213) V* (1213) 

(2323)- 1(1 V)( q n9m q a *) 

From these values and (4) at have 
(3fi) G„ — r“(i-i-) 2ff**(i2n)-ff»(i3H) 

(36) O m -VG m V*(, u 

(37) 0 U “ (1 V») ((1212) - i ff* 8 ff„ ff„ - g„ *)} 

(38) a« (1 V») {(1213) + 1 g» (ff fi ff„ - ff„»)} 

(39) G»- (1 - V») {(1311) -iff*(ff M ff„ -’ff»*)} 

For purely gravitational waves G„ — 0 If V* 1 we have from 
(37H39) 

(40) (1212) iff“(ff„ff« ~9tP) 

(1213) -i ff*(ff„ff» 9»') 

(1313) 1 ff**(/ M ff» -ff*'*) 

Substituting in (36) we have 

{^^-(ff* 3 )*} (9*0. -ff*'*) 

-(»*« 9m -9m*)/9“0 

tienoe from (37)-(39) (1212) - (1213) - (1313) - 0 and we see from 
(34) that all components of (ppov) vanish and hence the Riemann 
Chrutoffel tensor vanishes Purely gravitational waves are spurious unless 
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the velocity of propagation is unity, in which case the equations O w ■=* 0 
reduce to the single equation Q n — 0 
Passing to the case of elet tromagnetie waves, we ha\ o from (13) and (32) 


(41) jE»-= 



0 q u - q a k 3 ', - (g^t ~ q,x *3), 

<). 0) °. 

Sw*3' 0 0, 


- 91 * 

v (»«*»' -JmO. 


v(?■«,' - <7*a*3 i ’) 


?*o\ ~ v ). v <?m *t - 9 m *»') 0 


From (9H11) we have «o — 0 and 

(1 — V’) (j7 u * a ') — 0 

(l-V*)(y„*,' -Ja*,')--# 


If V* / 1, these give - 0, since - ff M Jm - 9 ? 0, we are 

led back to the purely gravitational waves already discussed Hence for 
electromagnetic waves, the velocity of propagation is unity and *0'= 0 
Making this simplification and calculating E„ from (13), (14) and (41) we find 

(42) E„ - E„- E 41 

«»' 1 9tt K » l )l9< 

the remaining components vanishing Thue, in view of (35) - (39), the 
equations (1) reduce to*the single equation G u -8ity E u that is to 

(43) SmJ«i'-2Sh 9m'+9»i9m* 

+ ^ [s» {9» ?■> 1 - 2 ffn y,t 9u + 9m ffaa**} 

~2y„ {9»9 m'9m'- 9u(tafn Hs 1 ) ^aa'> 

+ 9h(9mJi»’ —2 9«s?*i'9a’+J«i9w ,J ) j 
= 16 Tty (9« */* - 2 7a *,'*) 

which may be written more concisely as 
(M) 9t> 9u ~ 2 9b* + J„ 9m* - 9 jja ( lo 8 9) 

=> 32iry (y„ */* - 2 + y„ *,'») 

Thu differential equation represents the only condition imposed by tit 
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general relativity theory on the five variables g tt , g a g„ k, <t a for the pro 
pagation of plane waves It possesses a variety of simply periodic solutions 
m which the variables differ from constant mean values by terras of the type 
Acosp^ + BsinpS where A and B are different for the different variables 
But these solutions have no physical significance since in every case they 
imply the periodic vanishing of the determinant g 
If the g„, differ from their QaUlean values by small quantities the squares 
of which may be neglected equation (44) becomes 
(«) 9ts’+9u lCnylV + M*) 

which agrees with the equation given bv Eddington who discusses tin parti 
cular solutions in whnli q tl f q xi const (purely gravitational anus) and 
9tt — ffas (light waves) Th< corresponding exact solutions mac Is obtained 
as follows 
Assume 

(46) q Ja M « 1 6 g n 0 

where [ 0 | < 1 but is not neussanly small Equation (44) becomes 
200 (1 0 1 ) | 0^(1 | 0*) 0 
which integrates to give 

(47) ; = A (*(_£_)** 

It follows from this that unless 6 is constantly zero it will steadily increase 
(or decrease) to ± 1 and will attain one of these values for a finite value of 5 
Hence there can be no plane gravitational wave of this type for a huh the 
determinant g does not vanish for some finite value of 5 
For electromagnetic naves we generalise Eddington s result by assuming 
<«) 9u -H» g n - 0 

Equation (44) may then be written 

(49) y'fl - 0)Vd -<>) ~ 4*T («.** d *, *) 

Suppose that when 5 = 0 0 0 and 8=0, then sinoe the right hand 

aide » negative and in general not zero djdi \/(l — 0) is zero for 5 0 and 

decreases at a finite rate as % increases It follows that 0 will attain the 
value 1 for a finite value of 5 

A sbght modification of this argument shows that the oonolusion is not 
substantially affected if the wave is a pulse so that *, and **' vanish except 
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for a small range of values of t; The root of the difficulty does not he in the 
propagation of an infinite train of waves, but rather in the propagation of a 
wave-front of infinite extent 

It appears therefore that the relativity theory of light must be approached by 
way of the study of divergent waves The importance of the problem hardly 
needs emphasis If light cannot be propagated without change of wave-form 
we should know the measure of that change in order to ascertain whether 
it is likely to give rise to observable effects in nature 


Electronic (h bits on the Relativity Theory 
By 0 R Baldwin and Q B Jeffery, University College, London 
(Communicated by Prof LN G Filon, F R 8 —Received January 15, 1928 ) 

The problem of this paper is to determine the possible circular orbit* of a 
charged electron about a charged nucleus 

From the point of view of the older theories the problem is very simple. 
Let the mass and charge of the nucleus be m and e, and of the electron m' 
and s', the masses being positive but the charges either positive or negative 
Write— 



where k is the constant of gravitation The effect of the chargee may be 
regarded as a modification of the masses, and the two bodies will attract 
according to the inverse square law as if the product of their masses Were 
mm' (I — XX') If the chargee are of unlike sign, or of like sign and such 
that XX' < 1, this effective mass product will be positive and a circular orbit 
will be possible for every radius, otherwise no circular orbit* are possible. 

On the relativity theory the inverse square law is no longer accurately 
obeyed, particularly for small distances, and the problem is much less simple. 
In it* exact form it* solution seems to be impossible m the present state of 
knowledge, and the present investigation is based on the assumption that the 
effect of the reaction on the nucleus may be neglected, so that the latter may 
be regarded as fixed in position This is a serious limitation, but, pending a 
more exact solution, the result* may serve as an indication of the kind of results 



Electron to Orbtts on Relativity Theory 


105 


which may be expected on the relativity theory and of the extent to which 
these differ from the results of the older theories 
The fiel 1 of the nucleus is defined by* 

(2) i* r»dP r*sm*0<ty* f ycW 


where 


Writing 

(3) 

we have 

(4) 


7 + x ‘?» 


The equations of motion il an electron in this field liave b< en givenf m 
a form which when simphfiel for circular orbits in the equatorial plane 
0 as Jn become 


_ djf) +i ‘ 
-©-rrlglM- 


Wnting 

<») 


dt = 1 
c d »~2 


and using the notation set out above these become 


(«> " ,iZ (*)+;( 

(7) raza (5?/~*Ci '7 + ,l, p) + ZP ~ 0 

On addition we have 

(8) Z 2 - XX iz-(l - y + 2X 8 2j) = 0 


* Nordstrom, On the Energy of the ( ravilational Field on Einstein s Theory 
• Proo Ac Amsterdam vol 20 p 12*8 (191S) 
f 8 B, Jeffery The Field of an Electron on Einstein s Theory of Gravitation 
‘Bpy Soo Proo A vol 96 pp 123 134 (1621) equations 26 and 31 A faotor 4* is 

emitted as r « are now measured in electrostatic e g s units 



106 


0 R Baldwin and G B Jeffery 

The necessary and sufficient conditions for a real orbit are (i) tfyjdt must be 
real and (11) dtjda must be real and positive Thus from (7) and (8) we see 
that r must have a value such that 


while (8) has a positive real root for Z lees than the positive value of 

(io) V(U-7 


If the charges on the electron and nucleus are of opposite sigu XX < 0 
and the conditions that (8) may have a not satisfying the conditions laid 
down are 

(11) ^ - V + 2V > 0 

with either 

(12) (1 — X X ) — 2X (1 ) X 4 (l - X*) <0 

a a 

or 

(13) ’ > X* 


Now either (12) by itself or (11) with (13) implies (9) Hence the necessary 
and sufficient conditions to be satisfied by r in this case are (11) and either 
(12) or (13) The problem is now reduced to the establishment of inequalities 
between the roots of quadratics and the work need not be set out in detail 
The results are shown in Table I m which 


(14) 

(15) 


a > *1 X»(l - X*)± XV{X*(1 - X*)(X« 1)} 

a i 1 X*X* 

6 1 bj ^ i d; V(9 — 8X ) 


Of the two expressions on the left hand side in each case the first corresponds 
to the positive and the second to the negative sign of the radical on the right- 
hand side 

If the charges on the eleotron and nucleus are of the same sign, XX > 0 
For oertam values of r, (8) will have two roots satisfying the conditions laid 
down Thu means that for these values of r the orbit can be described with 
either of two different velocities Thu 


does not appear to have 
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any great physical significance and we will determine the conditions that (8) 
may have at least one appropriate root These are easily aeen to be as follows 
If 

(16) I* ~ 7 - X * > 0 

then we must have 

(17) (1 - A X‘) - - 2X*( 1 - h*) r - + X‘(l ~ X 1 ) > 0 
and 

(18) L > X* 

On the other hand if 

(19) ,l -- 1 -X" < 0 
then we have 

(20) r - — 3 J 4 2a* +■ ^ > 0 
with either 

(21) (1 XX )^ 2X*(1 X 2 )^ -h X«(l ~ X*) < 0 

or 

(22) ' X*+4- 

It may be shown that either sot of conditions implied (9) an 1 further by 
adding X*X * times the left hand side of (20) to the left han 1 side of (21) that 
(21) implies (20) The conlitions may conveniently be put in the three 
alternative groups -(i) (16) (17) (18) (u) (19) (21) (m) (19) (20) (22) 

Table I 

""! >’»~ r *'<■ 


X’>l 

f>x»>l 

1>X* 


All 


>». 

r<», 

r>* 

<« 


r>n, 

r>t 


r>b, 
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Again the problem is reduced to the establishment of inequalities between 
the roots of quadratics, but the rfcnges of possible values of r vary for different 
values of X and X' in a more complicated way than when the electron and 
nucleus have charges of opposite sign The results are shown m Table II m 
which a,, u 2 , b v 6, have the values defined by (14) and (16), while 

(23) C \ ^ = »±\/0> -»A , -X«X , «) 

The table is divided into a number of rectangles and rectangular polygons, 
each corresponding to the range or ranges of r printed within it Values of 
X*X' J are shown along the top of the table and are indicated by the following 
symbols 

A, A, - g-4X«±x/(26-a4X«) 

B„ B, - 

r -= 9 - 8X* 

It will be noted that some of these values occur more than once, but in 
reading the table from left to right for any given range of values of X', any 
values of X s X'* which are not represented by a vertical rule are to be disregarded 
The remaining values of X t X'* are then in decreasing order of magnitude for the 
range of values of X* in question 

A comparison of these results with those of the older theories may be stated 
briefly as follows m Table 1 orbits are possible for all values of r without 
restriction , in Table II to the nght of the vertical double rule orbits are possible 
lor all values of r, but to the left of the double rule no orbits are possible 

All these results are subject to the assumption that the nucleus remains fixed 
m position, that is to say that its mass is large compared with that of the 
electron But the radii of possible orbits depend only on X and X', the ratios of 
charge to mass Hence the results represent a valid approximation provided 
m/m' is large 

If the electron and nucleus are conceived to be of finite sice, there is a further 
condition to be satisfied—that the radius of the orbit cannot be less than the 
sum of the radii of the electron and nucleus 

If X* > 1 the field represented by (2) has only a point singularity, but if 
< 1 the singularity is more complicated There are two spherical surfaces on 
which rfs becomes infinite owing to the vanishing of y The region between 
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these surfaces i* excluded by condition (9) It will be noted that m every case 
thu condition is satisfied in virtue of other and wider conditions Hence none 
of the orbits given lies within this region In only one case do the orbits 
specified he in the region within the inner singular surface—a region whose 
physical existence may well be questioned—vit X® < 1 X * > 1 for electron 
and nucleus of opposite charges (Table I) r < a, 

If X i < 1 there will be corresponding singular surfaces for the electron but 
the radii of these will be multiples of the a c< responding to the electron and 
since its mass is small compared with that of the nucleus it appears from (3) 
that this will be small compare 1 with a 
The results of this paper are somewhat suggestive of Bohr s quantised orbito 
The resemblance is entirely superficial Indeed for the hydrogen nucleus 
and the electron of nature X* and X" 1 are large and by Table I orbits are possible 
with any radii whatever 


l he Motion of Tuo Spheres tn a Viscous Fluid 
By Mara abet SrrxsoN and Q B Jeffery 
(Commam a ted by Prof I N 0 Filon FRS —Received January 15 1926 ) 

The problem of this paper is to letenmne the motion set up in a viscous 
fluid at rest at infinity by two solid spheres (equal or unequal) moving with 
equal small constant velocities parallel to their hne of centre# The same 
analysis is immediately applicable to the corresponding problem in which the 
spheres are fixed and the fluid Btream* past them with constant velocity 
The solution is based on the determination of Stokes stream function for the 
motion of the fluid and from this the forces necessary to maintain the motion 
of the spheres are calculated 


§ 1 The Motion of a Symmetrical Solid in a Vtsoous Fluid 


It co z are cylindrical co ordinates* and v v the corresponding components of 
velocity of the fluid these are expressed in terms of Stokes stream function by 


u 


^ 1 3tji 

& <37 v & * 

For Co throughout this paper read W 


(1) 



Motion of Two Spherts tn a Viscous Fluid. 1 L1 

Neglecting the inertia terms, the equations of slow steady motion are 


where p is the mean pressure, n the coefficient of viscosity, and 

0) 


aa \ , a* 
5S'"35) + a? 

If 



(*> 


.a,i a i , a a 
as as a? 

we note that 



(5) 

*'1 


and 



(6) 




Eliminating p from (2) we find as the differential equation satisfied bv sj< 

(7) 4>* (<W =" 0 

Now the operator <t>* is linear in * The ordinary theory of linear partial 
differential equations with constant coefficients is applicable to an extent 
sufficient to show that a solution of (7) is 

*-**■$• 

where <Ji, and iji, are any solutions of 4> s i|i — 0 Again since <t>* w linear in z 
we may, without loss of generality, replace this by 

(8) <li — i^i + 

If the solid is moving with velocity V in tho positive direction of the * an 
the surface conditions to be satisfied by iji are 

<»> 3 ?-«. 

Denoting the direction of the outward drawn normal to the surface of the 
solid by n, these may be replaced by 

j<5“V-0, ^((* + i<3*V} = 0 


( 10 ) 
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The component of fluid strew aw given by 

_ . , 3i> Ik d*J/ 

tt ~ P + ^=-p-~;£| 

— /3m St\ /1 3 a y ^ / 1 SdA i 

The component parallel to the z axis of the strew on the surface of the 
solid is 



The total force exerted by the fluid on the sobd is 

/ 2wjp6^* + 2»*[ £«>*(<).)* 

the integrals being taken round the meridian section of the solid in a direction 
making a positiv^ right angle with the direction n Integrating the first integral 
bv parte noting that to «= 0 at the limit* and using (2) we obtain 

( 11 ) 

where n u the direction of the normal drawn outwards from the solid and tho 
integral is taken round the meridian section in a sense making a positive 
right angle with n 


§ 2 Special Co ordinates 

For the problem of two sphere* we take 5 r ( as curvilinear co ordinates in the 
meridian plane where 

so that 

(IS) *= 

cosh \ - cos yj cosh \ — cos t) 

and the surfaces obtained by rotating the curves 5 « const about the axis 
of t are a family of spheres having z => 0 (or!; = O)for a common radical plane 
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Two sphere* external to each other will be defined by 5=»a 5 =■ [J (a > 0 (3 < 0) 
end * 0 end the constant a may be chosen so that these spheres have any radii 
and any oe litre distance greater than the sum of their radii In fact if the 
•phew# are of radii r, r s and have their centres at distances d, d, from and on 
opposite sides of the origin then 

(14) r 1 = a cosech a, r t - a cosech £ 

if, — a c th a d t — — a ooth (1 
Writing cos i) = (i wc have in these co ordinates 


A solution of <f? (iji) 0 has been given* m the form 

(16) 4- -(cosh 5-n) *Mo,cosh(» + i)5 + 6.sinh(» + J)5}V, 
in which with the usual notation f r Legendre functions 

( 17 ) V„-P„ i(^)-P. +l (p) 

V, satisfies the different al equation 

U8) (i - iO + n ( n + i^y. = o 

and the recurrence relation 


(1») 


l*V. 


Combining two express m of the type*(10) m accordance with (8) and 
simplifying the result b> means of (19) we ol tain a solution of (7) in the form 
(30) 4> = (cosh 5 — n) ’ 2U» V . 

where V, is defined by (17) and 
(21) U.=- A.cosh(»-i)^ + B.sinh(»-i)5 

+ C„ cosh (n + i) 5 + D„ sinh (*» + }) 5 
Accordingly (20) is the appropriate form in these co ordinates for the stream 
function tor the motion of a viscous fluid 


§ 3 Determination of the Stream Function 
Writing x-IU.V, the surface conditions (10) become 


m 


, ««vq - n 8 ) 

*(oosh 5 — p)‘ 
♦OB Jsflery Roy Soc 


-l O^d-^smhS 
55 * (oosh i — p) ! 

Proo A vol 87 p llfl (1#H) 


vol on—a 



114 


M Stunaon and G B Jeffery 


By meant of the relation 

(1 — ,(tt) =.. ( n tllfe-IJl. V, + 

' ,w (2n + 1)(in + 3) ,+ 


_ » . (" T. 1 ) 

U* -H I) 


•V. , 


the nght hand sides of these expreenont may be expanded m tenet of V, 
we obtain 

Y= - ■ (»+l) ( «; fa J^ _t T ." + "\ Y 
1 \Jl T, 2»+l I2n — 1 2n + 3 J " 

h=±^L £ "(»t *) («»<" *)t _«*(»+»)ft\r 

35 ± 2^2 , 2» + l 1 

where the upper of the alternative sign* is to be taken throughout if \ > 0 
and the lower if 5 < 0 Wnting 

d * Y “j w+1 L ai 


(23) 

(24) 


(26) 


y'2(2«-l)(2«+l)(2n + 3) 


we have the following equation* to determine the coefficients in (21) for 

A, ooth (n — i)« + B. tiuh (» — 4)« 

+ C, cosh (» +1) a + D, suih (n + 4) a 

- -*{(2n + 3)e <“-»« -(2n-l)a-<»♦•>*) 
A. ooth («-*)?+B.smh(«-4)P 

+ C.ooeh(» + 4)p + D.anh (n + f)P 

=-i{(2» + 3)«<* «*-(2»-l) 

(2» - 1) {A, smh (» — i) a + B. cosh (» — J)«} 

+ (2n + 3){0»sinh(n + i)*+ D.oosh (n + 4)a) 

= (2»~l)(2» + 3)*{e 
(2n - 1) {A, amh (n - 4) p + B, cosh (» - 4) p) 

+ (2n + 3) {C. smh (» + 4) P + D. cosh (» + 4) p} 

- -(2»-l)(2n + 3)*{e<»-»'-a<»*«>s} 


Solving tbtte equations for A,, B, C„ D, and writing 

(27) A * 4 nnh» (« +1) (* - P) - (2» + l) 1 «nb* (* - P) 

we have 

(28) A A, - (2» + 3) fc {4f <«♦ «<-* einh(n + 4)(a- P) 

+ (2i*+l)*e« , -«»iiih (a- P) 

+2(2a-l) tmh (»+4)(a-P)coah (»+4)(a4-P) 

- 2(2n+l)«nh («f f)(«_ p> ooth (a-1)(*+p) 

- (2*+ l)(2»- l)nnh(a— p) coth l («+p)}, 
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(29) A B, = -(2»+3)l{2 (2n - 1) ainh (« + i) (« - P) sinh (* + J) (« + p) 

— 2 (2» 4-1) wnh (»+• J) (a — P) wnh (n — i) (« + P) 
+ (2» + l) (in — 1) sinh («—P) sinh («+ P)} 

(30) AC, = —(2n —l)fc{4e *>mnh(* +*)(«-P) 

— (2n+l)*« u n sinh (a — P) 

f2(2»-f l)mnh(» —i)(a—P)cosh(» + 5)(« (- p) 

— 2 (2n+3) sinh (»+}) (a — P) cosh (» + J) (a + p) 
+ (2» + 1) (2» + 3) sinh (a - p) cosh (a + p)} 

(31) AD,= (2n — l)^ {2 (in \ 1) sinh (n- J) (a - P)sinh (» + S) (a + P) 

—2(2n (-3)sinh(«+1)(a — p)ainh (n-f J) (*+P) 
(- (in +1) (in ■+■ 3) sinh (a P)sinh(ad-P)} 


Thus the stream function is completely determined 

In the special case of equal spheres p — a the coefficients B, and D 

vanish, and 


(32) A* = 


-(2nd 3)1 


2(1—« " * w *) d~ (2w + 1) (e 8 * — 1) 

2 sinh (2» + 1) a + (in + 1) sinh 2a 


(S3) 


0. 


in. _ ,1 k 2(1 -e *♦»«) + (2nd- 1)(1 -s *) 
2 sinh (2» d- 1) a d- (2n -f 1) sinh 2a 


4 The Forces on the Spheres 

In order to calculate the forces necessary to maintain the motion of the 
spheres, we consider the contribution to the integral (11) arising from the 
nth term of (20) Subetituting in (15) we have 

l 4 a fll ,r_ («o«hg-ri* r Y KU. 2 sinh l <fU« StcoshSd-Sp) .,) 
w* o 4 (1 — p") L * 1 cosh 5 — ft dl 4 (cosh \ — p) *J 


L rfjj? cosh ^ — pdp J 


Differentiating with respect to \ and inserting in the integral (11) we remove 
the terms containing the second differential coefficient of V. by means of (18) 
and those containing the first differential coefficient by an integration 
parte, noting that V. vanishes for p =* ± 1 The integration with respeot 
ft now depends on 


f“ Vefr 
J i (cosh 5 - |i)‘ 




1 2 
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when the upper or lower signs are taken as (SO, and on integrals derived 
from the above by differentiation with respect to ( Finally, on inserting 
the expression in (21) for U„, and summing for n, we have for the force neoeesary 
to maintain the motion of the sphere 

(14) F, = -£ (2i» + 1)(A. + B„ + C. + D.) 
and for the sphere ( — p 

(15) F* — — £ (2n f l)(A. - B. f C, - D„) 


where A* B, G„ D„ have the values given in (28}-(31) 

For equal spheres these forces are equal, and we may conveniently write 
each of them in the form 
(36) F = fowrVX, 


where r w the radius of either sphere and is given by (14), and X is a coefficient 
which on using (32) and (33) may be written in the form 


(37) X = fsinhoe £ - 


IsmhMw+^ac -(2n+l) 8 »inh , « l 
28tnk(2n+l)a+(2n+l)»inh2aJ 


By Stokes's well known result, the force necessary to maintain the motion 
of a single sphere of radius r with velocity V is flrocrV Thus X is the ratio 
of the force necessary to maintain the motion of either sphere in the presence 
Of the other to the force which would be necessary to maintain its motion 
with the same velocity if the other sphere were at an infinite distanoe 
From (14) we see that the ratio of the oentre distanoe to the diameter of 
either sphere is equal to cosh a The values of X corresponding to different 
values of this ratio are shown in the table 


1 3B 
3 761 
6 131 
10 068 
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The L Emtenon Smej of Mercury 

ByC E Eddy M8c Fred Knight and University Research Scholar and A II 

Turner B 8c Natural Philosophy Laboratory University of Melbourw 
(Communicated by J H Jeans Sec RS—Received Nos ember 30 1925) 
Introduction 

The L emission senes of most of the heavy elemonte from ytterbium to 
uranium have been investigated by Coster* and by Dauvdher f but their tables 
of results do not include measurements for some of the radio active elements 
and for mercury Muller X m 1921 by means of a tube of the gas filled 
type and a liquid men ury target overcame the inherent difficulty regarding 
mercury viz that of the rapid volatilization of the mercury from the face of 
the antics thode 

It has been found possible to prepare targets amalgamated with mercury 
which are sufficiently lasting to enable their use m a tube of the hot filament 
type. by this means measurements of the wave lengths of the emission lines 
have been made with an accuracy exceeding that of Muller In addition several 
new lines have been measured and an attempt made to clear up a certain 
amount of confusion which exists regarding the designation of some of the 
lines of the L spectra of elemonts (f higher atomic number 

Apparatus 

The apparatus was essentially similar to that used previously by one of us,{ 
and will be described here very briefly The tube was i f the metal type and 



Fio 1 


• Z, I Phyaik vol 0 p 185 (1921) 
t Journal do Phynqu* vol 3 p 221 (1922) 
t Phil. Mag vol 42 p. 419 (1921) 

| Eddy Proo. Roy Soc Victoria vol 38 p I (1925) 
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designed by Prof Laby for spectroscopic work The main body of the tube 
(see fig 1) was constructed from brass tubing the filament holder being screwed 
in to permit of its being readily removed for tile replacement of filaments 
The anode was very light consisting of a hollow cylindrical copper target 
supported by copper tubes through which a stream of water was passed for 
ooCling purposes The target could he removed readily and a fresh one sub 
•tituted The cathode and anode portions were oonnectei by a lamp glass 
these and other joints being made gas tight with Picein and protected from 
the heat generated in the tube by a system of water jackets W through whwh 
water was circulated continuously The target face was inclined at an angle 
of 86“ to the axis of the tube and the raye after leaving the target at almost 
grazing incidence passed out through a micu window 0 04 mm thick contained 
m tiie side tube h which earned a screw thread for attachment to the 
spectrometer chamber 

The filament consisting of a spiral of tungsten wire placed at right angles to 
the axis of the tube was attached to heavy leads passing through a lamp 
seal waxed into the cathode The filament hood H served to focus the oathode 
ray beam on the target and was adjusted until the focal spot as depleted by a 
pinhole camera photograph taken in line with the slits of the spectrometer 
showed as a line about 3 ram long and less than 0 5 mm wide In this way a 
very intense beam was transmitted through the slit system The tube was 
evacuated through the outlet K by a Cenco oil pump a Gaede rotary mercury 
pump and a Langmuir condensation pump in senes The pumps were kept m 
operation continuously dunng the running of the tube The liberation of the 
occluded gases was greatly diminished by silver plating the metal portions 
of the tube 

The spectrometer was in essentials similar to that described by Rogers* and 
by Martin t with some slight modifications for this work The crystal table 
adapted from a theodolite was screwed to an iron base plate The slit system 
and the film holder were earned on iron pillars also screwed to this base and 
the whole was surrounded by a metal cylinder fitting closely on the base plate 
and closed at the top with a sheet of plate glass The tube was attached to the 
side of the cylinder so that the window was brought to within 1cm of the slits 
The crystal of calcite was rotated by a shaft passing through a staffing box 
in the side of the cylinder and turned by a small motor and redaction gear 

The tube was excited by s Snook Victor high tension transfonwr and 

* Proc Roy Soc Vic to! 84, p *00 (10**) 
t IM vd 88 p 164 (10*8) 
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rectifier, a potential of 30 kilovolts with a current of from 6 to 8 nulliamperee 
being employed, greater currents caused too great a local beating of the focal 
spot and hence a more rapid disappearance of the mercury, 

Experiment 

Some difficulty was at first met with in preparing a mercury surface which 
would last for more than an hour’s running of the tube, but subsequently a 
satisfactory coating was produced by wetting the copper surface with mercury 
nitrate solution, and then leaving the prepared surface standing in liquid mercury 
for several hours On removing the surplus mercury and leaving the target 
for several days, a hard dry amalgam resulted which persisted for upwards 
of fifteen hours’ running of the tube, and permitted several photographs of the 
whole spectrum being obtained with the one ooatmg 

The films were wrapped in sheets of tissue paper and aluminium leaf, with a 
total thickness of 0 ID mm , this prevented any action of ordinary light on the 
film, and absorbed much less radiation than the usual black paper wrapper 
“ffapenpeed” Kodak Duplitinxi X-ray film was used, with a rear intensifying 

The slit width varied between 0 075 and 0-1 mm , and with the former the 
copper Kct doublet (8X = 3 9 X U) showed lines on the film distant apart 
about 0*16 mm 

The wave-lengths of the mercury lines were determined relative to standard 
lines photographed on the same film. The four strong lines {«, p,, p* Xi) 
of the L senes of both tungsten and lead were used as reference lines The 
lead linn were obtained by substituting a lead-coated target for the mercury 
target. The tungsten lines were obtained from the tungsten deposit which 
rapidly formed on either target due to the volatilization of the tungsten fila¬ 
ment. Exposures of about 15 minutes were required for a set of reference lines, 
and about 3} hours for the whole of the mercury spectrum. 

The distances between the lines on the film were measured by a projection 
method suggested by Prof Laby and used with success in this laboratory 
The film vm projected by a lantern on to a vertical screen earned on the plat 
fortft of a dividing engine A fine vertical line was ruled on this screen, and by 
rotating the screw head of the engine this line oould be brought into coincidence 
with the projected lines The displacements of the platform were read to 
0-006 mm Measurements of each film were made at two magnifications, 
magnifying powers of from 6 to 10 being used. The film so measured was cali¬ 
brated in seoonds per millimetre of projection by dividing the angular differ¬ 
ences between two standard lines by thsir dutanoe apart, and the means o f 
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values obtained form different pain of linee taken The reflection angle of 
any unknown line could then be determined from its distance from any (pre 
ferably neighbouring) standard line The reflection angles of the standard line* 
were calculated from their wave lengths taking d for calotte as 3029 04 
X U The standard values assumed for the tungsten lines were the means 
of the values obtained by Siegbahn and Dolejsek* and by Duane and Patter 
son f and for lead those of Coster £ 

The projection method of film measurement appears to possess advantages 
over a comparator method from the point of view of convenience as well as 
aoouracy as the ability to use both eyes in normal 1 ght intensities obviates 
the strain caused by continuo is working with a microscope 

Rtsidia and Ducusnon 

The results obtained are shown in Table I The probable errors are shown 
for the five strongest lines the values being the means from at least eight films 
For the other lines the mean of the results from at least three films is given 
the accuracy of the values of the fainter lines is considerably lees than for 
the strong lines because of the greater difficulty in making an accurate setting 
at their oentres but the error should in no case exceed 0 5 X U In the third 
oolumn are entered for comparison the wave lengths obtained by Muller The 
values as given by our results by Muller and by interpolation 
from the results of Coster are given in the fourth fifth and sixth columns 
respectively 

It will be seen that our values ft r the stronger lines agree well with those 
of Muller especially when the magnitude of hi* probable errors is considered 
an exception is (5, our value being somewhat higher than the interpolated value 
while that of Muller is lower 

Before discussing the disagreement for the fainter lines it will be as well 
to draw attention to a certain amount of confusion which lias existed regarding 
the relative positions of certain lines m the spectra of the heavy dements 
Besides the regular shift of the characteristic spectrum towards the shorter 
wave-lengths with increase in the atomic number of the emitting dement there 
also oocur in certain plaoee in the periodic table of the dements changes m the 
relative intensities and relative position* of particular lines it is thus a difficult 
matter to name correctly lines which lie dose together without the aid of the 
Moseley diagrams (the graphs of against N) An interesting feature of 

* Z t fbnik vol 10 p. I«» (IMS) 
t Phyifad Review, to) 18, p S2S (19$) 

t toe. cti 
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these diagrams is that the graphs of all lines are not parallel and several inter 
•actions ooour in the region of higher atomu numbers Different workers 
do not always agree on the point where these intersections take place For the 
lines and (J, it has been shown by Dauvdiier, by Coster, and by Rogers,* 
that coincidence occurs for Pt (N -= 78), for higher atomic numbers (3, being 
of longer wave length than f} a The lines (J lt fi, have been shown coincident 
by Dauvilber and by Coster for Pb (82) and we were unable to resolve them for 
tins element Rogers found (} 4 and fa coincident for Pt (78), Coster separated 
them for Ir (77) and Au (79) but Dauvillier believed them to be coincident 
for both indium and platinum In the case of y, and y, Coeter, in his first 
paper,f thought them to cross between Au (79) and Ur (92), m his later paper 
he places y t on the long wave length side of y, nght up to uranium Muller 
found yj and y, coincident for Hg (80), but it appears he did not resolve these 
two lines, as his value lies midway between our values, whioh he very close to 
the values interpolated from Coster’s later paper (see fig 2) In the case of 

* 'Proo Camb Phy* Boo.,’ vol SI, p. 430 (1923) 

t ‘ 2 f Physik ’ vol 4, p 178 (19*1). 
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^7 uid p s , which do not cron according to both Cotter and DauvilHer, Muller 
found a coincidence , actually the graphs for these two lines are diverging in 
this region, and it appears likely he did not obtain the line measured by us at 
fir, which agrees well with the interpolated value. 

In the table, f), and are shown as coincident, the former » quite a strong 
line, the latter a weak one, and it mav have been masked by the lateral spread* 



ing of Aa is evident from fig 2, these two lines should cross in the vicinity 
of Hg (80) The lines y, and y« are also shown sa coincident; on the film 
Y« appeared broader than it should have done if but a single line, but the 
resolution was not sufficient to prove the existence of two lines Coster found 
these two lines coincident for Ir (77), Pt (79), end Au (79), and separated 
them for T1 (81) 
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The line* shown u (J l0 , |3* end yj (all very close to the interpolated values , 
{5j» has not previously been measured for elements above gold It is difficult 
to account for the lme called by Muller yj, as a very faint line of wave length 
914 4 X U would not be easily distinguishable in the pronounced blackening 
of the film doe to the selective absorption by the bromine m the photographic 
emulsion 

The bromine K absorption edge was measured at 917 7 X U, which is in 
fair agreement with the value of Rogers (loo ctf ) 917 8 X U, and of Duane and 
Blake* 917 9 X U 

Many lines found on the films which could be attributed to either first or 
second order spectra of the K or L senes of impurities in the target materials, 
or portions of the tube or the slit system have not been included m the table 

The lines of wave lengths 1380 6, 907 8 882 9 and 856 4 X U have been 
tentatively allotted to the mercury spectrum It u well known that the 
energy value of a bne (in v/R units) can be expressed as the difference between 
the energies of the initial and final levels in the electron transition, consequent 
upon which the line is produced It is thus possible to allot a line to a transition 
between two levels Bohr however m the Principle of Selection, has limited 
the number of possible transitions between different electronic orbits Every 
orbit has been characterised by three quantum numbers » (£,, k t ) and 
transitions are only possible between orbits whose values of Jk t differ by unity, 
and whose i, values differ by sero or unity 

The eeoond column of Table II shows the v/R values of the four hoes, the third 
the differences for the levels which may be concerned in the transition In 
the fourth column are given the values of n (k v £,) for the orbits mentioned 
and the changes in the quantum number occasioned by the suggested transition 


Table II 


Lux 

*/R trot* 

Difference ! 

r/R Unit* 

Chan** in Quantum Number* 

lseo exu 

660 0 

8«1 71™!!,, 

1(3 3) 3(2 1) Si, =0 SI, - 1 

807 6 

1004 0 

1001 7 1 „ Nro 

3(3 l) 4(3 2) 0 1 

m » 

1033 t 

1030 9 L, N, 

2(1 1) 4(1 1) 0 0 

we 4 

1064 1 

1064 0 L, N, v 

2(11)4(7 2) 2 1 


It? thus appears that if these four lines do belong to mercury, they are exceptions 
to the selection principle Apparent exceptions to the principle ha vs been 
* ‘ Physical Review ’ rot 10, p. 687 (1917) 
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found by Hjftlroar for the E rays of the lighter elements and by Auger and 
Dauvilher* for the L rays of some of the heavier element* and may arise from 
electron transitions m atoms which havo lost more than one electron The 
I me 1380 6 X U lies a little way from the graph of the line oallod f ’ by these 
last named workers 

This work was earned out while one of us was a Fred Knight and University 
Research Scholar In conclusion we wish to express our gratitude to Prof T H 
Laby and to Mr T S Rogers for their helpful interest and advice during the 
progress of the investigation an 1 to the latter for his assistance in writing this 
report 


The Ratios of the bpectfit Heats of Nitrogen at Atmospheric 
Pressure and at Temperatures betxoeen 10' C and —188* C 
By I H Brinkwokth ARCS MSc DIC 
(Communicated by 1 rof II L Callendar F tt 8 —Received December 17 1925 ) 
These measurements of the ratios of the specific heats of nitrogen at room 
and at lower temperatures have been made and the results have been 
calculated in exactly the same way as those obtained when air and hydrogen 
were used The latter were described in a former paper (1) in which will be 
found a description of the apparatus and an account of the method of dealing 
with the experimental results In the work which follows the same apparatus 
was employed the only changes being that a new platinum wire (from the 
same reel) was used on the thermometer and owing to breakage a rather 
finer quartz suspension had been put on the galvanometer However as the 
apparatus had to be dismantled for transference to another laboratory 
I thought it desirable to confirm some of the effects and relationships previously- 
noted therefore a full set of experiments with the four expansion vessels 
was made at room temperature It may be recalled that the method has 
been especially worked out using small expansion vesselg m order that values 
of the ratios of the specific heats can be readily obtained at different tern 
peratures Up to the present tune work has been restricted to determinations 
at temperatures below that of the laboratory Several vessels are used in 
order to allow a correction to be made for a systematic change m the apparent 
value of the ratio, which depends on the sire of the veseel employed 
* Oomptas Benda • voL 178 p 1*97 (IMS) 
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The nitrogen ms supplied by the Brituh Oxygen Company, and was stated 
to contain lees than J of 1 per cent of impurity, mostly oxygen I am indebted 
to Mr D Newitt for six analyses of gas taken from the apparatus at various 
times during the course of the experiments All of these show that the 
percentage impurity was less than the amount stated above 
The observations at — 78° C, reduced in the way previously described, 
arc given on p 126 They show the steadiness of the experimental conditions 
and the accuracy with whioh these could he reproduced The quantity y al 
tabulated in the last column, is the apparent value of the ratio of the specific 
heats calculated from the well-known relation 

log pjpt - log (h/fo w 

where p 1 and -p % are the initial and final pressures in centimetres of mercury, 
and 0! and 0* the initial and final temperatures on the absolute scale The 
values of y, thus obtained vary systematically with the sine of the vessel 
used By extrapolating linearly a procedure which has been shown to be 
extraordinarily accurate over a considerable range in the size of the vessels 
employed, and which is again confirmed, a value indicated by f w deduced 
This is rite apparent value of the ratio which would have been obtained if the 
measurements had been made using a vessel of infinite volume This extra¬ 
polated value still requires two corrections, (a) the Bo-called radiation correction, 
and (6) a theoretical correction 

Fundamental Interval, Freezing Point, and Hearing Effect Observations in 
Centimetres of Bridge Wire 


KP 70S M 
PI 2S7 78 

pp 700 as 

FI 2#7 79 

Hearing Effects (subtractive) 
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In the two experiments made in 1924, with the apparatus as used in. the 
air and hydrogen experiments the constants of the thermometer were 
F P -» 813 88 and FI * 310 90 The heating effects being 0 58 at 11° C 
and 0 21 at - 188° C 

Reduced Observations 

Columns (a) and ( d ) give the values of 6j and 0, expressed m oentunetres 
of bridge wire after the application of all corrections 
Column (6) gives the bridge wire setting for the observation of 0, and 
(e) the resulting kick deflection 



October 29 1925 Wcc bulb 



Other values of y t obtained under similar conditions 1 3850, 1 3834, 
1 3822, 1 3834 1 3836,1 3837, 1 3842,1 3848 
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Summarised Results for Nitrogen 



Pi* Pt> ®i and 0» are actual observations selected from about the middle of 
the group giving rise to the mean value of y, in the same horizontal row 
In the experiments of October 20 with the 700 c o bulb, and those made on 
October 15, with the 75 o o bulb two cells were used m the battery circuit 
The actual heating effect at 10° t was thus increased from 0 13 to 0 61 cm 
and the difference between the heating effects at 0° C and at 100° C increased 
from 0 03 to 0 13 cm of bridge wire But the correction only depends on 
the difference between the heating effects at 6 } and 0, and was therefore less 
than 0 01 cm of bridge wire That is, the additive correction to y m was less 
than one part in 3000, and in all the other experiments on nitrogen it was 
negligible As the heating effects were constantly re-detemnned under the 
•etwal experimental conditions, and very consistent value# were obtained, 
the correction could always be made with great accuracy, even when it 
was coonderably larger, as it was in my experiments on hydrogen at room 
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Actual tune measurement* were not made m every oase as the chronograph 
was required for other work The large values of the tame given in four instances 
were estimated by direct observation The consistency of the values of y. 
obtained with the largest bulb when the tames were varied from less than 0 0 
to about 1 second, showB that overshooting does not affect the result* Similar 
evidence was given in my paper on air and hydrogen Probably rather too much 
cooling has taken place during the interval between the commencement of the 
expansion and the tame at which the galvanometer circuit is made, when this 
interval is about 1 second in the cases of (a) the 700 c o bulb at room tempera¬ 
ture and (6) the 300 c c bulb at - 183° C 
In the figure the mean results obtained with each bulb are plotted against 



the reciprocal of a linear dimension of the vessel employed ,»e the cube root of 
the volume For the bulbe employed the values of these absciss* are 0 1128, 
0 1810, 0 2371 and 0 3072 respectively The linear relation previously 
shown to exist is amply verified The points given by the intersections of these 
hues with that of infinite volume give values of y at the three temperatures at 
which experiments were made 

These value* sre, in the case of nitrogen, 1 401ffjet,l0° C, 1 4066jat — 78*C, 




129 


Ratio* of Specific Heat a of Nitrogen 

and 1 4108 at — 183° C Tbe dotted line ihows results previously obtained 
with air and u included lor oomparuon 

The values of y require two further corrections (a) the so-called radiation 
correction (b) the theoretical correction 

(а) The apparent values of y measured first with a bright and then with a 
blackened wire give nse to an additive correction There seems to be no doubt 
as to the magnitude of this correction in the case of air at room temperature 
as several observers have obtained iloeely agreeing values The value taken 
is 0 0021 Lummer and Pnngsheim (2) added this amount to their expert 
mental values for air hydrogen eta and Partington and Howe (3) apply the 
correction in the same way I have given reasons for assuming that the 
correction is not a pure radiation effect and it should vary in the inverse 
ratio of the thermal conductivity of the gas surrounding the thermometer 
wire For hydrogen the correction is then lowered to 0 0004 (1) 

Since the publication of my paper Mandell (4) has shown that fine wire thermo 
oouplea record temperatures which depend amongst other factors on the nature 
of the surrounding gas The ratio of the differences found w air and in hydrogen 
is about 0 as I had assumed 

The radiation correction in the case of nitrogen is the same as for air t e 
0 0021 at room temperature The values at lower temperatures have been 
calculated by the application of Stefan s law 

(б) Equation A (p 126) applies only to perfect gases which obey the law 


Summary 

Final Values for the Ratios of the Specific Heats of Nitrogen 


Trap 

•c 

> 

Radla 

y i"7 +' 

dynamioel 

fwtor(H/) 

Final 
t»1 nee 
dy 

Value* obtained 
by other 
Obeorrent 

10 

1 4019 

0 0021 

1 4040 

1 0010$ 

1 4064 

1 4040P4H(20 e C) 

1 4060 aapto-cj 

— 78 

1 4008 

0 0006 

1 4061 

1 0030$ 

1 4103 


-18* 




19910 (B) 

1 «*• 





1 020810 

1 4464 
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p i) = R0 By assuming one of the many characteristic gas equations, it 
can be shown that y must be multiplied by a factor (1 +f) in order to ooneot 
for the difference between the properties of the gas in question and those of 
a perfect gas 

1 have given the corrections calculated by using the gas equations proposed 
by Oallendar (() (0) and Berthelot (B) (8) as the difference in the magnitudes 
of these corrections is large at very low temperatures The constants used 
m calculating the Callender correction are those given by Prof Callendar 
m his paper on the Thermodynamical Correction of the Gas Thermometer * 
For nitrogen the critical pressure is ,k) atmoe and the critical temperature 
126 5° Abe 


Accuracy of the Measurement* 

The effect of observational errors on the values of y. was considered in my 
previous paper In all the experiments by this method as is shown by 
illustrative tables of reduced observations both in this and in my earher paper 
the maximum deviation of an individual from the mean result obtained 
with any t nc vessel at any one temperature u of the order 0 002 to 0 003 
Tht h» differences are not greater than those found in the results of all other 
observers 

Accuracy of the Extrapolation 

Previous evidence of the parallelism of the linear relationships between y t 
and the reciprocal cube root of the volume of the vessel is confirmed by those 
experiments As it is shown that this linear relation holds over a considerable 
rango in the sire of the vessel used the accuracy of the extrapolated value 
y will be of the same order as that of the individual means * 

Recent Work by Other Observers 

References to earher measurements of the ratio of the specific heats of 
nitrogen will be found in the appended Ust of papers Partington and Howe 
measured the value of y for nitrogen using a 60 litre vessel and a compensated 
thermometer of platinum wire 0 01 mm. in diameter An Einthoven string 
galvanometer was employed They found it necessary to make a somewhat 

* Th* proper interpretation of my remits for hydrogen at room temperature whieh is 
in senordanee with ail the experimental endsnoe Indicates that my value oI / tor 
hydrogen is oorrect to within 0 0M and not only within 0 011 at is suggested by 
psrtington end Howe (7) 
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provisional, but relatively large correction of about 1/2 per cent in order 
to correct for the so-called lag of their compensated thermometer The data 
for this correction were obtained from measurements made with uncompensated 
wires surrounded by air only I have previously pointed out that the apphoa 
toon of the full correction calculated from these data is not justifiable * 

The excellent senes of measurements by Dixon and his collaborators (8) at 
temperatures above that of the room and Valentiners (9) measurement at 
about 82 5° Aba are especially valuable Dixon Campbell and Parker made 
direct measurement* of the velocity of sound m nitrogen My measurement 
at room temperature is in excellent agreement with that deduced from their 
observations Valent ner used the Kundts tube method and obtained tbe 
value 1 447 at about — 190° C 

The values of the molecular specific heats at constant pressure and at 
constant volume can be calculated from the final values of those given above 
Tbe specific heat values given in the following table have been calculated by 
using (B) Berthelot s and (C) Callendar s gas equations The gas constant 
has been taken as 1 986 an l tl o molecular weight t f nitrogen as 28 02 


ImROCIEN 

V dues of the Specfir Heats 


0 25M S * H C 280* 


• By Une*r extrtpoUt on of bohrol eu»d Heua* • experiment*! result*, referen e 10 


The only direct observation of the speoifio heat of nitrogen at constant pressure 
and at the temperature of liquid air is that of Scheel and He use (10) The 
value of the ratio deduced from their measurements using Berthelot s equation 

* The applicability of the full correction to their experiments on hydrogen is still more 
doubtful as any themometric effect giving rise to such a correction would depend on 
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k 1 468 Scheel And Heuse point ont that when then rewit* am calculated 
using the gas equation employed by Valentaner their value of y is reduoed to 
1 459 which is about 1 per cent in excess of Valentaner s estimation of this 
quantity 

The characteristic equation used by Valentiner was one deduced by Be*tel 
meyer and himself (11) as the result of an experimental study of the behaviour 
of nitrogen at liquid-air temperatures 

It is interesting to note the excellent agreement between Valentiner s value 
for y and my own when the latter is calculated by the aid of Calendars 
equation As the Bestelmeyer and Valentiner relation represent* the actual 
properties of nitrogen over a small range of temperature in the neighbourhood 
of — 190“ C this agreement shows that Callendar s type of equation m addition 
to its precision at higher temperatures certainly represent* the properties of 
nitrogen near its saturation point with greater exactitude than does that 
proposed by Berthelot 

I have previously pointed out that the extrapolations m Scheel and House s 
experiments may be somewhat doubtful (1) Thu is more especially the case 
in their experiment* on nitrogen a* flows of two widely differing values were 
used only 

My value for the specific heat of nitrogen at constant pressure and at 
— 183° C is within 0 3 per cent, of the mean of the value they deduce and 
that obtained viz 0 250 by a linear extrapolation of their results 

Variation of Molecular Specific Heat with Temperature 

Dixon (86) gives S, 4 922 + 0 00041 1 a* representing the results of the 
experiments on nitrogen at atinospheno pressure and between 0° and 1000° C 
At high temperatures 8, — 8* « 1 985 so that 8, -* 6 91 + 0 00041 1 
Callendar (5) has shown that his equation gives the relation S, = 8, *- 
on(n + 1 )cp/0 where 8, is the limiting value <f 8, at zero pressure and 
temperature 0 

Callendar assumes that in this ideally rarefied condition the gas is perfect 
and 8. is independent of the temperature If fie equation representing Dixon s 
experimental results is combined with Callendar s theoretical expression, m 
which the term involving p/6*- 4 u negligible at high temperatures we may 
imagine Dixon s linear variation of S, to hold for the zero pressure condition 
and 0 91 becomes the value of % at 0° C The molecular ipedftc heats may 
then be calculated over the complete range Of temperatures and pressures 
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The agreement with my experimental measurement* at atmospheric pressure 
is very good as is shown in the adjoining table — 


Temp PC 

M®*p) 

Sj, (calc) 


10 

A 92 

6 9® 


78 

6 92 

6 91 


183 

7 10 

7 07 


Notb —In referring to a criticism in my former paper Partington and Howe 
(7) say Bnnkwortk is therefore in error in stating that an emergent stem 
correction was appliel in these experiments My statement referred 
explicitly (pp 639-MO) to the value 1 4001 (air) obtained by Partington (12) 
In an example which Partington gives m detail and which constitutes 
one of the individual experiments leading to this value the emergent stem 
correction is given as 0 01 C The paragraph from which they quote 
contained no reference to experiments made by them conjointly 
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Ademption Experiment» with Radium D and Radium E 
By John P McHutchison, M A , B 8c , Physical Chemist to the Glasgow and 
West of Scotland Radium Committee, Radiometric Laboratory, the 
Chemical Department, Glasgow University 

(Communicated by Prof G G Henderson, FRS —Reoeivod December 17, 1925 ) 

Our knowledge of the behaviour of radio-elements in precipitation reactions is 
mainlyduc to Fajans and his co-workers,* who investigated the relation existing 
between the completeness of the removal of the radio-element from solution 
and the solnbility of its salt They found that, when a filterable quantity 
of the precipitate of a common element was brought down in a solution con¬ 
taining an infinitesimal quantity of a radio-element, the radio-element itself 
was precipitated, if its corresponding compound was also insoluble This 
general conclusion was later investigated by Fajans and Richter (foe at) 
with respect to thorium B, and it was further established that the degree of 
removal of the radio-element was dependent on the solubility of the precipitate 
of the ordinary element Thus with very insoluble precipitates such as bis¬ 
muth sulphide and barium sulphate, thorium B was completely precipitated, 
while less insoluble precipitates like silver chlonde earned down only part 
of the radio-element It was also suggested that when the precipitate was 
the insoluble salt of an isotope, the removal of the radio-element was to be 
ascribed to its solid solution m the isotopic precipitate, whereas removal by 
precipitates of dissimilar elements was an adsorption effect 
This last fact, the connection between the adsorption of radio-elements by 
vanous substances and the solubility of the corresponding active compounds, 
was the subject of detailed researches by Paneth,| and by Horovits and Paneth.J 
As a result, it was proved that the connection between the magnitude of the 
completeness of removal of the radio-element and the solubility of the analogous 
radio-active compound, held for a solid precipitate added to the solution as well 
as for the case of a precipitate brought down in the solution. Experi¬ 
ments have also been conducted m this field by Ebler and van Rhyn} and 
others 

* • Ber. deutsch. ohetn G« ,’ vol «, p S4M (101S)| <M,rol 48, p. 700 (1IU). 
f ‘ Phystkal Zrftschr.,’ vol. 15, p 924 (1914) 
t ’ ZeUsehr Phyaial. Cbem,’ voL 89, p, 618 (1915). 
f 'Ber deutsoh. ohetn Ges.’vol 64, B, p 2898(1981). 
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The general conclusions arrived at may be summarised as follows - 

1 When radio elements are precipitated along with other precipitates the 
solubility product of the active ions present need not be attained before pte 
cipitation takes place 

2 A radio-element will be removed by adsorption on a given adsorbent 
for which the analogous radio active compound (that i» the compound of the 
radio element containing the same electronegative constituent as the adsorbent) 
is relatively insoluble aud the less soluble the precipitate the more completely 
will the active element be removed 

The object of the experiments to be des< nbed was to investigate how far these 
facts are applicable to two radio elements when these exist together in solution 
in radio active equilibrium and in particular to discover if removal by an 
isotopio adsorbent was more complete than that by a compound of like solu 
bihty of a dissimilar clement In the course of the work results have been 
obtained which indicate that the half life period of radium E has a value slightly 
lower than that usually ascribed to it 

The source of the radium D anil radium E was a quantity of radon tubes, 
which had been used in medical treatment several years ago From these the 
later disintegration products of the radium senes radium D radium E and 
radium F were removed by boiling the tubes in aqua regia evaporating the 
solution so obtained to small bulk adding more mtnc acid evaporating almost 
to dryness and adding distilled water When a neutral solution was required 
the evaporation was continued to dryness and the active products dissolved in 
distilled water 

The various precipitates formed in the active solution or the solids added to 
the solution were allowed time m every case to come into adsorptive equilibrium 
with the radio elements present Filtration was performed m a Buchner funnel 
and the activated precipitates measured on the filter papers but before filtering, 
the supernatant liquid was decanted to prevent any adsorption of the radio 
element* by the filter paper,* and the precipitates were washed by decantation 
The measurements of activity were made with a beta ray electroscope through 
a aetoen of gold beater s skin aud two centimetres of air, so as to cut off all tht 
alpha-rad lation due to radium F The experiments are therefore concerned 
only With radium D and radium E which are isotopic with lead and h xmuth 
respectively The activities are expressed in arbitrary unite namely divisions 
of electroscope scale per minute 

• cf Godlewita, PhlL M*g, to! 27, p. SIS (1914) 
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1 Adsorption by Sulpiuh* 

(a) By PrectpUaiton tn And Solution —Venous sulphides were precipitated 
by pasting sulphuretted hydrogen for 5 minutes through acid solutions (0 02 N) 
of the radio-elements containing quantities of the several salts so as to give 
the same mass of sulphide precipitate in each case which was ]ust sufficient 
to form a very fine film on the filter paper Several parallel experiments were 
performed with similar results to thoee shown 


Table I 



The same quantity of the active solution as used in above senes without 
the addition of an} other substance was evaporated to dryness on a watch 
glass an 1 gave an activity of 111 and it is therefore apparent that radium D 
and radium F present together in equilibrium proportions can be completely 
removed by precipitation along with other substances Since the mercuric 
sulphide precipitate was as active as either that of lead sulphide or bismuth 
eulpbide it appears that isotopic precipitates have no greater adsorptive power 
since certain non isotopic precipitates can completely carry down the radio 
active matter It will also be noted that the isotopic precipitate exhibits no 
preference m adsorption for its own isotope as compared with the other radio 
element All the above precipitates contain radium D and radium E in 
equilibrium except copper sulphide which has precipitated radium E in 
oroess of its equilibrium quantity of radium D so that the activity declines 
till after 35 days or so equilibrium is established between the two radio element* 
The resolt obtained with copper sulphide would therefore appear to be an 
abnormal effect since there seems to be no reason why the copper sulphide 
should prefer the active isotope of bismuth to the active isotope of lead Fajans 
and Beer* found in the course of their experiments that abnormal adsorption 
did not interfere to any great degree but the anomalous result obtained 
above suggests that in the case of the simultaneous precipitation of two radio 
elements there may be abnormalities not apparent when dealing with the 
solution of a single radio-element 

(6) Addition of Sulpkide* to Active Solution —Table II shows the results 


loe.ett. 
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obtained when sulphides were added to the arid active solution Sulphides of 
mercury (le) lead bismuth and copper were finely powdered and added to 
the same volume of active solution which had the same total activity, 111 
as in Table I The mixture was shaken briskly for ten minutes and the 
activated sulphides measured on a filter paper as before parallel experiments 
being conducted 


Table II 

ProoipiUte 

Initial activity 

In si set Till | 

Perot ntage of 

Had um D Removed 

lead *u)ph dr 

101 

81 

\boi t 76 per cent 

Bismuth Milptaldc 

Meteoric nilptudc 

Copper (Ulpbtde 

01 

70 

31 


OO 


It is to be noted in these experiments where two radio elements are present 
in eqmbbnum solution that there is a very marked difference between the 
degree of adsorption taking place during pn cipitatson and that occurring on 
a solid precipitate since in the first case all the radium D and its equilibrium 
quantity of radium E oould be removed but m the second not more than 
76 per cent Tbo preference shown by copper sulphide in Table I for one of 
the radio elements is here proved to hold for all the sulphides when these are 
shaken up with the active solution instead >f being precipitated in the solution 
Lead sulphide and bismuth sulphide for example when formed in the solution 
carry down all the radium D and radium E present but when these sulphides 
are added to the solution the lead sulphide adsorbs radium E in greater quantity 
than its equilibrium quantity of radium D and bismuth sulphide adsorbs 
radium D m greater quantitv than its equilibrium amount of radium E 
Mercuric sulphide has a pn ferential adsorptive, power for radium E and copper 
sulphide for radium I) The smaller degree of removal in this set of expen 
menta is understandable on the basis of the smaller specific surface available 
for adsorption m the oase of a solid added to the solution as compared with a 
precipitate actually brought down in the solution But the selective action 
displayed as between the two radio elements present is not readily explained 
2 Adsorption by Chlondes 

(a) Precipitation by Hydrochloric And —The chlondes of lead silver and 
mercury (-one) were precipitated with hydrochlonc acid by adding it in excess to 
active solutions containing lead nitrate silver nitrate and mercurous nitrate 
respectively The very marked differences in the activities of these three 
precipitates is apparent in the curves shown in fig 1, which have been drawn 
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from the following measurement* The total activity waa 72 m this eerie* 
of experiments and also for those detailed in Tables IV and V 




Fra 2^-Aotintiee of Chic 


> in Neutral Solution, 
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Table III 



It will be observed that the lead ehlonde precipitate haa a small initial 
activity, which gradually increases due to growth of radium E, and there¬ 
fore, it may be said that lead chloride adsorbs practically only radium D, 
but this very completely which might be expected since the < hlondt of 
radium E,like the chloride of bismuth, is soluble in hydrochloric acid The silver 
ehlonde precipitate removes all the activity since in hydrochlonc acid solution 
the solubility is very slight In neutral solution Fajans and Richter* found 
that silver ehlonde earned down only some 40 per cent of thonum B so that 
the connection between the degree of removal ami the solubility of the prerip) 
fate holds very dearly in this case But that this is not the only factor involved 
is indicated by the fact that the mercurous ehlonde bnngH down very little of 
the active elements at all 

(6) Preoipitation by Sodium Chloride Solution —The influence of acidity in the 
degree of adsorption is shown by a comparison of fig 1 and fig 2, which latter 
shows the curves of activity of the same chloride* precipitated in neutral 
solution by sodium ehlonde solution Table IV give# the activities 


3 p.m, August n 

3 tea, August 6 

I p.a-, August 7 
13 p.m., August 8 

4 am., August 10 
4 p.m., August 1* 
lam., August 17 

II Jem., August SO 
It pom, August 20 

8 psv, September 10 
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Thaw reading* indicate that the degree of adsorption by different precipitates 
is greatly affected by the acidity of the solution as was noted previously by 
Horovjtz and Faneth * with reepect to solutions of a single radio-element 
In general, radium D is more readily adsorbed in acid solution and radium E 
m neutral solution which is in keeping with the known facts of the partial 
solubility in water of the chloride of radium U and the solubility of that of 
radium E in hydrochloric arid solution since these chlorides are isotopic with 
those of lead and bismuth respectively But there is no obvious explanation of 
the poor adsorption obtained by the mercurous chloride precipitate in Table III 
Accordingly it has to be remarked that in the case of chlonde precipitates as 
well as of sulphide precipitates certain abnormalities in adsorption are apparent 
The fact that an isotopic chlonde has no unique powere of adsorption is to be 
deduced from the results shown 

3 Adtorplwn by Banum SulphcU s precipitated in Solution 
The strong adsorptive powers of barium sulphate have been emphasised 
by Weiser and Shemckf and this substance has been previously used to 
adsorb radio-elements In the present case it was desired to test further the 
main fact emerging from Sections 1 and 2 namely that an isotopic precipitate 
has no special adsorptive {lowers as compared with certain non isotopic 
precipitates and a sulphate precipitate is a most convenient one to employ, 
since lead sulphate isotopic with the sulphate of radium D is also insoluble in 
neutral or dilute acid solution To equal volumes of the same neutral solution 
of radium D and radium E solutions were added as shown and the activities of 
the resulting precipitates determined 


Table V 


To neutral solution of radium D and 



radium It added. 


(after 38 days) 

l Bftrmra nitreh and nod i m aulph&te 

01 


1 Barium ratrain and cxooai aulphurk acid 

3 Barium nitrate and aodium sulphate in falntl) 

OS 

08 

alkaline solution 

4 Barium nitrate load nitratt and aodium 

It 

73 

sulpha ta 

A, lean nitrate and sodium aulpbale 

(W 

00 

TO 

C Lead nitrate and excess sulphuric acid 

It 

89 


•hoe 

t Joum Phy» Cbem, vol 33, p 305(191*) 
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These results show very dearly that the activity of the isotopic precipitate 
(lead sulphate) is no greater than that of the non-isotopic precipitate (barium 
sulphate) The influence of sulphuric and in increasing the total adsorption 
(as noted by Horovits and Paneth) is not apparent But it will be noted 
that, when barium sulphate is precipitated by sulphuric acid m excess, radium 
D and radium B are completely adsorbed, although the sulphate of radium E, 
like bismuth sulphate, is soluble in sulphuric and solution , if, however, lead 
sulphate is precipitated by sulphunc acid in excess, radium D is removed in 
exoess of its equilibrium quantity of radium £ A precisely similar fact is 
observable in the chloride precipitations, and only in this case does the iso¬ 
topic precipitate appear to possess any preferential powers 

4 Other Adsorptions 

(а) By Calcium Carbonate —Calcium carbonate was precipitated with caluum 
chloride and sodium carbonate m a quantity of the active solution , and also 
along with basic lead carbonate in a similar quantity of solution In both 
eases radium D and radium E were completely removed, the presence of the 
carbonate of lead, isotopic with radium 0, not affecting either tho degree of 
adsorption or the ratio of D to E removed in any way 

(б) By Feme Hydroxide —Feme hydroxide precipitated in an active solution 
brought down all the active matter It has been noted* that feme hydroxide 
adsorbs radium B and radium C, and also thonum B and thorium C in different 
proportions depending on the degree of acidity of the original solutions , 
and the effect is ascribed to the passing of the radioactive matter from the 
ionic to the colloidal state, the change being governed by the acidity of the 
solution In the case of solutions of radium D and radium E varying m 
acidity from 0 0005 N to 0 01 N, no variation in the ratio of radium D to 
radium E was found, both elements being completely removed On the basis 
of the colloidal theory advanced by Cranston, one may conclude that in such 
add solutions radium D and radium E are present completely in the ionic con¬ 
dition, which agrees with the crystalloidal condition as previously determined 
for them by Paneth on the basis of dialysis experiments f 


* CNjuton sod Barnett, ' Jotmi Chern Soo.’vol 119,p 2036 (1921), andCrautfvnand 
Button, <W., vol Jtl.p. 2843(1922), and iM„ vol 123, p. 1J18 (1923) 
f ‘ftoHoid ZsiUchr.,’ vol 13, p I (1313). 
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5 Determination of the Half Ufe Pmod of Radxum B by adoorptton on 
Blood Charcoal 

Specially punfled blood charooal thoroughly shaken up with the active 
solution adsorbed all the radium E but only about 70 per cent of radium D 
The ratio of radium D adsorbed to radium t adsorbed seems to bear no relation 
to the relative quantities of these radio-elements present in the solution In this 
case there is no similarity between the adsorbed matter and the adsorbent and 
the radio elements are present in the form of soluble nitrates so that the effect 
is a true adsorption one without the complication of any precipitation pbeno 
mena This apparently selective adsorptive action of blood charcoal is being 
investigated with respect to solutions of radium D and radium E in various 
solvents 

If to the active solution a quantity of lead as nitrate be flrst added and the 
adsorption on blood charcoal determined practically only radium K will be 
adsorbed since the infinitesimal quantity of radium D in the solution will have 
to compete for adsorption with the comparatively very large quantity of its 
isotope lead This experiment was repeated several times from 1 to 10 grams 
of lead nitrate being added in different tests and the activity on the filter paper 
was found to decay in every case practically to rero which indicates that 
radium E alone was present to the degree of accuracy of measurement claimed 
vi* | per cent In this a ay a redetermination has been made of the half 
life period of radium E in view of the fact that Bastings value 4 98 days * 
suggested that the original value of 8 days as determined by Antonofff And 
others was more accurate than the lower value of 4 85 days as advanced 
later by Thaller J Details are given in Table VI of two of the four determine 
tions made all o! which gave 4 9 days as the period to an accuracy of 1 in 
200 Column A in each case shows the activity obtained by measurement, 
while column B gives the theoretical numbers obtained by calculation on the 
basis of a half life period of 4 9 days 

The experimental values and the theoretical numbers calculated on a basis 
of 4 9 days as the half life period are in good agreement The result confirms 
Thaller's value, further confirmation of which has been obtained recently by 
Fournier who givos the value 4 86 days in a paper} published several months 
after the above experiments were performed 

•‘Phil Msg.’ yoI 48,p 1075(19*4) 
t*PblU Mag,’ rol 19, p, 8*6 (1*10) 
t’Wtan Ber vol 1*1 p.1811 (1911) 

| * Compt RsocL,’ toL 181, p, 56* (IMS) 
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Table VI 



bynopnt 

The results enumerated m this paper may be summarised as follows — 

(1) Previously known facts regarding the adsorption of a single radio 
element from its solution either by a pr cipitate formed in the solution or 
by an added solid are in general found to hold for the simultaneous adsorption 
of tho two radio-elements radium D and radium B, when present in radio 
active equilibrium But it is pointed out that the results in several cases are 
influenced by abnormal adsorption effects 

(2) Lsotopio precipitates possess no greater adsorptive powers than certain 
non lsotopio precipitates which can completely carry down the radio-elements 

(3) But an lsotopio precipitate formed under such conditions that one of 
the two analogous radio active compounds is soluble, exhibits a preference for 
its own isotope, whereas a non isotopic precipitate displays no such preference 

(4) The addition of a soluble lead salt to a solution of radium D and radium E 
•tops the adsorption of radium D by charcoal, and in this way radium E has 
been extracted in a state of great purity 

(5) The half hie period of radium E has been so determined as 4 9 days 
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The Elastic Stability of a Corrugated Plate 
By W R Dkan M A Fellow of Trinity College Cambridge 
(Communicated by R V Southwell F R 8 Received January 1 1628 ) 

1 Introduction and Summary This paper deals with the elastic stability 
of a corrugated plate under thrust along its generators Besides the assump 
tion oommon to all such problems that the plate is thm it is supposed that 
the depth of a bay (d fig 1) is a small multiple of h the semi thickness and that 
the transverse expansion that is the usual accompaniment of a longi 
tudinal thrust is prevented by a thrust m a perpendicular direction The 
equations derived in §§ 1 7 are then soluble and the critical stress in am 
case can be found from an equation expressing that an infinite determinant 
is rero 

The numerical work that has been done has been limited to the two cases in 
which d — 104 and d = 54 respectively As a preliminary in ft 8 11 it has 
been supposed that a Poisson s ratio is rero The equations are great! v 
simplified by this supposition and results can easily he obtained which are a 
valuable guide to the more complicated arithmetic of the normal case m which 
a does not vanish In particular this preliminary work is used to find the 

favounte type of distortion (that possible under the least stress) in the 
other case it oan bo Been that the favourite typee are the same whether 
a « or is not sero The necessary exploration is therefore done for er *= 0 
and the arithmetic in the more practical case in which we suppose that 
o — J is confined to the calculation of stresses causing definite modes of 
distortion 

For «r = J numerical results are given in §§ 12-14 and shown in figs 3 and 4 
It is fonnd in die cases considered that the ratio of length of bay (<) to height 
(H) should not exceed J if the critical stress is to be as large as possible The 
critical stress in a corrugated plate tan be conveniently stated by giving its ratio 
to that in* plane plate of the same thickncas and height If IjH < | this ratio 
is about 80 when d = 54 and over 130 when i =» 104 This may be stated in 
different terns m a manner that has an application more direct to practical 
problems Two plates of equal thickness and height will weigh the same if 
they are of the same length and of the same material If one is plane and the 
other corrugated so that A = 104 and IjH < J the latter though weighing the 
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sum will take over 130 turns the total load of the other The possible applies 
tton of this work is to the use in aeroplane construction of corrugated pistes 
which must be light and yet take considerable loads The possibility of extend 
ing this work to plates with deeper bays is considered in §10 this extension is 
necessary in deriding what is the greatest value of djk to uh oh the approxi 
mate solution of this paper will apply It does not appear w rtl while to 
attempt this until some experimental results are available For the same 
reason the form of the surface of the plate after collapse has taken pla t lias 
not been considered numerically though in § 16 the general nat re of the 
favourite types of distortion is stated 

The wnter is greatly indebted to Prof G I Taylor at whoee suggesli u tl is 
problem was attacked and to Mr R V Southwell for his valuable criticism 
and advice 

§ 2 The position of P auy point of the middle surface of the plate is specified 
by a, the distance of P measured along a generator from an arbitrary line of 



Fro. 1 


curvature and by (J the distance 
of P measured along a line of 
curvature from a generator p 
the radius of curvature of the 
section of the surface by a plane 
perpendicular to the generators 
w a function of fl only and we 
write 

1/p —csin»p (1) 


tvhere o and n are constants c being the maximum curvature 
Given e and m equation (1) defines the middle surface but a more convenient 
description of a corrugated plate can be given in terms of four lengths H 
the height A, the semi thickness of the material of the plate I the length 
of a bay of the middle surface and d the depth of a bay (fig 1) 

The fu n da m e n tal assumptions made in what follows are that the ratio A/H 
U small and that d is comparable with A The first of these is of course 
uwitaWe instability is only of practical interest and is only calculable 
if the plate considered is thin Little pregress has been made without 
some such assumption as the second whoee limitations are discussed later 
in 115. The numerical work has been oonfined to the two cases m which 
IDA and <f =» 5A respectively so that we take d to be of the order of 
* throughout. 

VOL. OH.—-A. L 
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The four length* and the quantities e and » of (1) are naturally not inde¬ 
pendent Clearly !=>«/» while 


d — j W ** Bin ^ — cos n$J rfp 

J=, 5L 1 ~fTi(J‘)* + 


if it is assumed that c/n which is approximately equal to nd/l is small Thu 
is supposed here but the restriction can probably be removod in most cases 
at the cost of slightly complicating the arithmetic it is necessary however 
that the plate should not be so rapidly corrugated that the maximum 
curvature is large m spite of the fact that d is small 

| 3 The Shell Equation* We nvest gate the stability of the plate under 
thrust parallel to it* generators it being supposed that the aggregate lateral 
expansion that would normally take place is prevented by suitable thrusts in 
a perpendicular direction Since d is not more than 10A in the cases to be 
considered numerically it may be assumed that the critical thrust is the same 
as that of a plane plate of the same height and of semi thickness some small 
multiple of h 

The displacement* of any point of the middle surface are written u « » 
u being the displacement along the generator v the perpendicular tangential 
duplacement and u> the normal displacement From the plane plate com 
panson above it follows that m the critical configuration u is of the order A* * 
while it can be seen a poeterton that v u also of order A* and w is of order A 

The reason for the higher order of v is fairly clear physically To prevent 
lateral expansion a transverse thrust must be applied which in the case of a 
corrugated {date with a shallow bay may be expected to be roughly the 
longitudinal thrust multiplied by Poisson s ratio In the critical configuration 
them is accordingly a transverse thrust about one-quarter of the high collapsing 
thrust evidently a corrugated plate can offer but little resistance to such a 
stress and relatively high normal displacements ensue 

Lastly frott (3) 1 /pis of the order of A Shell equations that art applicable 
with slight modification to this problem have been given by the writer in a 
recent paper f They need not be set down m full hen as we immediately 


* It K ootmoinS to make same statement. of this type tn this serttou. TbeaMfef 
it sural/ that* oontetes at» factor In tbs cnttoal oqnQibritisi of » plans plat* j)o#s 
Is of the osdst (VS)* 

t Boy fee Pkxj- A. rot 107 p. 714 (IMS) ByshsB eq nations h mmat sq n s ttH M In 
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approximate to them by retaining in the first two equations the principal terms 
of which involve u and v linearly no terms of order higher than A* and in the 
third equation whose moat important term is of order A*to no terms of order 
higher than A* The equations are considerably simplified by this procedure 
and become 



The equations fr m ninth (1) (4) an l 6) have been 1 educe 1 ignore all 
terms of the first order in u e w if multiplied by A* or higher power of A and all 
terms of the third and higher orders in u i w This approximation is sufficient 
so far as deducing terms of order A* in (3) and (4) is concerned but clearly 
them is no reason for excluding terms in to 3 from (5) The importance of such 
terms in the case of a plane plate when w is of the order A has been pointed 
out by J Presoott * and it happens that the terms that must be added to 
the left side of (8) are exactly the same as those shown to be necessary by him in 
the oorreeponding pla ne plate equation The reason is this the complete third 
order terms in (8) must contain those of the plane plate case which is reached 
by putting 1/p m 0 the other third-order terms must oontain a positive 
integral power of 1/p as a factor t and hence must be of order higher than A* ( 

• 'PUL Msg, vohiS p 07(1922) 
t ponly appeal* in this torn in the equations 

t An Independent evaluation of such third-order terms sa are required in slue problem 
1* feed made on the 11m* of Section 5 of the paper by toe witter quoted above that la 
to toft without appealing to raaulta of the theory of thin abeUe There appear* to ba no 
pfat t» setting out this vork : the neomaary terms may to found in equations (5) to (14) 
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The complete equation* ter this problem are now (3), (4) and 

~ a [s (a + * (e)’ + * (I~ ”) + i dj)*}] 

l—o 3 r0w /3» , 3« , Sic Bid'll 

““rsilsp k + 5p + 3;^i! 

1—00 r 0 w f 0 « , 0 U , Bid 0td\1 „ 
__ T"5pLSS l^ + S| + T!;^}J = 0 

§ 4 The Equilibrium Configuration —Writing 


1 — a f0v , 3» , 8td 0w\ 

= ~r \£ + 5| + & 3p) ’ 


equations (3), (4), and (8) become 



(7) 

( 8 ) 


The last of these can be simplified by the use of (7) and (8) to the term 

AV»-£- Tl ^-T, S ^-2s|^-0 

v The equations can be solved by 

T,~C„ Tj =• C* 8-0, 
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where C, and C, are constants, pro Tided that 




h* t C, „ 0*io p 0*«, „ 

3 VlW “p - Cl ^“Ca^=0 

(10) 


£+ 

*(s)'MlK h, W- c ' 

(11) 


35" 

; + ‘^+«(k + * (H)‘}- c * 

(12) 

and 





dv . 0« . 0U> 0tt „ 

a» + ri + =0 

(13) 

Setting u 

<=> Aa 

A constant and supposing that t> and to are 

independent of 

* equation! 

'(10) 

(11) and (12) become 




A* d'w ( _ ffiw . 

(14) 



»5p« J~ c dp~° 



A <1^ 

1 <r 

(15) 

ami 






dt v , t (dw'f _ C — tj C t 

dfi p' rt \3g/ 1-0* 

(16) 

while (13) n 

i satisfied l nt tally 


Substituting the 

value of p given by (1) it u seen that 




w = Ac sin n(l 

(IT) 

1) constant 

will satisfy (14) provided 




AVA/3 - (1 - hi*) C, e-0 

08) 

From (16) 



dv 

. ^ “ 

1 - 

+ lo 2 sin* »p — cos* i»p 



A* it is supposed that there u no aggregate lateral expansion of the plate 
dv/d$ must be periodic so that we must have 

(C, - oCj)/(l - o*) + *c*/2 - fW/4 = 0 (19) 

The expression for v is not wanted * 

• This expression contains tn srbltmy oonstsnt whloh propsrly should oorrsspood 
to arigid body displsosment That v »» oonst does not exactly represent such s dlspisos- 
*wot 1* due to the fact that the shell eqostlons ire only approximate A* the plate ie 
sopiswd ehslkiW) the dieorepsncy Is of minor importance. In any oaee, the oonstaat can 
net a»Uy be Ignored 
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0] And C, an proportional to the applied thrusts along the generators and 
transversely, respectively Given C lt 0, and k can be found from (18) and (19), 
and A from (15), hence the value* of u t> and v That C t ie known when Cj 
is given is, of course a consequence of the restriction that there should be no 
lateral expansion The first pert of the problem the determination ol the 
equilibrium configuration of the plate under thrust, Is therefore completed 
J 5 The Stability Equations If the equilibrium configuration u, v *c, 
investigated above is critical there will be a neighbouring configuration of 
equilibrium which we wnte u (- u', o + t>", to + kj' The stability equations 
are derived by substituting first u t>, » m the shell equations then m + «*', 
v b t)', to f- in', and finally subtracting the two sets of equations In the 
equations thus produced powers of u' v' and W above tlte first can be ignored 
There results 

0r0«', f0e' to , dio0wl | 

0«l^ + ff {5p~7 + dp-5p)J 



0 r0» « , dwSto , _0t*'l 

+ 'TCJ 




It this point it u convenient to state the mathematical problem in full, 
repeating some equation that have already been given We haw to fad 
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the vela* of C, that leads to a non zero solution in o', t < and uf of (10), (21) 
and (22), where 

1/p ■= vjk *=* c sin np, (29) 

AWJfc/3 - (1 - in*) 0, - 0, (24) 

and 

((’, - oC’,)/(l -v*) f lo*/2 - *V»*/4 - 0. (26) 

The next consideration is to put these equations m a form suitable for 
numerical work 

{6 -The first stage m the manipulation is effectively equivalent to the 
elimination of one of the variables u\ v t o' Setting 

Bu , /do' u>' , diedw’\ B*i> 

c£i \5ji 7 

Bv u/ dwBtv' , Bu' _ B 3 <l> 

J + + "l£ “ <$?’ 

and 

1 — a .Bo' , 3« , rfw8w'\ _ _ a«i|i 

2 Y5i i '5p ^ dplii/ <£5V 

equations (20) and (21) are satisfied,* while (22) becomes 

*>•-(;+$ S-ag-a5Jf-.. 

«' and v' can be eliminated from (20), (27) and (28), the result being 

w + ( ,-„(l + §)£.0 

A non zero solution in w and y of (29) and (30) evidently impbes a non¬ 
zero solution in u, rf and w' of the stabihty equations A* stated what has 
been done is effectively to eliminate one of the original variables the method 
adopted gives a more symmetrical form than would result from a direct attempt 
at elimination, and entails less labour 
It may be noticed that if 


equation (29) reduces to the stability equation of a plane plate, this relation, 
in fact, evidently implies that m the equilibrium configuration the middle 

* This procedure is analogous to that commonly followed In two-dlmemdonal prob l e m s. 
Cff. A, SL H, lose, *Kathmnaticsl The*, of Elutidty - (3rd edttfc*), {144, also 
PrmeoU, be ctt, p. 101. 


(20) 

(27) 

(28) 

(29) 

(30) 
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•urfaoe is straightened oat However, from equation (24) an infinite transverse 
tension* u required for this, it u a familiar enough ezpenenos that it u 
exceedingly difficult to straighten by tension any naturally curved body, 
as, for instance, a coil of wire 

$ 7 —The equations must now be put in non-dimensional form, (29) and 
(30) may be satisfied by 


and 


w = W sin |w, 
<1* = <!>, sin n«, 


(»D 

(32) 


where p, is a constant, and W and 4>i are functions of p only Let the variable 
P be changed to 0 (— »($) and let 


and 


c,—Ci *y c, - c, Ay, ^ « ty, 

d/h = d , n/n ■= y.' 


Equations (29) and (30) then become 

£W_o u s ££ +. l ,'W4.3C'tt"W-SCV l — 

W 2|i df f 14 w + 3Cl “ w 3Cs|X W 

-4-3(1 - *»*) dy* sm 0 j, = 0, 
and 

g - 2^ jg + p'V - (1 -o*) (1 -itn^d'^sin 0W - 0 


Finally let hr? — a, 

F = 3(l-o)d>‘ ( 0«(1 -ti*) (l-oJd'jjL' 8 
and 

y = 3 C/i*' 4 , *«3C/n* 


(33) 

(34) 


The resulting equation* are 

fJ-S^+^W + ^-rg-fFame^O, 

and 


(35) 

( 36 ) 


while from (24) and (25) 
and 

«[1 + 3 (1 - «*) <f*/2] » 3<r C,' v* + 3 (1 - o*) d'V/4 


(37) 

-«*/(!-o) (38) 


* A tension because it must ba positive In this case, Ate always Mgatlvsiathaoondltiolw 
aoMtdared bw»—a transrsne **rw< being, of ooursa, Mosssary to prevent lateral szpaasfcm. 
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la the first ease considered numencally we take <r = 1/4, d' = 10 The 
last equation is then 

a = (0 0052957) C,'(jl' s + (0-49647) a* - (0 0070609) (39) 

In the second case, the same value of a w used, and d’ ^ 5, so that 

a = (0 020743) C,y* + (0 48617) r» 2 - (O 027657) ~~ (40) 

Equations (S3) to (39) contain a complete statement of the problem, are 
non-dimensional, and are in the form that has been found most suitable for 
numerual work 

§ 8 Thf Assumption a — 0 By analogy with other problems m elastic 
stability, «e can suppose that the collapsing thrust m a corrugated plate is 
not importantly affected by the value of Poisson's ratio for the material For 
instance, in the problem most resembling the present one that of the stability 
of a cylindrical shell under axial thrust, a appears in the formula for the 
collapsing thrust solely m the usual factor (1 — a 1 ) 8mte for most materials 
<j is m the neighbourhood of (, the supposition that it is hero leads to an error 
m the determination of the (ntical thrust usually less than 10 per cent 

The numerical discussion of a problem of stability is necessarily lengthy, 
since the object is not merely to find the stress that will cause a given type of 
collapse, hut also to find that type of coflswe (the “ favourite type of distor¬ 
tion ”) that takes place under the least stress Inevitably, a considerable 
exploration is necessary Bv assuming that a — 0, a striking simplification 
of the equations results, and it is relatively easy to find the favourite type of 
distortion We can then fiud the stress thst will cause collapse of the same 
typs when a is not sere, and if there is a reasonable agreement between the 
two values it is natural to conclude that the favourite modes are the same m 
the two cases * At the least, the numerical work in one case is an obviously 
valuable guide to that in the other 

The physical interpretation of the assumption o = 0 is a simple one It 
means that the sole effect of a longitudinal thrust is to compress the parallel 
filaments of the plate , the transverse expansion that normally accompanies 
such a compression does not take place and no perpendicular thrust is necessary 
to prevent lateral movement As a consequence, in the equilibrium eonfigura- 

* The argument as stated here la general tons 1* not, of onuree, oonolusive, but it U 
quite olear from numerical and other considerations that In the work belotr the favourite 
type when # a 0 has. In fact, been obtained 
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tion u> = 0, and there u no need for the third order terras that ante in the 
general caee 

5 9 The Simplified Equations —Putting « = 0 m (38), we tee that a 0, 
from (37) * =■= 0; and 

F = 3G-=9d'n'* 

If x = d! (*'*, equations (36) and (36) become 

^r-V^ + ^w + ^v + s/sine^^ 0 , (41) 

and 

S-vg+rt—>•»-« («) 

d' (= d/A) is known , assuming a value of ji’, we have that of x, and have to 
find the least value of y that permits a non-zero solution in W and ij> of (41) 
and (42) 

§ 10 Type Solutions -The expressions 

W = *e>i cos A<H- w* cos (2 — A) 8 -f- »ci oos (2 -f- A) 0 

-f », eo# (4 — X) 0 + 

*~*sm(l- A)6 + ^«ra(l + A)e + *,em<3- A) 0 
+ «n (3 + A) 6 + 



where A, w,, tc„ , <j>„ ... are oonstants, will satisfy (41) and (42) if certain 

relations hold between the coefficients. There is an infinity of such relations, 
which can be satisfied by non*sero oonstants if an infinite determinant vanishes 
Thu condition u 


2 ’ 
0 , 


3* 

~ 2 ’ 


F(X)+y, f, 0, 

F(l + A). 0, 


0. F(2—A)-(-y, f, 


wheae P (*) - (*• + p*) 1 . 
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That the determinant is convergent is evident upon dividing rows and 
columns by the appropriate factors, It can be written 


0 , 0 , 

P (2»-X) + y, 3 ~, 

F (2n -f 1 — X) 

0 , 0 , 


Divide the first row and column written down by (2» - -1 -f- X) 1 , the second 
row and column by (2n — X)*, and so on. Typical diagonal terms ate then 

[1 f p'*/(2» - X)*]* + y/(2» - X)* and [1 -f p' 4 /(2*« - 1 + X) 4 ]*, 
and typical non-diagonal terms, 

3x/2 (2i» - X) 4 (2n + 1 - X) 4 and - m/2 (2n - X) 4 (2 n + 1 - If 
Condition* sufficient for convergence are that the product of the diagonal 
terms should converge absolutely, and that the sum of the non-diagonal terms 
should oonverge absolutely * The product of the diagonal terms converges 
like the product II (1 -f l/i**), the sura of the non-diagonsl terms like the senes 
El/* 4 , and consequently the determinant converges There is, of course, 
no need to divide the rows and columns in numerical work, and they are left 
as they stand in the case considered below, § 11 
Given r, y can be determined from equation (44) for a given value of X 
It is not necessary to consider all values of X when finding the minimum value 
of y. Writing X = 2 + V in (43) the forms of W and ^ are not altered, so 
that values of X between 0 and 2 alone need be considered Again, putting 
first X = 1 -f X', and then X - 1 — X', a pair of identical expressions for W 
and ^ obtained For given x, y is a funrtion of Xf , this function is periodic 
With period 2, and is symmetrical about the value X = 1 It already appears 
probable that the minimum value of y is to be found when X — 0 or when 
* Whittaker and Watson, ‘ Modern Analysis,’ { > 81 

f It Is clear from the form of (44) that, given x and X, infinitely many values of y satisfy 
• the equation Only the numerically least of these is of importance 



2’ 

0 

0 . 

F (2» + X) -} y. 
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X = 1 It u convenient to treat the solutions when X is integral separately 
There are four, and no more, distinct case*, Type* I-IV below 
Type 1- 


W = if i 4- ws cos 20 4- tp s co* 46 + , 

1 

4 — <f>i wn 0 •+- fc sin 30 

h ^3 sin 50 + , J 

giving the equation 





F (0) + y. 

3a 

2 ' 

0 

(1, 

-d 


-* 

F (1), 

2 

0. 



0, 

3® 

2’ 

F(2) + y, 

3® 

2 * 



0, 

o, 

~2’ 

F (3), 


Type II - 




W — u?i wn 0 + Un sin 30 + w& sin 50 + 

' 1 

<f> — ~Y cob 20 + ^» cos 40 f* , 

I 


F (0), 

2’ 

0, 

0, 

■X 0 


3 x, 

f<D -l- y, 

3® 

2’ 

0. 



0 

2’ 

F (2), 

® 

“3* 


i »• 

0, 

3® 

7* 

F(3) + y, 


Type III - 

W = 

Wl CO* 0 -f- w 2 o 

os 39 + tfj coa 50 + , 


^1 sin 29 + <fj sin. 40 + sin 60 + , 

F (i) + y> 

1 

3* 

2’ 

0, 

0, 

= 0 

1 ~ 2’ 

F (2), 


O, 


o, 

3® 

2 ’ 

F(3) + y. 

3® 

2 ’ 


°- 

0, 

® 

2’ 

F(4). 
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Type IV 

W = #>j sin 29 + tt>i sin 46 -f «?»sm 68 + 
$ — <f >j cob 6 + fa cos 30 + fa cob 50 +- 


F(l), 

a’ 

o, 

0 , — 0 

3x 

1’ 

F (2) + y. 

Sj; 

1’ 

0 , 

0, 

i‘ 

F(3), 


0 , 

0 ) 

3x 

2 ’ 

F(4) 1-y, 


If the first term of W is taken to be the sine or cosine of any integral multiple 
of 0, one or other of these four forms is reached Types I and IV correspond 
to X = 0 in the general solution, Types II and III to X = 1 It appears that 
on putting X -= 0 the determinant of (44) becomes the product of the deter¬ 
minants corresponding to Types I and IV, and similarly m case X — 1, but 
this has not been verified algebraically 
$11 Numerical Rarultt -Theoretically, values of y are required for all 
values of (s', but the sequel will show that when p’ u large the values of y' ore 
of no importance 

Table I gives the relation obtained by computation between y and p' for 
the values 10 and 5 of d' 


Table I —Relation between y and p' when cr =* 0 
(a) d' = 10 (f>) d' = 5 
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The numerical work for the single case d' = 10, p' = 1*5, which give# the 
largest value of x, will illustrate the method, and show how many rows and 
lolumns of the determinant need be considered In this case * =« 22 5 
F (1) = 10 563, F (2) - 39 063, 

F (3) = 126 59, F (4) -= 333 09 

If - y =-» 19, the determinant of Tvpe HI is 

- 8 437, 33 75, 0. 0, 

- 11 25, 39 063, 11 26, 0, 

0, - 33 75, 107 59, 33 75, 

0, 0, - 11 26, 333 09, 

while if - y - 20, it is 
I - 9 437 
| - 11 25 
0 , 

0, 

The value of the first is 

( - 8 437) (— 5 94) (43-7) (341 8) , 

and that of the seoond 

(—9 437) (—• 1*17) (—218) (331 4) . . 

Considering only three rows and columns we have to take only three factors ; 
by linear interpolation it is found that the determinant vanishes when — y =« 
19 5, to three figures Thu result u not altered by including the fourth factors 
Consequently in all cases considered at most only four rows and columns are 
needed, and the position is the same when o is not zero. 

The values of — y in Table I are (with some obvious exceptions) the least 
that lead to non-zero solutions of equations (41) and (42), the type of solution 
giving them being shown. The proof that there are no smaller values is 
mainly numerical, but some general arguments are available 

With the solution of Type IV the determinant is positive unless — y exceeds 
F (2), that u (4 p**)* Thu expreasion is greater in every case than the 

value of — y given 


33 75, 0, 0 

39 063, 11 25, 0 

33 75, 106 69, 33 75, 

0, - 11 25, 333 09, 
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The determinant corresponding to Type II can be reduced to 

Fl0 > F "> + " -l 0 

* ' 

0 y F(l)4y 

which is positive unless y < xceeds 3x*/2 F (0) This expression is 3 d 5 /2 
and therefore is 150 when d 10 jin 1 37 5 when d — 5 Typ<» II and IV are 
consequently excluded from <-consideration in the range of \ allies of p taken 
With Type III y rawt exceed F (l) and therefore 1 and nee 1 not be 
consilered till p >0 3 when d — 10 nor till p >0 4 when d r 
As state 1 there is s me reason to suppose that the gmeral soli t i for 
values of X other than 0 or 1 cann >t provide a minimum vdue but it seemed 
advisable to verify this numerically in some particular cases When d 10 
this work has been rmfimd to the values 0 3 0 5 1 0 and 1 5 of p Tn 
all four cases it has been shown that with the value of — y* given in Tal le I 
and with each one of thi valuta 0 2 0 5 and 0 ft of X the relevant deter 
mrnnnt is positive It was dear that there was no possibility of a smaller 
root and further that in cast p 0 3 the determinant increased with X 
while with the other values of p the contrary was the case Similar work has 
been done for the values 0 4 and 1 0 of p when d = 6 These consi lerations 
appear adequate to show that the least values of y have actually been found 
The results are shown in fig 2 The physical significance of y and Ci p * 
is explained later after the more practical result# for a — J have been obtained 
} 12 Results uhen a J —If s is not aero but as is here supposed } the 
procedure of the last paragraph is not essentially altered Assuming a value 
of Ci p * those of a y t F and Q can be calculated from equations (33) to 
(46) and the value of (, p* for which the appropriate determinant vanishes 
is found by linear interpolation as before The type solutions of § 10 may be 
used without alteration the determinants corresponding to Types I and III 
being now 

F(0) + y F 12 0 0 

-0 F(l) 0/2 0 

0 -F 12 F(2)Hy+4», F/2 

0, 0 — G/2 F (3) 

* That oormpomfiagto Type I was of ooures used for s' =» 0 8 
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The values of C t ' (x'* in this table are m all cases within 7 per cent of the 
corresponding values when a — 0 This being so there appeared to be no need 
to repeat the numerical work of verifying that the favourite types have actually 
been obtained, especially as the general remarks of § 11 apply with little altera¬ 
tion to this case The results are Bhown in figs 3 and 4 
j 13 The collapsing thrust* is — 2 E h T,/(l — «*), and the corresponding 
stress is therefore proportional to T, or C,, whilo 

C, - CV P* - (*W (CY p'*), (45) 

being the length of a bay 

Before proceeding further it must be pointed out that in this, as in most other 
problems of elastic stability, it is impracticable to consider in detail how the 
plate is held at its edges For instance, m the investigation of the stability 
under longitudinal tftrust of a cylindrical strut, the condition for the collapse 
of a strut of length X under given end conditions has not been found , what 
has been done is to find what thrust will maintain a distortion of wave length 
X in an indefinitely long tube t 

From (31) X (— it/p) u* the distance between successive seres of w', the normal 
displacement in the distortion, and the best way to bring H, the height of the 



Kio 3 - Value of f, fi *, when rf/A « 10, «■«« J, 


* The notation of the theory of thin shells differs in writing the thrust — T, 
t B. V Southwell, “ On the General Theory of Elastic Stability, 1 ‘ Phil 'Iran* ,’ A, 
vol 213, pp 233, 236 The effect of the manner of constraint at the ends in the similar 
problem of the boiler flue is discussod on pp 226, 227 
VOL CXI.—A M 
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plate, into the analysis would appear to be to decide that X must not exceed H 
Then p' (= p/n) must not be less than f/H The appropriate value of C/p'* to 
be substituted m (46) is the least value the expression can take for p' S I/H, 
this is merely to say that the wave length of distortion will be that possible under 



the least stress Consequently when d’ = 10, for values of 1/H between O'22 
and 0 7 the wave-length is to be calculated from p' = 0 7, and the value 
of — Ci'p'* is 2 08 This least value can be read off from the continuous line 



m fig 3 for p' =a I/H, those parts of the curves Bhown dotted are of no physical 
significance Similarly for d’ = 6 the continuous curve of fig 4 must be used 
The value of the streee can now be calculated from (46), but it is simpler to 
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find the relation between a new (unction O' and p.', — C'p. * being represented by 
the continuous lines in the two cases This relation is given in the following 
table and shown in hg 6 


Table III Relation between G' and p 
(a) d 10 (ft) i' - 5 



The collapsing stress (a thrust) is now 


<*« 

the value of O' being determined for |/ = l/H 
§ 14 —The critical stress of a long plane plate of height H and semi thickness A 


*o that the ratio of the cntical stress of a corrugated plate to that of a plane 
plate of the same thickness and height is 3<J From fig 6 if the depth of the 
bay of a corrugated plate is 10A it will withstand over 130 times the stress that 
can be put on a plane plate of the same thickness and of the same height pro 
vided that the ratio of length of bay to height does not greatly exceed 1/5 
bnt with the increase of l/H beyond this point, the strength of tho plate 
diminishes rapidly In the other case d! -= 5, it i* not so important that l/H 
should be small , a critical stress 30 times that of a similar plane plate can be 
obtained if l/H w less than 0 35 Even such shallow plates as are considered 
• I»ve op rtl | 332 A 
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hen are therefore remarkably strong in the first case, the critical stress 
(though not, of oourse, the total thrust per unit length of edge line) is actually 
greater than that in a plane plate of the same over-all thickness, 22A 

A rough expression for the maximum value of C is There is some theo¬ 

retical basis for this , when a = 0 itcan be seen from the condition for a solution 
of Typo I that a* |x' decreases, —y approaches the value (1 |- 3d' s /“2) p' 4 , whence 
—C,' =1/1-1- d'*l‘i By means of this approximate rule and fig 5, the values 
of O' for all values of d' less than 10 and all p' can be obtained probably to 
within 8 per cent 

The limiting value of C' as p' vs increased is seen immediately by increasing 
the length of bay and keeping the height constant the case of the plane plate 
is approached Hence C' tends to the value 1/3 The distortion of a plane 
plate corresponds to the solution of Type I in the corrugated plate Consequently 
it may be expected that for large values of p' the curves of Type I in figs 3 and 
4 will again intersect those of Type III, and will then remain below them 
This is borne out to some extent bv the point of inflection on the Type 1 curve 
when d' = 5 , when d' — 10 the point of inflection is on a part of the curve 
not drawn 

§ 15 The method of reduction of $ 6 is not available if the assumption 
that the depth of bay is comparable with the semi-thickness is abandoned 
An extension of the theory to plates with deeper bays, though certainly 
possible if it is supposed that a = 0, must therefore entail considerable labour, 
and it is only by this extension that it u possible to ostimate within what 
limits d' must lie if the approximations of the preceding work are to be valid 
It does not appear worth while to attempt thig until it is known from experiment 
what features of the problem are missed by the approximations Again the 
rough rule that the ratio of the critical stress in a corrugated plate to that in 
a similar plane plate is, in the meet favourable conditions, 3d'*/2, indicates 
that by increasing d' a point ib rapidly reached, even with the thinnest plateB, 
beyond which Hooke’s law will no longer hold, and the possibility of elastic 
failure (as opposed to failure by mstabilitv) must be taken into account 
Suppose that B = 2 0 x 10** (COS), and that the limit of proportionality 
is 4 8 X 10*,* then if A/H= 0 01, the critical stress given by the rough 
approximation exceeds the limit of proportionality as soon as d' — 2 1, 
if A/H = 0 008, the corresponding value of d' is twice that above, 4 2 Now 
the smaller is A/H, the greater » the range of values of d' in which the work 

* Tho wnter Is indebted to Mr H J Gough of the National Physical laboratory for 
these figures, which are average values for some types of steel used In aeroplane constructioo. 
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of this paper will be valid, so that there is some hope that with values of A/H 
likely to occur in practice the solution will hold m all cases in which break 
down is due to instability alone, or at any rate in all cases wherein the critical 
stress can be calculated by a theory based on Hooke’s law When elastic 
failure must be considered, theory can at present do no more than indicate 
a stress that cannot m any circumstances be exceeded , theoretical values m 
such of these cases as have been worked out are usually far in excess of the 
stresses that actually cause failure * The rapidly increasing maximum stress 
given by the ratio 3d'*/2 is not likely to hold for large values of d' (it is 4 per 
tent too high when d’ — 5, and 6 per cent too high when d' - 10), and there 
is some reason therefore to eundude that this stress is one that cannot be 
exceeded in any case If this is so, where extension of this work is needed 
is in finding whether the theory tan set a lower limit to the maximum stress 
for larger values of d' 

It may be pointed out agftin that it has not been found possible to allow 
for the way in which the plate is held at its edges, there is, however, no 
evidence that on this account the theoretical values of the stress are likely 
to be too low It is true that by clamping a plane plate the critical stress is 
increased to four tunes that guen by the above formula, because the wave¬ 
length of distortion is halved But the effect of clamping, or any method of 
support, in any other case is that high local stresses, and therefore conditions 
likely to lead to instability, result m the neighbourhood of the edges, due to 
what is usually known as the ‘ edge effect "t It is true that if a -= 0 tho 
way in which the plate is held at the edges can be considered , but it is only 
in a certain type of problem that the value of it is of minor importance, and 
those that concern the edge effect, which does not take place at all if a =• 0, 
Are certainly not in this < lass 

J 10 The utility of a theoretical discussion of the stability of a body is not, 
however, confined to the deduction of a formula for the critical stress , there is 
indeed, for the reason mentioned, but rarely agreement with experiment on 
this point Qualitative information, with usually a wider range of validity, 
can often be obtained Thus it may be concluded by extrapolation from 
fig 5 that for values of d' up to 15 or 20, any value of I/H not exceeding 1/6 
will lead to roughly the maximum stress possible in a plate of given depth 
of bay, and this is a result bkel> to be true when the theoretical value of the 
critical stress is unreliable 

• Southwell, lor rit , footnote to p. 241 
f Love, op ert, | 339 (6) 
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Again, theoretical information in respect of the favonnte type of distortion 
in usually in good agreement with practice Thu matter ha# not been con¬ 
sidered here in dotail, as there la little point in elaborating the above work 
before experimental results are available, but the general nature of the 
distortion can be stated The highest stress ib obtained when the ratio of 
length of bay to height is small, and then the distortion of Type I takes place 
This resembles that of a long plane plate, or, what is perhaps a closer analogy, 
the primary flexure of a cylindrical strut under thrust, in which the strut as 
a whole bends like a thin Bohd rod The normal displacement w' of a point 
of the plate is of the form 

w' = (w, -f to, cos 2»p -f ) sm ^, 

H 

where to,, to,, are constants whose ratios can be determined, for when 
the ratio of length of bay to height is small, the wave-length of distortion is 
as long as possible, moreover, in this case, the most important term m the 
bracket is to„ so that the normal displacement i» practically dependent only 
on a * Tho tangential movement of pomte of the plate is of minor importance 
The distortion of Type III w not of the same practical importance, for it 
only appears when the plate is not so corrugated as to give nearly the maximum 
stress for given depth of bay and height In this, 

w' = (to, cos »p + «c, cos 3n(J -£> ) sin puc, 

where |i is not now necessarily equal to w/H, and exceeds this value over a 
certain range of values of I/H, so that a distortion of short wave-length takes 
place Again there is a parallel to this m the stability of a cylindrical strut 
The distortion cannot be simply described in this case as oertamly twt> terms 
of the senes are needed, and they are kkely to be of equal importance, but it 
is of interest to notice that the middle generator (te, »(J = (2m-f 1) it/2, 
m integral), of any bay remains fixed in the displacement 
117 Notation —It may be useful to set down again here the notation for 
convenience in reading tho figures 

d' = dlh, where d is the depth of a bay, and h the semi-thickness of the 
plate 

* The number of terms that most be taken in the aeries for the displacement* Is indicated 
by the number of rowe of oolumns of the determinant necee«ary to ensure a given accuracy. 
In the work above four rows and columns are in all case* found sufficient, so that two terms 
of the series for vi give a result of the same accuracy , but when i/H la email, two rows and 
oolumns are generally enough, and \jj u therefore roughly a function of« only 
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n = rt/f, p =* n/X and p' — p/n, I is the length of a bay of the plate, 
and X the distance between oonsecutive zeros of w', the normal displacement 
in the distortion X, the semi-wave length of distortion, will be that possible 
under the least stress, but we may suppose that X must not exceed H, the 
height of the plate The proper value of p' is then the value S IjH that 
gives the least stress , the fact that p' is not in every case equal to 1/H 
is allowed for by the continuous straight lines in figs 3 and 4 
The critical stress is 


En* /A\ J r ,, , 4 


the appropriate value of C 1 'p' s is that given by the continuous 
and 4 for the value IfR of p' 

Fig 5 gives the relation between a new variable C' and p' 
stress is 


lines in figs 3 
The critical 


the value of C' being taken from fig 5 for the value I/H of p' 3C' is, therefore, 
the ratio of the critical stress m the corrugated plate to that in a plane plate of 
the same thickness and height 
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Quartet Terms in the Arc Spectrum 0 / Copper. 

By C. 8 Beals, M A , D10 

(Communicated b\ Prof A Fowler, F R 8 —Received January 8, 1926 
[Plat* 9 ] 

Introductory 

The art spectrum of topper in common with the spectra of other elements 
in the first group of the Periodic Table has been shown to tontain a system 
of doublet senes The thief lines of copper were classified by Rydberg* and 
by Kayser and Runge f Rome additional combinations were discovered by 
Dunzt and the series have smi e been re-tabulated by Fowler § 

Only one member of the principal senes of copper has been identified with 
certainty, though Fowler gives five members of the diffuse and six members 
of the sharp senes An interesting feature of the senes system of copper is 
the occurrence of a somewhat abnormal term, dstagnated as X, which combines 
with the two members of the doublet p level, forming the well known doublet 
X 0700 20, X 0782 10 The nature of the combination with the doublet p 
terms, and the Zeeman effect,|| showed the X-term to be a doublet d term with 
inner quantum number 2 It was to be expected that this terra would have a 
companion term with inner quantum number 3, but the earlier investigators 
failed to find this term The identity of the missing term has been made clear 
m a recent paper by Rhenstonef who gives the numerical value of the term 
as 61105 5, the value of 01106 0 having previously been suggosted by Ruark 
and by Werner The numerical value of the term X is given by Fowler as 
49002 6 It follows that the difference <f 3 - <f,** — 2042 9 and the complete 
i — p doublet includes the lino X 5105 55 

* Rydberg, ‘ Ln Constitution des spectres d'Emisaion," ' Memoir prisentA X l’AcadAime 
Royal des SciencM, November, 1889 

f Kayser and Runge, "fiber die apoetren der Elements,” 1 Abh d Berlin Akademie,’ 
189* 

t Duns, ‘ Bonrbellung unserer Kentnisso von don Serian," ‘ Dissert, TUbmgen ’1911 

| Fowler, ' Report on Series in Line Spectra,' Fleetway Press, Ismdon 19*2 

|| Paso bail (Joeti, ' Seriengesetse der Lunen spwtren ’ 

II Shenatone, ‘Bull Amer Phys Soc,’ vol 1 No 1, p 0(192.1), nn<l ' Phil Mag,’ 
rob 49 (May, 1935) 

** In the notation of Rusael and Saunders these irregular doublet terms would be 
designated as d", but as they are the only terms of this type whioh are dealt with in 
the present paper, they will be sufficiently distinguished by the omission of the total 
quantum number m 
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In the seme paper Shenstone gives the results of an extended investigation 
of the copper spectrum Values are given for a considerable number of new 
terms, many of which have been shown to combine with the two high d terms 
which have just been discussed Many of the terms have not been definitely 
identified and the suggestion is made that the spectrum of <ripper may be 
found to contain quartets The results of further work by the same author have 
appeared in a recent letter to “ Nature ”* A number of additional terms are 
given, some of which have negative values Azimuthal and inner quantum 
numbers have been provisionally assigned to the terms on the basis of their 
combinations with the doublet tonus d t and d? As Shenstone states, quartet 
terms are undoubtedly involved though no complete multiplet structures 
were then indicated 

Previous to the publication of Shenstone's work, the present writer hail 
undertaken a scries of observations of the magnetic resolutions shown by copper 
arc lines, and it was hoped that the results of this investigation would make it 
possible to classify some of those bnes which had not already been resolved 
into senes The fact of the existence of a considerable number of constant 
difference relations, having no obvious relation to the doublet senes in the 
arc spectrum of < opper, was lint pointed out by Rydberg f The work of 
Shenstone has made theso relations considerably more intelligible though Zeeman 
measurement!! have been found to be necessary in order definitely to identify 
the terms The complex nature of the copper spectrum had made it probable 
that higher multiplicity terms were involved and the results of the present 
investigation have shown beyond doubt that this is the case A number of 
complete quartet mnltiplets have been identified and many of the terms dis 
covered by Shenstone have been shown to be quartet terms 

The present paper gives particulars of the new regularities which have been 
discovered The greater number of the terms which have been included in 
the present analysis have already been given in one or other of Sbenstone’s 
papers, though many of them were independently discovered by the author 
before access was had to Shenstone’s work As Shenstone has already shown, 
a number of the newly-discovered terms combine with terms of the old doublet 
system, and this fact has made it possible to calculate the absolute values of 
the now terms 


• Shenstone, ‘ Nature,' vol 118, p 487 (September 28 1925) 
f Rydberg, ‘Astrophva Jour,’ vol 8, p £39(1897) 
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Observational Data 

For the purpose* of the present investigation, photographs have been taken 
of the copper spectrum over a range which extended from X 2000 to X 6700 
Some of the photographs were taken with a large Hilger quarts spectrograph, 
but most of the work has been done with a ten-feet concave grating in an Eagle 
mounting This instrument has been used for the observation of the ordinary 
arc spectrum and also to determine the behaviour of the copper lines m a 
magnetic field The apparatus necessary' to observe the are m the magnetic 
field has been described in a previous paper by the author on the spectrum of 
palladium * In the present work, only the arc in aiT has been used as a source 
of light, and with the exception of certain lines m the visible region, most of 
the classified lines have been found to be of sufficient sharpness for reasonably 
good determination of Zeeman effects In order to secure the necessary reso¬ 
lution, some use has been made of all the orders of the grating up to the fifth 
Of the photographs of Zeeman effects which are reproduced on Plate 3, the 
lines of wave-length longer than X 4000 represent second or third order spectra, 
while the photographs of the shorter wave-length lines were taken in the fourth 
and fifth orders of the grating The observations of Zeeman effects have not 
been extended below X 2300 

The wave-lengths and wave-numbers of the lines which are included in the 
present analysis have been collected in Table I One bne, X 4069 44, does 
not appear to have been previously recorded and has been measured by the 
present writer The behaviour of copper lines in the magnetic field has been 
indicated in Table I by placing opposite to each line the measurements of the 
Zeeman components which have been observed In accordance with the 
usual practice, the figures represent fractions of the normal Zeeman resolution 
as shown by the separation of components in lines of a singlet system The 
value of the normal resolution has been calculated from measurements of the 
patterns shown by the calcium doublet X 3968 46, X 3933 66, resolutions (0 66) 
1 33 and (0 33) 1 00,166, and the one bne X 4680 20 which exhibits the resolu¬ 
tion (0 00) 2 00, For purposes of comparison, the calculated Zeeman resolu¬ 
tions have been placed beside the observed effects The term combinations 
have also been indicated, in the final column of Table I 

The value of the theoretical Zeeman resolutions have either been taken 
directly from the book ‘ Zecmaneffekt und Multipletstruktur,’ or have been 
calculated, using the rules of Back and Land6 f 

* Beals, ‘ Boy Soo Proo.,’ A, rol 109, p, 309 (Ootober, 1925) 
t Back and Land*, ‘ Zeenmneffekt und MultipleUtruktur,’ Berlin (1925) 
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ton a a 
»M'io a 
«MH 2 
(Dio u a 
Man i 


19177 9 
19182 2 
19484 3 
19866 a 


21182 0 
21883 4 
21494 1 

81794 8 
22021 7 
22169 7 
11540 7 
21814 1 


27698 8 
87818 1 
88817 4 
28911 3 
89037 ‘ 

30480 7 
81180 3 
31298 7 
31870 3 
32311 3 
33821 8 


33803 6 
33341 6 
33361 8 


(0 00) 1 18 
(l 30) 1 30 
(0 87)0 87,2 58 


0 80 

(0 00)1 26 
(0 60)1 66 
(0 19,0 67)1 67 
(0 39) I 18 
(0 31) 1 10 
(0 00) 1 78 
(0 30) 1 10 


(0 21,0 68) 1 85 
(0 00) l 22 
(0 00) 1 82 


(0 03,0 00,0 14)1 89,1 34,1 40,1 


(0 00) 0 00 
(0 80)0 60,1 80 

(0 20,0 60.1 00)0 48,0 83,1 23 1 83,2 03,2 43| 
(0 09, 0 28, 0 47, 0 66) 0 70, 0 96 1 14, ' " 1 
1 62 1 61, 1 70 


(0 09.0 36,0 43)1 00.1 17,1 34,1 61 1 68, l 86| 
(1 38) 1 33 
(0 81)0 91,3 60 


(0 93) 0 01, 1 73 

(0 20, 0 00, 1 00) 0 80, 1 00, I 40, 1 80, 2 20 
(0 01,0 34) 0 68,0 91,1 It, 1 37 
(0 27,0 80)0 40,0 93, 1 47,8 00 
(0 20,0 80) 0 30,0 60,1 00 
(0 02,0 06,0 10) 1 14,1 18,1 22,1 28,1 30,1 34| 

(0 28,0 86) 0 61,1 08,1 68,8 23 
(0 30,0 00)0 BO, 1 00,1 40 
(0 401 0 40, 1 20 
(0 11,0 34,0 67)0 86,1 08,1 31.1 64,1 77 2 00 


(0 08, 0 88, 0 43) 0 94, 1 11, 1 28, l 46, 1 62 
(0 38,0 B8)0 5U 08,1 88, 2 23 
(0 00) 1 20 

(0 08,0 16,0 43)0 94,1 11,1 28, 1 46, 1 62 




• i , -Pi 1 , 

V, - < fi \ 

l*7>i - M, 

'i, - 

><f, - 

V, - e*8', 

rf,-G 

w. - we. 





172 


Table I continued 


x(Iut ) 


2768 89(1) 
1766 39 (8) 
26)8 18(10) 
2492 14 <7R) 
2441 62 (4R) 
2406 66(3) 
2369 87 (6) 
2319 86(J) 
2303 11(4) 
2293 83 (8H) 
2260 49 (4) 
2244 24 (2) 
2238 66(2) 
2214 86 (0R) 
2199 68 (8R) 
2161 68(1 ) 
2178 91(1,) 
1171 78(3 ) , 
2166 06 (lw) | 
2112 02 ( 2 ) 
1079 47(4a) 
2024 06 (8R) 




Zwmiti Hit it 
(Observed) 


(0 39) I o 
(0 00 ) 2 . 


0 01)1 J1 


y,- 

v. 


r*d t 


(0 11)0 93 1 00 
(0 31)2 33 


(0 01 0 08) 0 '7 0 83 



AotollOM. 

For use in tht tablei ami the discussion which follows a uniform system 
of notation has been adopted in accordance with a suggestion made to the 
author by Prof Fowler Different values of the azimuthal quantum number 
k are indicated by the small letters t p A, f corresponding to the values k = 
12 3 4 The maximum multiplicity of the system (doublet quartet etc ) 
is indicated by placing a small index to the left and slightly above the letter 
representing the aamuthal quantum number of the term The inner quantum 
numbers in accordance with recent practice are indicated as subscripts Thus 
the symbol ‘ps represents a quartet j) term with inner quantum number 2 
The combinations which have been found to take place include doublets 
quartets and inter combination lines The combinations thus follow the rule 
A r = 0 or ± 1 where t denotes the maximum multiplicity in the system 
For the transitions of the azimuthal quantum numbers the ordinary terms 
follow the rule A k — ± 1 The primed terms in general follow the rule 
A lc = 0 though in some cases the transition A k = 2 takes place The 
inner quantum numbers of both types of terms follow the uniform rule 
A ) «= 0 or ± 1 
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The Quartet Comhwatwnt 

The three group* of lines whose wave numbers are given in Table II are 
formed by combinations between terms of a quartet system The identification 
of terms has been made through a consideration of the Zeeman effects in con 

Table II Quartet Multiplets 

V, *rf, *rf, ‘d, 

-2164 3(88- 8) -1276 5(636 3) 640 2 (543 0) 85 2 

24566 6 (On) 21928 7 (4») 23184 6 (6) 

24358 3 (2) 23470 8 (2*) 22834 1 (8k) 

21528 8 (4) 22640 7 (4u) 

31494 1 (8) 
21794 8 (7k) 21249 9(6) 

22021 3(5*) 21385 4 (4k) 20840 4(2) 

22169 '(4) 21283 0(4*) 20646 1(1*) 

19434 3(1*) 78889 3(5) 

19177 9 (U) 18542 0(2*) 17997 1 (2) 

19028 2(1 19040 1 (1*) 18404 2 (1*) 

19566 6(2) 18068 9(1*) 

19858 1 U) 19222 2 (2*) 18677 0 (2) 

nection with the constant difference relations and the inner quantum selection 
rules As has already been mentioned the observed and calculated Zeeman 
effects for the lines are contained m Table I A reference to this table will 
show the agreement which has been obtained between observation and theory 
In some cases it has not been possible to obtain complete resolution, but there 
is ft sufficient number of clearly resolved patterns to make the present assign 
meat of terms reasonably certain It will be observed that the combinations 
formed represent transitions from a quarter d level characterised by negative 
terms, to a number of other lower levels m which the values assigned to the 
terms are positive An examination of the numerical values which are given 
to the terms will show that all the terms are inverted, that is, the largest term 
of each level has the largest inner quantum number For the d and /levels 
the separation ratios are also inverted, and the smallest separations occur 
between terms having the largest inner quantum numbers The numerical 
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values of the terns have been derived from interoombmation lines and will be 
discussed in a later section 

The grouping of the lines in the pd and fd mulbplets is considered to be com¬ 
pletely satisfactory both as regards the regularity of the separation ratios and 
the relative intensities of the lines The Zeeman effects also, in so far as they 
have been observed, are in remarkably good agreement with the calculated 
resolutions Photographs have been reproduced of the resolution patterns 
shown by the combinations p t d v p l d l and/*</, 

The evidence supporting the present arrangement of the ad' terms can 
scarcely be considered as satisfactory as that whioh has been found for the 
* and p levels The terms a d' and a d\ appear to be established beyond 
doubt by the Zeeman effects, shown by the lines X 15016 63 and X 6111 94 

The resolution shown by the hne X 6292-64 is also satisfactory and confirms 
the term a d\ For the term a d'„ however, the observod Zeeman phenomena 
are far from being in complete agreement with theory, and the irregularity of 
the separation ratios makes it somewhat doubtful whether these terms should 
be grouped together A consideration of the available data has indicated 
to the author that the arrangement presented in Table II is probably correct, 
though some ambiguity remains as to the terms a d\ and a d\ 

The term i t has not so far been definitely identified The combinations with 
the negative quartet terras indicate that it should have the inner quantum 
number 3,and the term d\ is suggested by the intensity relations The evidenoe 
given by the Zeeman effects, however, does not support this view, nor do other 
quartet terms having y — 3 satisfy the case It seems possible that there is a 
new type of regularity involved, and that the x, term may be a quartet term 
which behaves anomalously in the magnetic field Unfortunately the resolution 
obtained is not sufficiently high to enable definite conclusions to be drawn os 
to this point 

A pecubar feature of the quartet mulbplets listed in Table II is the diffuse 
character of the lines arising from combinations with the terms <f 9 and d x 
Ordinarily, evidence of a similarity in general character between the fines of a 
group is considered to be necessary in order to justify placing them together as 
a multiplct The fact that fines of different character appear in the multiplete 
of Table II would at first appear to suggest that grouping the lines together u 
incorrect Fortunately the Zeeman effects given by the combinations involving 
the terms d l and <f 4 serve definitely to identify the terms as quartets, and the 
present arrangement of the mulbplets follows as a necessary consequence of 
the numerical relations and the relative intensities of the finee 
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Iniertomtnnalion Lints 

Mention has already been made of the inverted doublet terms d, - 49062 6 
and dj = 51108 5 It has been found that a number of hues in the ultra¬ 
violet region of the copper spectrum may be accounted for as combinations 
between these doublet d terms and the larger quartet terms which have been 
dismissed in the preceding section The wave numbers of these mter-combina 
tion lines have been included in Tablo III Three of the expected combina¬ 
tions are missing but they correspond to less probable transitions of inner 
quantum numbers The missing combinations are indicated by placing the 
calculated wave-numbers in brackets The value of the terms "tf, and *d, are 
known from their relations with the doublet senes system, and this fact has 
made it possible to calculate the values of the quartet terms The terms given 
in Tables II and III have been denved m this way A surpnsing feature of the 
quartet system is the fact that negative values have to be given to the *d terms 
Combinations also take place between a number of the quartet terms and the 
doublet Is level, whith is believed to represent the normal state of the copper 
atom These combinations have also been indicated in Table III The 
combination l*s — a*d' corresponds to the azimuthal quantum transition 
l = 2 This is one of the less probable combinations and the lines are of 
comparatively small intensity The lines due to the more probable transition 
l*s — *p are much stronger All of the lines formed by combinations with the 
Is level have been observed by McLennan and Me Lay* as absorption lines m 
the spectrum of the neutral vapour of copper 
By means of the Zeeman effects which have been observod for the wter- 
coinbination lines it is possible to make a further test of the correctness of the 
axunuthal quantum numbers which have been assigned to the larger quartet 
terms The resolutions given by combination with the *f and l p terms show 
particularly good agreement with the calculated patterns. For the a*d ' 
terms, the measurements show considerable variations from the predicted 
separations, but the qualitative appearance of the patterns, in so far as they 
are resolved, is in agreement in overy case The Zeeman effects of the com¬ 
binations due to the transition l*s — *p are in excellent accord with theory, 
though the true nature of one of the patterns Is somewhat obscured by the 
fact that the line X 2492 14 is strongly reversed 
Concerning the variations from the predicted separations which have been 
observed in the Zeeman effects of the mter-combination lines and of the 
* McLennan and Mo Lay, ‘ Hoy Soc Proa A, voL 108, p 516 (IMS) 
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% *3289 4 
(1095 3) 
‘p, 22104 1 
(839 8) 
•p, 21394 3 


*/, 21154 8 
(409 6) 
20745 2 
(739 7) 


a‘d, 18794 2 
(892 4) 
a d 9 17901 8 
(137 9) 
a‘d , 17783 9 
(371 7) 
a‘i , 17392 2 

t, 18581 9 


Table III Intereombmafcion Lines 

W. 19. 

49082 6 (2042 9) 51105 5 61308 0 


[25773 2] 27816 1 (2) 

28888 8(2) 28911 3(3) 40114 1 (7R) 

27698 3 (2) 40944 0 (4R) 


29950 7 (8) 

28317 4(6) 130360 3) 

29057 1 (3) [31100 0J 

32311 3(5) 

3118( 8(4) 33203 6(8) 

31298 7 (6) 333416(1) 

31670 3 (2) 

30480 7(3) 328*3 6(4) 


id quartet* it is of interest to note that Back* has recently shown that 
anomalies of a similar nature occur among the newly-discovered combinations 
in the spectrum of calcium 

A number of lines in a lilition to those given in Table III show the separation 
2042 9 indicating combinations with the inserted H terms In some case* 
combinations appear with the doublet Is term as well The Zeeman effects 
observed for these lines have suggested that some of the terms which may 
be derived are quartets although they do not combine with the negative 
quartet terms of Table II The following arrangement is suggested 


W, ! d, 

49062 6(2042 9)61105 5 62308 0 


6*<f, 

16428 8 

, 32613 8 

(8) 

34676 7 

(4) 

45880 0 

dv) 

c*<f, 

16136 2 

32927 4 

(6) 

34970 1 

(2) 

46173 6 

d«> 

<Ai, 

16709 8 

33302 8 

( 4 ) 

36395 7 

(6) 1 



C*«f ( 

15000 4 



36106 1 

(3) 
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No 
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Quartet Termt >n Arc Spectrum of Copper 

As the Zeeman effect* are not all fully resolved some uncertainty remains 
as to the correctness of the above assignment of terms Shenstone has observed 
these combinations and has suggested that the terms 16438 8 and 16135 2 
a Tffp terms 

An isolated hne has been observed which may correspond to the combination 
l*pi — *dt The wave number of the line and the term* are shown below— 

Vi 

31772 8 

Wj - 1276 5 j 33048 4 (2) 

As the mote probable combinations ®p s — *d s does not occur it is possible 
that the relation is accidental 

A feature of some interest which has been noted in the present research is 
the behaviour of the line X 5360 04 m the magnetic field This hne was at 
first thought to be unaffected by the field but when observed with higher 
resolving power was seen to be slightly broadened The amount of the 
separation appears to be too small to identify with any of the calculated doublet 
or quartet patterns The sharpness of the line and the region m whuh it 
falls has suggested a combination with the term V, The new term which 
has been derived m this way is designated as y l This term has been found to 
combine with the doublet term H t and also with the term l*«i The combma 
tions are as follows — 

Vi 

16487 1 

*d l - 2164 1 | 18651 4 (1) 

V, 

49062 6 

jq 16487 1 | 32575 4 (2) 

Shenstone has derived this term from a consideration of the combinations 
which occur in the ultra violet region The anomalous behaviour of this 
term and of the term which has already been mentioned has suggested that 
some of the rules which have been found to be so generally valid for the spectra 
of other elements do not hold for some of the terms of copper 


l*s, 

62308 0 
45821 7 (Its) 
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Other Cominnatunu 

The following combination has been observed between the two terms and 
the old doublet/level 

V, «d, 

49062 6 (2042 9) 11105 5 

ft, 4 6880 9 | 42181 8 (4) 14*224 5 (2) 

It will be observed that the intensities of the lines m this doublet are not 
in the correct order for a *d — */ combination, and it is possible that the term 
6880 9 does not actually represent a doublet/level The magnetic resolution 
shown by the line X 2369 87 has been observed and the separation is somewhat 
larger than would be expected for the combination H t — ft 

A number of further combinations with the doublet d terms have been 
noted in the ultra-violet region of the copper spectrum As Zeeman effects 
have not been observed for the hues in queetion, no very definite suggestions 
are offered as to the nature of the derived terms The wave numbers and 
terms are indicated below 

t d, *d t 

49062 6 (2042 9) 51105 6 


A 

12926 I 

36137 6 (8) 

38180 3 

(10) 

B 

7523 9 

| 41538 7 (5) 

43581 7 

(8R) 

C 

5964 2 

43098 4 (3) 

45141 6 

(8R) 

D 

5657 2 

43406 2 (4) 

45447 5 

(6R) 

E 

3031 2 

46031 4 (3) 

48073 7 

(4U) 

F 

1714 6 

47348 0 (2) 

49389 8 

(5R) 


The above relations have been previously noted by Shenstone, and be has 
suggested that the term 12925 1 is a p term It is possible that some of these 
terms may be doublet / terms 

The magnetic resolution shown by the strong line X 2961 18 has been observed 
but the type has not been identified by the writer, Shenstone has suggested 
a combination with the term 51105*5, thus ~ 

•d, 

51105 5 


G 17345 1 33760 4 (6) 
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Unclassified, Lines of Copper 

While the results of the foregoing analysis have led to a considerably (learer 
understanding of the complex nature of the copper spectrum, there still remains 
a number of strong bnes, the structure of which has not definitely been deter¬ 
mined The work of Shenstone has indicated a possible connection between 
some of these lines and the larger quartet terms presented in the present paper 
In hi* letter to ‘Nature,' a number of terms are indicated having rather large 
negative values, and some of those terms combine with the quartet levels of 
Table II It was hoped that a study of the Zeeman effects would lead to a 
clearer understanding of the nature of these combinations, but it has been 
found that, while many of the lines are themselves moderately sharp, the 
Zeeman effects present such a diffuse appearance that it has not been possible 
to obtain accurate measurements of them It seems improbable that many 
of these lines will be classified as quartet multiplets as none of the well-known 
and easily resolved Zeeman types (ommon to & quartet system appear It 
may be that some of the negative terms are sextets though no very definite 
evidence has been adduced in favour of this view 


Discussion 

The discovery of quartet terms in the are spectrum of copper is of consider¬ 
able interest m that it is the only element m the first group of the periodic 
table whose spectrum has been shown to contain terms of multiplicity higher 
than two This constitutes a violation of the rule, formerly believed to be 
generally valid, that the maximum multiplicity of the terms appearing in the 
spectrum of an element was 1 greater than the group number of the element 
■n the periodic table It seems doubtful, therefore, whether the rule as stated 
has any very real theoretical significance The question is also raised ss to 
whether the previously held ideas concerning the atomic structure of copper 
are comet The most recent theories as incorporated in Bohr’s table of atomic 
structures would indicate that the atomic configuration of copper is very 
similar to that which obtains for the alkali metals The spectra of the alkali 
metals are known to contain remarkably well-developed doublet senes, and the 
number of unclassified lines is so small as to make it very improbable that there 
are any quartet terms involved The spectra of the elements of the sub¬ 
group Cu, Ag, Au also contain doublet systems, but the senes are by no means 
as complete and tbe number of unclassified lines is much greater Further, 



C s Beals. 


the existence of negative terms and of primed terms m the arc spectrum of 
copper makes it reasonable to suppose in accordance with recent theonee *t+ 
that more than one electron is concerned in some of the transitions whereas 
in the spectra of the alkali metals the frequencies of the lines are believed to 
be due to transitions of a single valence electron The atomic structure of oopper 
as given by Bobr consists of three full rings with a single valence electron 
It appears somewhat doubtful whether such a simple arrangement of orbits 
can explain the evident complexity of the ortpper spectrum though the arrange 
ments of orbits which give nse to the higher multiplicity terms are not known 
with certainty 

[(Vote added February 3 1926 —It is of interest to compare the results of 
the present investigation with the recently published theoretical work of 
Hand § The terms derived by Hund for the copper arc spectrum are a “d 
term which according to his theory should be the largest term and a number 
of other doublet and quartet terms namely *p *d *f and K p V *f It ib 
well known that the largest term of Cu I is a *a term a fact which Hund fails 
to explain The otl er thooret cal terms however show excellent agreement 
With experimental data The large d term and the terms and were 
previously known and the terms *p *i *f are given in the present paper 
No a d terms have as yet been identified but it is possible that such terms 
may be found among the unidentified terms which combine with the *d level ] 

Summary 

A senes of observations of the raagnetao resolutions shown by copper arc 
lines has led to the identification in the spectrum of copper of a number of 
quartet terms The combinations between the quartet terms give nse to a 
number of multiplets and combinations also occur between some of the quartet 
terms and the previously determined doublet levels 
The relations involving the inter combination lines as has already been 
pointed out by Shenstone has made it possible to calculate the numerical 
values of the quartet terms and it has been found that some of these terms 
must be given negative values 

The discovery of quartet terms in the arc spectrum of copper is the first 
instance in which the spectrum of an element occurring in the first group of 
* Russell and Ssumien Science vol 58 p, 50 (IBM) 
t Wsntsei Phjr* Zeit vol 28 p 181 (19(4) 
j .Millikan sod Bcwm, Pbjs Rev vol 28, No 2 (August, 1925) 

| Hand, Zed f Phy« vol 33 p 841 (1925) 
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the periodic table has been shown to contain terras of multiplicity higher 
than 2 This constitutes an exception to the rule that the maximum multi 
plicity of the terms in the spectrum of an dement is 1 greater than the group 
number of the delimit in the periodic table The knowledge of the existence 
of quartets in the copper spectrum farther raises the question as to whetht r 
the previously held ideas concerning the atomic structure of copper an correct 

The work outlined in this paper has been done at the Imperial College of 
Science and Technology under the direction of Prof A Fowler F R S The 
writer wishes in concluding the paper to express his appreciation of the oppor 
tunity which has been given him for carrying out the experiments, and to 
thank Prof Fowler for the interest which he has taken in the work 

DtM IlIPUON <>h PL VI is, S 

J Photographs of //*. men offw ts show n by quartet combinations < f copper The photo 
graph of the line X CM<9 40 include* the pattern of the siher line X3J82 86 whioh is 
marked with All Asterisk 

J Zeeman effect* of intir combination lmes (Hirer—For ‘r, 4 p, read */, *p x ) 

3—Copper Ape tram X44fiO-4800 with iron aro oomparaon, showing *f*d multiplel 
lhe scheme of the multiplet hss been indicated in the \ ei y convenient- wav suggested 
by Meggers lhe honsontal and oblique lines represent tho term* of lower and 
lnghci armnthal quin turn number rcspeetnelv The line* u (responding li III 
cars is imiuslinis nr inch atcsl at the inlcrseettons of the lines 
4 (oppei H)ie(liiiin X40 0 4*>iO with ironsre comparison showing 'pV multiplet lhe 
same »< It me is empl ved s ■■ I 
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The Controlling Factor .s of Transfer Resistance 
By Edgar Newbery, D 8c , FIC University of Cape Town 

(Communicated In 8ir Ernest Kutlic rfoid O M , Pres R S—Received January 9, 
P»2t>) 

(I’CATK 4 ) 

In a previous commonnation* by the author, it lias been shown that the 
application of the cathode ray om lllograph to the problem of electrode potential 
provides direct evidence as to the reality of transfer resistance This work 
has been continued with a view to obtaining further information upon the 
subject of transfer resistance 

Experimental - The apparatus used was the same as that previously described, 
with the exception of the following small modifications - 

1 The potentiometer P was re placid by two standard Weston cells, and the 
switch S a by a fourwuy switch urranged so that potential differences of 
0, 1, and 2 volts could be applied between the filament and grid of the valve V 
after the potential curve of the cathode C had been traced out 

2 The sliding rheostat R s was replaced by a fixed frame resistance, as a 
troublesome “ wandering ” of the oscillograph beam was traced to minute 
variations in the filament current, produced by variations in the resistance 
of the sliding contact It in possible that some of the earlier measurements 
are slightly in error from this cause 

3 The resistance R 4 was increased from 150,000 ohms to 500,000 ohms 

4 The use of very rapid plates (Barnet orthochromatu special sensitive) 
enabled the time of exposure to be cut down to 10 sees for the curve and 2 secs 
for each of the < oraparison spots 

5 For preliminary olwervations and rough estimations, a ruled glass screen 
was placed against the oscillograph screen, and weakly illuminated through 
the edge of the glass by a small 4-volt lamp Rough measurements could thus 
be taken without photographing 

The factors studied in the present work are (1) material of electrode, 
(2) surface of electrode, (3) current density 

Other factors which the author hopes to investigate shortly are time, 
temperature, addition agents, change of electrolyte, anodic phenomena, etc 
* 'Roj Soo Pmo ’ A, vol 107, p 488 (1823) 
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The electrodes used—copper silver gold nickel end platinum—were chosen 
on account of their capacity for taking a high polish as previous work ha I 
indicated that this was one of the factors producing a high transfer resistan 
All were in the form of plates 1 cm square supported vertically in the electrolyte 
(N HgSOJ and having the back edges etc insulated with a coating of hart 
white sealing wax The polishing wag effected by means of various grades of 
emery paper from 0 to 0000 followed by a final burnishing with an agate 
burnisher After a senes of photographs had been taken with the electrodes 
in this condition they were rubbed with No 0 emery cloth and a corresponding 
senes taken the results being given under the titles polished and rough 
The current densities given are the actual readings of the amperemeter 
Since the current was only flowing for half the time of revolnta in of the commu 
tator the real current density while the current was flowing was double the 
value given In calculating transfer resistance this doubled value is utilised 
In all cases the commutator was revolve 1 at a uniform rate of 200 revolutions 
per minute * 

Some of tho curves obtained are given in figs 1-b (Plate 4) and the 
v dues of the over voltage and transfer resistance calculated from measurements 
on these curves are given m the following table — 


Column A — Current density m nuUiamperes per square centime re 
B Over voltage in volte 

C — Transfer resistance in ohms pi r square entimetre 


Copper pol shed 

Copper rough 

Ooppm rough { in £ N ” r o°^ so, 
Hirer pointed 

Silver rough 

Hirer rough in ION H r SO, 


0 3a 

0 in 
II 3ft 

0 4 
0 36 
0 35 
0 3ft 

0 4 

0 1« 
0 3ft 
0 35 
0 IS 
0 2 
0 2 
0 26 
0 26 
0 2 
0 2 
0 2ft 
0 2 


10 
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Table- oonlmued 



Ducusawn of RestdtH —From the data given m these tables it will be at once 
evident that over voltage and transfer resistance are two entirely different 
independent quantities with quite distinct sets of controlling factors 

Over voltage appears to be nearly a constant and definite quantity for each 
metal and is but little affected by concentration of electrolyte current density 
or mechanical condition of the surface 

Transfer resistance on the other hand, appears to be independent of the 
chemical constitution of the electrode but m strongly affected by the mechanical 
condition of the surface and most of all by the current density So great is 
the influence of this last factor that at high current densities the transfer 
resistance at all the electrodes is practically the same At low current densities, 
transfer resistance may nse to high values, more specially when the electrode 
is highly polished No upper limit has been found and it is probable that 
transfer resistance approaches infinity as the current density approaches 
zero The higher values are, of course, increasingly difficult to measure with 
any accuracy from the curves 

From consideration of these results, together with previous work on the same 
subject, the author is of opinion that in future over-voltage must be looked upon 
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is essentially a chemical phenomenon transfer resistance as a physical or 
mechanical 

Accttracy of the Method Owing to the discovery and elimination of certain 
small errors m the original apparatus the values in the present work are probably 
more accurate than those previously given Many more observations havt 
been taken than are actually hated and the variations found to be negligibly 
small under definite conditions In particular the over voltagis of Lopper and 
nickel given iu the present work as 0 15 and 0 25 volt ri spectively are m ire 
reliable than the values 0 5 and 0 4 previously given the error being due to the 

wandering of the beam already refem d to 

The sensitivity of the method for detecting very rapid but continuous 
changes of potential may he estimated from a slight mechanical defect in the 
apparatus Iht resistance R 7 controlling the current through thi solenoids S 
consisted of a platinum wire nearly but not quite encircling ail ebonite drum 
The length of the gap lie tween tin ends of this wire was 2 mm and when the 
platinum brush was in this gap tht spot took up the position shown in most of 
the prints as a somewhat faint mark in luu with the reference spots Since 
the circumference of the dnim was approximately 100 mm and the spee 1 of 
revolution 200 per min thi tune available for this mark to be made was 
0 002 sec This is however far from the limit available When the screen w 
viewed in the dark room by an eye rested in the dark for a few minutes a com 
plete horizontal line of light is seen joiwn ; the spot just described with the main 
turves This line is almost invisible m the prints but is more clearly seen in the 
negatives and could be reproduced if necessary by longer exposure of the plate 
and printing on soft paper It is caused by the tiny spark product d on 
breaking the solenoid circuit (1 ampere at 2 volts) and indicates that tins break 
is not instantaneous Careful observation of this spark showed that its length 
did not exceed 0 1 mm and since the time taken for the drum to rotate this 
distance is 0 0001 sec and the length of the line w approximately 2 > cm we 
may conclude that the spot of light will leave a perfectly clear and definite 
trace if it travels over the screen at the rate of 25 000 cm per sec In many 
of the photographs, for example the distance between the upper and lower 
sections of the curves is several mm , and no traoe of any line joining the two 
sec tuns could be detected by the most careful inspection Hence the time taken 
for the first fall of potential of the cathode after breaking the charging t lrcuit, 
must he very small compared with one hundred thousandth part of a second 
It is evident that such a rapid change of potential must be produced by the 
removal of a passive ohmic resistance, and not by changes in an active electro 
motive force produced by ionic concentration surface tension etc 
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The limit* of error m measuring actual over-voltages and transfer resistances 
by this method are unfortunately rather wide and the apparatus is far from 
perfect The spot of light is too large for accurate measurements and it is 
difficult to prevent it changing its size and shape during an experiment. The 
correct adjustment of the solenoids w also a matter of some difficulty, and in 
many of the photographs the line of the curves is not truly at Tight angles to the 
line joining the referent e spot* Also the potential difference-current curve 
of the thermionic valve is not a straight line, and hence the distance between the 
reference spots denoting 0 and 1 volt is less than that between thoee denoting 
1 and 2 volts 

Hence no greater accuracy can be claimed for over-voltage values by this 
method than ± 0 05 volt 

In measuring transfer resistance at high current densities the limits are well 
within ±01 ohm but at low current densities the error may easily exceed 
10 ohms In some esses the uncertainty is so great that no estimate has been 
given at the lowest current density used Thus in the case of platinised platinum 
the curves obtained at the two lowest current densities were so nearly continuous 
straight line* that it was considered unnecessary to reproduce them 

Theory of Trantfer Renetance —It is well known that when a small B M F 
is applied to a pair of non-attaokable electrodes in dilute acid, a sudden rush 
of current occurs which rapidly falls to nearly sero This rush of current is 
undoubtedly caused by the discharge of ions at the electrodes with forma tom 
of a film of gas on the surface, the small “ residual current" merely serving 
to replace the few ions escaping from the electrode by diffusion Repeated 
small increases in the applied B M.F produce similar effects, but the residual 
current increases each time until visible gas evolution occurs When this 
state is arrived at, the whole surface must be saturated with gas, and there 
must therefore be a continuous film of gas over the entire surface If it were 
not so, any hare spot on the surface would be at a lower potential than the 
surrounding areas, and a rush of ions to that spot would at once cover it with 
gas Owing to surface-tension forces, this film of gas requires an appreciable 
time to collect into bubbles large enough to break away from the electrode, 
but w the meantime more ions are showering on to the same elsotrode under 
the influence of a force which vanee inversely with the square of their distance 
from that electrode The film is therefore subjected to enormous pressure, 
and whenever it breaks down under this pressure it u instantly re-formed by 
freshly discharged tom, In other words, the film offers resistance to the 
passage of the current-carrying ions, and this resistance is trantfer resistance. 
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It u now evident that a rough surface will show a lower transfer resistance 
than a smooth one, since the formation of bubbles and escape of gas will be 
greatly facilitated by tlic numerous points projecting into the electrolyte 
It is not so easy to understand a hy transfer resistance is so greatly diminished 
by increase of current density It might be thought that the film of gas would 
beoome thicker and the resistance increase as the current density rose, but the 
curves obtained show that, although the film may or may not increase in 
thickness, its resistance undoubtedly decreases—that is to say, it becomes 
more conducting under the influence of higher electrical pressure The exact 
mechanism of this change is doubtful, but it is possibly due to diminution m 
thickness of the gas film due to the high pressure exerted by the attractive 
force of the charged < a thode acting upon tho charged k>us on the opposite side 
of the gas film It is possible also that under the influence of the intense 
electric field existing across the film, electrons may be discharged through the 
film on to the ions outside, thus liberating gas in the body of the liquid and to 
some extent relieving the pressure on the electrode surface This latter 
supposition is the more probable m view of the fact that over-voltage usually 
falls (sometimes to needy zero) at very high current densities Glasstone* 
has recently suggested that transfer resistance is caused by a “ diffusion layer ” 
over the surface of the electrode, due to exhaustion of hydrogen ions m the 
liquid immediately surrounding the cathode There is little doubt that this 
effect has somo influence upon the magnitude of the transfer resistance, but the 
relative importance of such influence is open to question In the rase of metal 
deposition from neutral electrolytes when no gas is liberated, it may be respon¬ 
sible for the whole of the transfer resistance, but previous work by the author) 
seems to indicate that in such cases transfer resistance is very small Glasstone’s 
theory would locate the source of transfer resistance m the electrolyte, and it is 
difficult in this way to account for the observed influence of roughening of the 
electrode surface Again, the great lowering of transfer resistance with rise 
of current density is still more difficult to account for 

In order further to test this theory, two Senes of experiments were earned 
out In the first senes, sufficient copper Bulphate was added to the sulphunc 
acid electrolyte to render it tenth normal with respect to copper The surface 
layer at a oopper cathode m such a solution would be rapidly exhausted of the 
slow speed oopper ions, and, according to Glasstone’B theory, the transfer resist¬ 
ance should therefore be almost unaffected Experiment shows that this is 
* * J. Cheat Boo ,’ toL 187, p. 1884 (1989) 
t ‘Trans far 8oc„' vol. 19. Part I (19191 
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far from the time (see figs 5 and 0 Plate 4) At comparatively low current 
densities transfer resistance is reduced to zero and at higher current densities 
when const lerable quantities of hvdrogen are liberated along with the copper 
the transfer resistance is greatly reduced over voltage being unchanged in 
either case 

In the secon 1 stile* tk (oncentration of the electrolyte was varied Accord 
mg to Glass tone s theory transfer resistance shoull be almost inversely pro 
port local to (oncentratH n if electrolyte 4 senes of observations with a rough 
silver cathode in tenth normal normal and ten normal sulphuric acid gave the 
following results 

Current density milliampcrcs per s place 
centimetre 1 

Transfer resistance in — 

Tenth normal ai 11 35 

N< rmal acid 35 

Ten normal 30 

The over voltage was the same m all three solutions 
These results show that at low i urrent densities transfer resistance is but little 
affected by concentration changes m the electrolyte but at high current denai 
ties the effw t is great It appears therefore that transfer resistance is itself 
a complex quantity made up of at least two parts one due to a gas film whs h 
is greatly affected by changes of current density and another due to Glasstone s 
diffusion luycr which is but little affected by such changes At low current 
densities the former is overwhelmingly great hut at high current densities it 
tends to disappear whilst the latter becomes more prominent The separate 
estimation of these two effec ts is a problem of some difficulty 
The starring effec t of gas bubbles mentioned by Glasstone cannot account 
for the great fall of transfer resistance as the current density is increased since 
this effect is observable though to a smaller degree during metal deposition 
when no visible gas bubbles are produced It is probable that local heating 
across the diffusion layer has a considerable effect in lowering this part of the 
transfer resistance but the most powerful influence at work is undoubtedly the 
very intense electric field across the gas film Although the actual fall of potarn 
tad across this film may not exceed one volt the film m so thin thstths potential 
gradient is enormous and the internal friction very small Hence the chanoes 
of electrons shooting right through the film without oollhuon am great and at 
high current densities the electrical resistance of the gas film may become 


10 100 

10 12 ohms 

16 5 7 

13 3 
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Controlling Factois of Transfer Resistance 

negligibly small nearly the whole of the transfer resistance being then accounted 
for by the diffusion la} er 

Ii D Holler * uamg an apparatus similar to that employed by the author 
concludes that transfer resistance is due to a gas film 

S mu imry 

The variations of transfer resistance duo to condition of electrode surfaces 
and changes of mrrent density havi been investigate! with the five metals 
copper silver gold nickel an 1 platinum 
Transfer resistance is almost mdependelit of the chemical nature of the elec 
trode but is high with polislu 1 surfaces end low current (ensities and low nt 
rough surfaces with higl current densities 
At very high current densities transfer resistance is very low and nearly 
independent of the nature an 1 condition of the electrode surface but is greatlv 
affected by changes of conct ntration of the electrolyte 
Transfer resistance is mile up of two parts (1) the resistance of a film <f 
gas over the electrode surf i c (2) the resistance of a layer t f partially exhausted 
electrolyte surrounding the electrode 

The fall of transfer nsistanc at high uirrent densities is due to the increase 
of < onductivity of the gas film under the influence of a high potential gradient 
Over voltage is esscntmllv a chemical transfer resistance u [liysicnl phenu 
menon 

FVM ANA I LOS Clt PI VTL 4 («ce Table pp 183 4) 

Pio 1 —Copper polished C mil denwtv I 

Pio 2 —Copper polished t irrent tensity 100 

Kjo 8 —Copper n ugh Current d nsitv 1 

lio 4 —Coppc r rough f urrent isnaity 100 

Flo 5 —Copper rough (in N H NO, 4 N 10 tuS0 4 ) C urrent denmtj — 10 

Pia 6—Copper rough (m N tl^hO, t \ 10 CuS0 4 ) ( urrent density — 100 

* Uv rean (1 Stan lards Soi Paper No 504 
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Evidence for a Film Theory of Hydrogen Overpotential Jrom 
Surface Tension Measurements 
By A L MoAolay, F Inst P, Ph D, and F P Bowdkn, Jnr, B 8c 
(Communicated by Prof F Q Donnan, F R S —Received January 16, 1926 ) 


Whenever hydrogen overpotential occurs at a cathode there must be some 
transition layor between the electrode surface and the electrolyte, where 
hydrogen exists in a condition whose free energy is greater than that of the 
gaseous hydrogen into which it passes Even if the overpotential is believed 
to be the result of a resistant film this point of view is stall applicable, 
the additional free energy in this case being the electrical energy between the 
plates of a condenser 

The experiments described below seem to show that this layer hag many of 
the properties of a skin or film, and it will be referred to m the future as a film, 
without any significance being attached to the term besides that deduced in 
the course of the discussion 

The experiments to be described were undertaken with the object of investi¬ 
gating the nature and properties of this film, and consist mainly of simultaneous 
observations of the single electrode potential and the surface tension under 
varying conditions, at a mercury cathode at which hydrogen is being evolved 
These observations were made with a pure acid electrolyte and also with 
metal ions in solution with different current densities 

The results obtained indicate that a film of high surface tension must form oyer 
the mercury surface before hydrogen can be liberated, and that this film persists 
after the current depositing the hydrogen is stopped and the overpotenhal 
has disappeared, provided that the electrolyte is of pure acid The presence in 
the electrolyte of metal ions less noble than copper does not hinder the pro¬ 
duction of the film nor destroy it when produced, but the presence of metal ions 
more noble than copper does prevent the formation of the film at low current 
densities and destroys it instantly on open circuit. 

The indication is that overpotential is a secondary effect caused by a tangible 
film hindering the transformation of hydrogen ions into gaseous hydrogen 



Film Theory of Hydrogen Oterpotentuil 


191 


2 Experimental Arrangement 

Is most of the experiments the cathode was a surface of mercury m a vertical 
tube of 3 5 mm diameter The electrolyte filled the tube above the mercury 
to overflowing and an anode generally a platinum wire dipped into the top 
The surface tension measurements were mado by observing the changes in 
height of the mercury meniscus on an eyepiece scale in a microscope The 
absolute values of the surface tension changes observed are only to be taken 
as rough as the angle of contact of mercury and glass in the presence of the 
solutions used was not known The value assumed throughout was 52° 

The measurements of single olootrode potential were made by moans of a 
fine drawn glass tube with a tip of about 0 1 mm diameter which passed d< wn 
through the electrolyte to within a fraction of a millimetre of the mercury 1 
slow flow of solution was passed through this tube to prevent bubbles from 
entering and blocking it In spite of the movement of the mercury due to changes 
in surface tension ohmic offocts were only troublesome at very high current den 
sities The potential measurements were made in the usual way on a potentio 
meter against a calomel eloctrodc 

Experiments were also made using as a cathode a pool of mercury and weigh 
ing before and after passing current to determine the proportions of metal 
and hydrogen deposited under varying conditions 

3 Experiments on Production of Overpotentvd Film tn Solutions containing 
Nolle Metal Ions 


Fig 1 a shows a typical curve i onnoctmg current density with single electrode 
potential and fig In a curvo connecting current density with surface tension 
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Electrolyte N/l R\0, + N/10 Hg\0, 

Current Density in Amps /Cm * 

Single Electrode Potential tn Change in Surfaoe Tension 

Volt* on Calomel Seale m Erg*/Cm * 
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CURRENT DENSITY AMPS/CM 1 
Fto lc 

Ktectrolyte N/l HNO, | N/lOAgNO, 

Current m Ampa /Cm a Chaws® of Surface Tension In Erg»/('m 8 

the electrolyte being normal in HNO, and 0 1 normal in HgNO, Fig lc shows 
results obtained with an electrolyte normal in HNO, and 0 1 normal in AgNO, 
The general nature of the phenomena is the same m both cases though the results 
differ in detail 

Consider first the case of HNO, containing HgNO, (figs 1a and 1b) For 
current densities of less than 0 02 amp /cm* the potential remains very near 
the reversible value for mercury arid the surface tension changes very little 
At higher current densities both potential and surface tension begin to fluctuate 
over small limits The period of the fluctuations in the particular experiment 
the progress of which is being considered was about a second, but it may vary 
over wide limits There is some evidence that this fluctuation is due to an 
alteration of the mercury salt between the mercurous and mercuric states 
At this stage no hydrogen is being liberated As the current density is 
increased a point is reached where the conditions instantaneously alter, hydrogen 
is evolved, the surface tension rises more than 100 ergs/cm 1 and the potential 
of the cathode becomes more than 1} volts more negative The film is established. 
In this condition a more or less large proportion of the current is still carried 
by mercury as proved by weighing the cathode The transition to this state 
occurs as far as can be determined instantaneously, the determining factor 
being apparently the accumulation of hydrogen ions In the case of the experi¬ 
ment graphed the transition occurred at a rather unusually low current density, 
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after this current had been running for about five minutes It would have been 
easy to reach a current density of 0 3 amp /cm.* before the transition occurred 
by making the transition rapid Vigorous stirring hinders the transition but 
will not destroy the film once it is established 

Fig lo shows the surface tension current diagram for a corresponding experi¬ 
ment using N/10 AgNO, in place of HgNO, The progress of the experiment 
is represented by the arrows For current densities greater than about 0 2 
amp /cm.* the mercury surface was thrown into rapid vibration This vibration 
was very much more rapid and of quite a different type from the variation in 
surface tension referred to above 

At the current density of 0 3 amp /cm * the transition occurred, the electrode 
potential being m this case about— 1 3 volts On decreasing the current density 
the film remained intact until, a few seconds after it had been lowered to 0 08 
amp /cm J , the reverse transition occurred, the potential falling to between 
+0 3 and +0 4 volt 

The only characteristic differences between the two experiments described 
are the variations of surface tension and potential that occur with mercury in 
solution and not with silver, and the rather higher overpotontial obtained with 
mercury All the other differences are non-essential and depend on tho precise 
way in which the experiments arc conducted 

Accompanying the transition from the negative condition with high Burface 
tension, a remarkable change takes place in the character of the bubbles that 
have formed on the surface From & condition m whioh thoy arc flat and 
appear clamped to the surface of the cathode, disengaging themselves only 
with difficulty, they suddenly become spherical and almost free of the surface 
A large proportion actually comes away as the mercury column rises. An 
obvious explanation is that the film does not exist between cathode and bubble, 
and that therefore the gas will endeavour to spread over the mercury as far as 
possible when the film is established 

When salts of the following metals (Na, Zn, Od, Fe, Co, Sn, Pb, Sb) arc 
added to an electrolyte when the overpotential film has been formed, no change 
m the surface tension takes place With salts of the following metals (Ag, 
Hg, Au, Pt, Ir) the surface tension decreases instantaneously by an amount 
of the order of 100 ergs/om 1 With a Cu salt a lowering of surface tension of 
the order of 20 ergs /cm * is observed 

Theory —The experiments described in this section are consistent with the 
following theory An adsorbed film must be formed over the surface of the 
cathode before hydrogen can be evolved This film has a high surface tension 

VOX. CXI—A. O 
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It has a place in the electrochemical senes more positive than H and near but 
slightly more positive than Cu It is immediately replaced by ions more 
noble than Cu if they are present in the electrolyte This theory will be taken 
as a basis for discussion and in the next section further experiments will be 
described, made with a view of studying the nature and properties of the film 
in more detail 

4 Overpotentud Film in Solutions which do not contain Noble Metal 
lone 

Fig 2 shows curves connecting single electrode potential with current density 
for electrolytes of pure acid and of acid, and salts of metals less noble than 
silver The ourve for silver is added for comparison 



Guvs IIX-N/1 HNO, + N/10 Cu (NO,), Curve IV—N/l HNO, + N/10 AgNO,. 

Single Electrode Potential in Volts on Calomel Soale 

Fig 3 shows the corresponding curves connecting surface tension with ourrent 
density 

Fig. 4 shows the result of another experiment where electrolysis was started 
in pure acid with very much smaller current densities and the rise of surface 
tension was observed Both single electrode potential and surface tension 
are plotted In all cases the equilibrium value is plotted, for the smallest 
current density (1 X 1CT 5 amps ) three minutes were required for the rise to 
take {dace, and other experiments show that a very slow rise continues for 
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at least an hour With higher current densities equilibrium is reacts 1 almost 
immediately 
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The conditions in the absence of noble metal ions are seen to be completely 
different from those obtaining when these ions are present The film is estab¬ 
lished by extremely small currents The surface tension rises very rapidly 
with current density, and thereafter remains at an almost constant value, 
dropping slightly as the Ringle electrode potential increases, as would be 
expected of a surface receiving increments of charge Instead of the film 
being destroyed when the circuit is broken it remains intact with a rather 
higher surface tension thsn when current was flowing The single electrode 
potential, however, falls considerably If the apparatus is allowed to stand 
for a few hours on open circuit the surface tension falls to its original value 

Although the film is destroyed by standing for some time it is extremely 
difficult to destroy artificially without the addition of noble metal ions 
Removing and renewing the solution does not affect it, adding mercury to the 
top of the column and even removing part of tho mercury and pounng it 
back again leaves the surface tension high and the electrode potential negative 

On tho other hand, the trace of a salt of a noble metal destroys the film 
immediately, and sometimes it disappears rapidly with time The case of 
Cu is somewhat anomalous throughout, but it is much more nearly akin to 
that of Zn than to that of Ag Further consideration will be given to this 
point later 

Theory -The following theory is consistent with the above facts The 
overpotential film forms extremely easily in an acid solution, and once formed 
remains unless replaced by ions more electropositive than itself Mercury 
ions are very slowly detached from the mercury (tho film not being protective), 
and go into solution m the acid After a tame the concentration of these is 
sufficiently great to replace the film, and it is destroyed The overpotentaal 
is due to the resistance offered by the film. The effect of this is probably 
twofold First, there is something in the nature of an ohmic resistance, and 
next electrochemical processes are hindered, resulting in a layer of high free 
energy, which to some extent dissipates itself, although the film remains 
intact when the circuit is broken 

It was felt that though the above theory accounts for the facts, the evidence 
for the direct connection between the extra surface tension (which must be 
looked on as the direct effect of a film) and the overpotential was not sufficiently 
strong Thu evidence has come so far from such experiments as those whose 
results are shown in fig 1, where the abrupt ohangee of overpotential and 
surface tension invariably occur together, and m experiments with pure acid 
electrolyte and low current densities where the rise of surface tension and of 
•ingle electrode potential with time are always found to take place together. 
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The experiments described in the next section were made with the object 
of establishing the fact that the presence of the hlra makes possible the pro¬ 
duction of overpotential under conditions that would otherwise not produce it 

5 Effect of Film on Establishment of Overpotential 
With a pure acid electrolyte a current density of 1 x 10~ 5 amps /cm * was 
passed through a mercury cathode for 77 minutes In that time the Binglo 
electrode potential changed from -f- 0 368 to -f 0 010 on the calomel scale the 
surface tension of the film on the mercury changing from 10 ergs/cm* to 
83 ergs/cm* 

This current flowing for more than an hour was not capable of producing 
an overpotential A film was next formed by passing a current of density 
1 amp /cm * for a few minutes The circuit was then broken for 43 minutes, 
at the end of whioh time the electrode potential was -} 0 Oil, but a film was 
established, the surface tension being 180 ergs /cm * 

On now passing a current of density 1XI0" 4 amps /cm * the single electrode 
potential became much more rapidly negative than in the previous experiment, 
reaching a value of — 0 456 m 7 minutes, t e , m 7 minutes it had produced an 
overpotential of 0 170 volt 

These experiments would appear to provide strong evidence in favour of the 
theory outlined at the end of the two preceding sections by showing directly 
that the presence of the film favours the production of overpotential 

6 Relation between Surface Tension and, Single Electrode Potential 
Fig 0 shows a curve connecting surface tension and single electrode potential, 
obtained by the use of very small current densities with pure acid electrolytes 
Such experiments indicate that for electrode potentials more positive than 
about — 0 06 volt on the calomel scale, the potential is a single-valued function 
of surface tension, and that these quantities are oonnocted by a straight line 
law Neither statement is true above this potential, the single electrode 
potential rising rapidly, while the Burfaoe tension soon becomes nearly constant. 
Also the relation does not hold for films established by highor current densities 
In these oases higher surfaoe tensions are obtained on open circuit 
The graph show* that with the above qualifications the potential difference 
above + 0-42 volt bears a constant ratio r to the surfaoe tension The 
value of this ratio is about 0 0040 This ratio remains constant up to surfaoe 
s.n« Tnn« 0 f 110, but a glance at figs 2 and 3 shows that with current densities 
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of only about 0 0001, and surfaoe tensions of about 130, mu high as 0 009, 
and becomes higher for larger-current densities By passing a large current, 
and then breaking the circuit, values of r of about 0-009 are obtained with 
potentials up to —0 9 Nearly always the surface tensions are over 120 in 
such oases, but on one occasion by adding fresh mercury to the cathode 
directly after passing a large current, a value of r was obtained on open circuit 



of 0 0008 with a surface tension of only 61 ergs/ont*. ffigb values of r have 
never been obtained with potentials more positive than — 0 05 volt 
With the electrode potential rendered negative on open circuit by previous 
passage of a Urge current an experiment was made to investigate the change in 
surface tension produced by making the electrode positive artificially by means 
of an applied electromotive force The results are shown plotted on fig 6 
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Theory. —The following theory lb consistent with the above experiments 
The film u produced as the result of the accumulation of hydrogen ions brought 
up to tiie cathode by the current. Its surface tension increases as it is built 
up At the commencement of the action the solution pressure, P, is given by 


0 98 X 10* being the absolute potential of -f 0 42 volt on the calomel scale 
and 1 1 X 10 8 the osmotic pressure of the ions in a normal solution Until 
the film attains this solution pressure the singlo electrode potential will remain 
at the value characteristic of mercury in that particular electrolyte Further 
passage of current causes further aocumulation of ions and builds up the film 
giving it greater surface tension and a higher solution pressure This is 
supported by the fact that Cu ions when in solution replace a part of the him 
produced by a high current giving a sudden drop in surface tension on breaking 
circuit similar to that obtained with Hg or Ag ions but much smaller in 
magnitude This drop is absent with all ions more electronegative than Cu 
The point at which r increases may correspond to a change in condition, 
possibly the completion of a monomolecular layer, the added material of the 
film being no longer tightly adsorbed on the cathode surface and causing little 
increase in surface tension The free energy of the film, however, continues 
to increase On opening the circuit the high free energy docs not immediately 
dissipate itself and the film become gas ous hydrogen, for the same reason that 
mtro-glyoenno does not spontaneously lose its high free energy and explode 
The general picture here suggested is oonaisteut with the known fact that the 
over-potential at almost all cathodes approaches the same value at high current 
densities 

The over-potential when the polarizing current is flowing is invariably higher 
than that observed on open circuit, eg, on breaking the circuit the potential 
fails extremely rapidly (within ono-fifth second) from — 1 3 volts to — 0 93 
volt on the calomel scale Values higher than this have never been obtained 
on open circuit The decay from this lower value is slow, in some oases many 
minutes elapsing before a sensible decrease occurs From this it would appear 
possible that part of the over potential measured while the current is flowing is 
due to the ohmic resistance of the film, which behaves os a leaky condenser 
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Summary 

Simultaneous measurements have been made of the single electrode potential 
at a mercury cathode, and of the changes in surface tension of the mercury 
obtained when various currents flowed through different electrolytes 

The following conclusions were reached In order that hydrogen may be 
liberated at the cathode a film of high surface tension must first be formed over the 
mercury In a pure aoid electrolyte the passage of extremely small quantities 
1 of electricity produce this film, which remains intact when the circuit passing 
the current is broken 

The addition to the acid of small quantities of ions of metals more noble than 
copper destroys the film completely and instantly The following gave this 
result, Ag, Hg, Au, Pt, Ir The addition to the acid of ions of metals less noble 
than copper leaves the film intact The following gave this result, Na, Zn, Cd, 
Pe, Co, Sn, Pb, Sb The effect of Cu is intermediate between these cases 
Thus it seems that the film when r uUy formed has a definite place tn the 
electrochemical senes 

The production of an over potential at the cathode requires the initial establishment 
of the film Conditions that will not produce over-potential when a film has not 
first been formed over the cathode do produce an over-potential when a film 
has previously been formed over it 

Relation between Single Electrode Potential and Surface Tension.—The film 
can be built up slowly by the passage of extremely Bmall currents Till a 
certain stage is reached the single electrode potential measured above the 
reversible potential of mercury is proportional to the surface tension of the film. 
Further addition to the film increases the single electrode potential but leaves 
the surface tension approximately oonstant 
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A Note on the Significance of the Electrode Potential 
By J HEYftovsrf, D 8c , Ph D , Charles University, Prague 

(Communicated by Prof F G Donnsn, P R 8 —Received February 1, 1928 ) 

The following line* will suffice in this journal to invalidate Mr J A Butler's 
criticism* of the present author’s communication “The Significance of the 
Electrode Potential ”f 

1 In the present author’s formula the “ ionisation potential ” expresses 
correctly the free energy of gaseous ionisation of atoms since there is—at 
room temperature—no difference between the total anil free energy of such 
ionisation f 

2 The term Mr Butler proposes for the expression of free energies of hydra- 
tion§ is included in the writer’s symbols H Mt0H F and H B F 

3 The “ cycle ” by which Mr Butler tnes to invalidate the present author’s 
formula for the electrode potentials|| has no bearing upon any ilectro chemical 
process In Butler’s deduction the negative charges (the electrons) as well as 
the positive charges (the ions) are brought into the metallic electrode in 
exactly the same way, viz , from the ionisation equilibrium box I (stage 2, p 669) 
through the wet surface -inside the oell and solution—into the metallic 
electrode (stages 3 and 6) Consequently the electrical work (<f> F) done m 
crossing with the negative charge tbs (moist) surface potential <j> must be 
equal and opposite to the work (— K, F — it F) dono m crossing, with the 
positive charge, the surfaio potentials E, and it Hence, of course, Mr Butler’s 
result* follows at once, viz — 

it F + E. F - * F =» 0, 

which condition he should have been able to see immediately without his 
elaborate and lengthy cycle 

8uch a treatment, however, cannot lead to any electro-chemical thermo¬ 
dynamic cycle, and this is where Mr Butler is absolutely wrong The present 
author has nowhere brought electrons over the same interfaces as positive 
ionz , on the contrary, everywhere the transfer of electrons into the perfectly 

• ‘Roy Sod Proo,’ A. vol 104. p 867 (1923). 

t ‘Roy Soc Proo A, vol 102, p. 628 (1923). 

j See the writer’s first reply to this criticism in the ‘ Chemical News,’ vol. 128, p 387 

<!«K) 

| Butler, toe. oil, p 668, 8th Hne from bottom 

fl lee Ml, pp, 668-870. 
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dry metal (outside the cell) was considered, whereas the ions were brought 
over the wet solution interfaces into the electrode (inside the oell). 

It is only the latter mechanism which leads to a differentiation between the 
electno work terms, expressing the actual charging process of the eleotrodee, 
srnoe electrons do not penetrate into solution but pass—during the electrolysis 
—through the metallic connection outeide the cell 
Correcting thus Mr Butler’s cycle by writing <f> for the potential difference 
of the dry metal outside the cell and consequently leaving out the work term 
RT log, *,/*„ (in Butler’s notation, p 669, 17th line), which expresses the 
bringing of the electrons through the wet surface into the electrode, we obtain — 
it F + K, F - F = — RT log,*,/** 

Substituting further from the constant 

K*, — Me + , e,/Me, -= Me *■, 

where Me + , means the concentration of (unhydrated) metallic ions imagined 
to exist m equilibrium with the electrode, solution and vapour, t* the equili¬ 
brium concentration of electrons above the wet electrode surface and 
Me, (=» Me M ) the vapour pressure of the metallic electrode, we have — 

it + E, — RT/F log, Me+,/Me + „ (1) 

an expression quite different from zero * 

The present author has Bhown elsewheref that his criticised formula! for 
the electrode potential is obtained, by further substitution, from the above 
expression (1), which coincidence must indeed be expected from thermo¬ 
dynamics, since now both the corrected Butler’s as well as the writer’s cycles are 
reversible 

Summary 

1 It is explained that the stages of the author’s oyole, denoted by J A. V. 
Butler as irreversible, involve the correct free energy terms 

2 Mr Butler’s proof, that the author's potentials round the cycle are zero, 
m shown to be faulty owing to Butler’s transfer of electrons over the metal- 
solution-vapour interface instead of bringing them over the dry metallio surface 
outside the cell When this wrong step is avoided, it leads to the same relation 
between the electrode potential and the basic and ionisation constants, as has 
been deduoed by the present author, thus furnishing a further proof of the 
correctness of the deductions made by the latter 

* <# the writer’s flret reply, 'Chem New*,’ toe. at, p, 358, sad the second reply, 
ibid., to) 138, p 388 (1924) 

t ‘ Ohetn News,’ loc «< , "Jour Phy* Chem vol 29, p. 344 (1926) i ‘Oompt, Rend 
Acad Peris,' toL 180, p. 1655 (1926) 
t Lot eil. p 631, 8th line 
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The High Temperature Oxidation of Metals. 

By J 8 Dunn, M.A., PhJ). 

(Communicated by Dr W Rosen haw, F R 8—Received January 28, 1926) 

The oxidation of metals at high temperatures has been investigated with 
some thoroughness by Pilling and Bed worth * They found that the metals 
oould be divided into two great classes according to the nature of the oxido 
produced. If the volume of the oxide is greater than that of the metal from 
which it was produced an oxide film of compaot structure and protective 
properties will be produced If the volume of the oxide is loss than that of 
Ha parent metal a porous oxide is produced which has no protective action 
whatever 

The oxidation of the metals of the first class is controlled by the diffusion 
of oxygen through the protective film of oxide and the apjfiioation of the 
diffusion laws to this process lead us to expect that the oxidation law will be 
W* =* amount of oxygen absorbed 
W* «=* Ki t = tune 

K is a constant 

Pilling and Bed worth showed that the metals copper, nickel, zmo and iron 
obey the parabolic law with considerrble accuracy at elevated temperatures 
At lower temperatures they found that the behaviour of oopper is abnormal, 
the oxidation varying apparently capriciously They attributed these 
irregularities to the cracking of the oxide film and amved at a limiting value 
lor the oxidation rate of copper by drawing a curve through their lowest 
values This procedure is perhaps open to criticism. 

Cadmium and aluminium were found to conform to the parabolic law for a 
while after whioh the oxide apparently became impervious and the attaok of 
oxygen fell below measureable limits Pilling and Bed worth advanoed no 
explanation, bnt the suggestion of U R. Evans, that a change in the properties 
of the oxide had occurred by sintering or recrystallisation, affords a satisfactory 
explanation of this behaviour For oxides of such high melting points as 
alumina end cadmium oxide the sintering will be extremely slow at temperatures 
of 000° C and 300° 0 respectively, and this will account for the extremely 
long period of conformity observed 

* * J Inst MetvoL 29, p. 829 (1923) 
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The experiments of the present author on the low temperature oxidation of 
copper afford some support for this view 
It is therefore to be expected that accurate conformity to the parabobo 
oxidation law will only be observed under conditions which lead to the formation 
of an oxide film whose properties remain constant in time During the ooune 
of an investigation of the oxidation of the copper zinc alloys the details of 
whioh it is hoped to publish later it became necessary to review critically the 
conclusions of Pilling and Bed worth and to formulate a more fundamental 
theory of oxidation and diffusion 

Data for the oxidation of alloys of the following compositions are available for 
publication 


— 

No 3 

' No 8 

No 9 

gr 

7 86 

(tO 37 

9# 10 

0* 

0 01 

< O 01 

0 OS 

< 0 01 

0 04 

I 

;< 

HI 

29 OS 

< O OOfl 

9 SS 

0 004 
< 0 008 

4 84 


The oxide from No 8 onaists of almost pure zinc oxide although at the 
lowest temperatures the copper content may nso toll 5 per cent 
The oxides from No 8 and No 9 consist of cuprous oxide and zino oxide 
apparently in solid solution with the copper zinc ratio essentially identical 
with that prevailing in the alloy i e 90 per cent and 95 per cent oopper 
respectively 

The experimental methods of Pilling and Bcdworth were Mowed oloaely 
m one senes of experiments Oxygen was passod over the specimen under 
examination which was heated in an electnc furoaoe and the extent of oxidation 
waa established by weighing the speoimen after treatment for five hours 
In a second senes of experiments designed specially to study the form of 
the oxygen abaorption/tiroo curve the specimen was enclosed m a sihoa tube 
with pure dry oxygen and observations were taken of the volume decrease 
at oonatant pressure It waa found that the two alloys containing 96 and 90 1 
per oent of oopper follow the parabobo curve 
W* = Ki 

with accuracy The alloy oontauung 70 per oent of oopper follows a law of 
the same type 

W* - K( 


but n is rather higher than 2 
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The behaviour of these alloys is summarized in the following tables — 

The oxidation of Brass containing 95 per oent Cu 


Temperature 

| Wt of O, * boor bed in mgnu. 

J per *q cm in 5 hour* 

1 Oxidation constant gr* '/cm * 
per hour 

600 

2 83 

1 60x10"* 

725 

6 32 

8 00x10-* 

800 

12 0 

2 88x10"* 

880 

21 2 

9 0 X10-* 


21 4 | 

9 2 xlO-* 


The oxidation of Brass containing 90 per cent Cu 


o eis 

1 S3 


7 50x10-* 

8 7 xlO*’ 
* 28x10-* 
1 60x10-* 
0 70X10-* 


Oxidation of Brass containing 71 per cent Cu 


Temperature 


| O a absorbed In mg p«r 


580“ 


850’ 



0 41 
0 367 


•q cm 


Oxidation rate “ constant * 
gra '/cm • per hour 


8 82X10'* 
« 70 
7 00 

4 15 

3 36X10-* 
2 70 


725" 


1 54x10-* 
1 32 
1 36 


800“ 


5 23X10-’ 
8 40 


880“ 


2 26x10-* 

3 04 


* TUa value i> calculated from the extent <4 oxidation alter 3 boor period* upon the assump¬ 
tion ct oonformity to the parabolic law m order to facilitate oompartaon with other results, The 
fast that thia law i* not accurately obeyed in no way Invalidates the conclusions of this paper 
The adoption of a more oompiex empirical oxidation law would mean an alteration In the slope 
of the (log K.) I ij curve without any change in the nature of the curve itself 



J S Dunn. 


The expression of Pilling and Bedworth connecting temperature and oxidation 
rate 

K » oxidation rate constant 
K s= «T* T =» temperature, 

a and 6 are constants. 


was found to hold for these alloys, but since it is impossible to attach any physical 
meaning to an equation of such a type, this expression has been discarded 
If, however, logarithms of reaction velocity oonstants are plotted against the 
reciprocals of absolute temperatures, excellent straight hues are obtained 
Fig 1 embodies the results of this investigation and also Pilling and Bedworth’* 
observations npon copper, iron and nickel Copper appears to give two 
intersecting straight lines This point will be discussed later 
This result which is shown graphically on p 209 may be stated analytically 


or 


where 


dT RT* 


W - Ae-W* 1 ' 


W *= oxidation rate 
T = abeolutc temperature, 
A and Q are oonstants. 


The magnitude of the temperature effect immediately rales out any mechanism 
of oxidation founded upon the passage of oxygen through discrete cracks or 
channels Such a mechanism would have a temperature coefficient of about 
1 01 for 10° rise in temperature The observed temperature coefficient of 
1 3—1 5 is quite compatible with a process of actual solution of oxygen in 
the oxide 

It is necessary to devise a theory to aocount for a rapid exponential rise m 
the rate of diffusion of oxygeD There is no property of the oxide as a whole 
which can possibly account for such a rapid rise, and consequently we must 
look for some property of a few individual crystal units 

Let us make two assumptions both of reasonable probability Firstly, that 
the structural units of the oxide are in a state of vibration and that a random 
distribution of energies of vibration prevails. 

Seoondly, that an oxygen molecule can only pass a structural unit provided 
that this possesses st the moment energy greater than a critical value causing a 
loosening of the oxide structure at that point 
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If the distribution of energy in the solid u quantised the structural unite 
may have energies 

0, E, 2E, 3E nE 
The ratios of the probabilities of these events are 

1 e -(tH/BT) e -(nK/El) 

If in an aggregate of N units, M have zero energy 

N =_M_ 

1 _ 4 -<b/ro 

Let the cntical energy which a unit must possess m order to allow passage 
of oxygen be PE 

The number having energy less than PE is 

M (1 |- f -<MT) _| g-ira-D/arj 

To obtain the number of units having energy greater than or equal to PE, 
we subtract the sum of this geometrical progression from the sum to infinity of 
the same senes 

Therefore number with energy PE or above is 

- M - kt)> 

the ratio of these to the total number is 

g -(PE(ET) 

The reaction constant K is proportional to this quantity 

K - * c- (Pt,KT) , log, K « - g + const, 
d log, K _ PE 

«rr 3 rt*’ 

which is in formal agreement with the relationship found experimentally 
It is difficult to state definitely what is the structural unit thus involved— 
the ion or the molecule—but this does not invalidate the general line of treatment 
outlined above The permeability of a solid is therefore linked with such 
properties as its vapour and dissociation pressures which are manifestations 
of a selected lew specially active structural unit*—in this case one 13 tempted to 
■ay molecules 

This theory is open to criticism, for the energy of activation Q which must be 
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imported in order to agitate the structural unite sufficiently to allow the passage 
of oxygen or any other solute is given by the slope of the log, K curve 
If this is large an oxide should be relatively impermeable, and the lower the rate 
of oxidation the greater should be the value of Q We find, howevor, that all 
the log, K j ^ curves have approximately the same slope 
It must be remembered, however, that oxidation rate# are proportional to 
but not equal to the respective diffusion coefficients, and the extremely small 
value for the oxidation of alu minium is just as likely to be due to the extremely 
small solubility of oxygen as to a large energy of activation 
The behaviour of copper is peculiar, for, as already noted, it apparently gives 
not one straight line but two when the log of its oxidation rate is plotted against 
the reciprocals of absolute temperatures It is difficult to say whether onrf* is 
justified in resolving these data into two straight lines or whether the high 
temperature points lie on a curve continuous with the others It seems certain 
from lulling and Bedworth’s result* that only at the highest temperatures is 
found a fully annealed film capable of plastio deformation, and it seems pertinent 
to enquire whether at the lower temperatures they are dealing with the same 
cuprous oxide as at the higher temperatures , whether in fact copper oxide 
produced below 600° C is not in a somewhat similar state to the oxides of 
aluminium and cadmium, and is muoh more permeable than a fully annealed 
specimen. 

With alloys containing 90 per cent Cu, and 95 per cent Cu, a single straight 
line is observed down to temperatures of 680° 0 
All the evidence seems to be m favour of attaching the greatest weight to 
the high temperature measurements and accepting the relationship 

dlogK Q 

dT RT* 

with its theoretical foundation as a true description of the variation of oxidation 
rate with temperature 

The logarithms of the dissociation pressure of cupno oxide are plotted 
for comparison It will be seen that the slope of the dissociation pressure 
curve is considerably greater than that of the oxidation curve, so that we may 
conclude that the critical energy for formation of cupnc oxide is greater than 
that necessary to allow the passage of oxygen by diffusion This would indicate 
that the intermediate formation of oupnc oxide is not the mechanism of diffusion 
of oxygen through the layer of cuprous oxide 
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The equation which has been deduced for the influence of temperature upon 
diffusion rates should be valid also for other oases 



thonum in tungsten and sodium ions in glass 
Summary 

The oxidation of three copper zinc alloys has been investigated and shown 
to be controlled by diffusion through a protective film of oxide The rate of 
oxidation has been shown to vary exponentially with the temperature 
A theory of diffusion in solid solutions has been outlined and by the 
application of statistical laws to the thermal agitation of solids an expression 
for the venation of diffusion rate with temperature 1 as been doduced which 
is in formal agreement with the experimental law 
The results of Robert Austen and Van Ostrand and Dewey upon the 
diffusion of gold in lead are shown to be in harmony with this hypothesis 
The author wishes to thank Dr E K Rideal for much valuable advice and 
cnbcism and the Council of the Bntush Non Ferrous Metals Research 
Association for permission to publish this work 

* Phys Rev vol 20 p. US (1922) 
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The Low Temperature Oxidation of Copper. 

By J S Dutm, M.A , Ph D 

(Communicated by Dr W Rosenham, F R 8 —Received January 28, 1928 ) 


The attack of dry air or oxygen upon copper become* appreciable somewhere 
in the neighbourhood of 200° C The mechanism of the reaction m this 
temperature range has been studied by a number of authors but the absence 
of unanimity in their conclusions is remarkable It is evident that the oxidation 
of a metallic surface may result in the formation of a protective oxide film, and 
that continued oxidation may be controlled by the diffusion of oxygen through 
the film rather than by factors which are normally described as chemical 
Under these circumstances the progress of oxidation is precisely similar to 
the flow of heat and is subject to the same laws 
If c is the concentration of oxygen at a distance y from the oxide—oxygen 
surface after a time t then 



The solution of this equation is 


«c 

it 




If this expression is integrated with respect to C from x — 0 to x = <» we find 
that the total amount of oxygen passing across the surface is proportional to 
Vt or 

W * oxygen absorbed as oxide 
W* = K t t =■ tone 

K to const. 

u the ideal oxidation law. This is identical with the oxidation equation 
established experimentally for copper, nickel and iron at elevated temperatures 
by Pilling and Bed worth * They found that this law was obeyed above 600° C 
and with some reservations down to 300° C Tammann,t working at tom* 
peratures between 200° C and 300° C , made use of the phenomena of surface 
colours in order to follow the course of the reaction He assumed that the 

• ‘ J. Inst. Metals,’ voL 29, p. 329 (1923) 
t ‘ Z Anorg Chem vol 123, p 199 



211 


Low Temperature Omdatton of Copper 

colours were due to the interference of light in the thin him of oxide From 
the colour of the film by normally reflected light, an estimate of the film thickness 
may be made,* but Tammann and Koster appear to have applied this principle 
incorrectly for they quote figures for interference by reflection from two sur 
faces, at only one of which a phase change occurs Actually, a phase change 
occur* both at the air-oxide interface and at the oxide-metal interface 

Tammann’s oxidation equation is 

t - oe 4 ” — a, 

t is tame, to amount of oxygen taken up and a and b are constants, the latter 
dependent upon temperature 

W 0 Palmerf investigated a copper film rendered catalytieally active 
by repeated oxidation ami reduction, and concluded that m this special case 
the oxide formed had no protectn e effect and that tho rate of oxidation was 
proportional to the square of the amount of unoxidised metal 

HinshelwoodJ recognised the protective action of the oxide but denied the 
interference theory of surface colours which forms the basis of Tammann's 
work 

Hinshelwood's equation deduced in terms of pressure change measurements 
at oonstant volume 

KA - (Po-P)} 

showed upon experimental test variations of as much as 60 per cent m the 
constant KA 

It seemed therefore highly desirable to discriminate between, or possibly 
to reconcile, the various conflicting views upon the oxidation of copper A few 
experiments were earned out by the surface colour method both upon commer¬ 
cially pure copper, cleaned by abrasion, and upon activated copper supported 
upon china clay rods Tho specimens were placed in an evacuated vessel 
which was surrounded by the vapour of a boiling orgamo liquid Air was 
allowed to enter upon the attainment of thermal equibbnum. 

The application of the interference theory of the colours of surface films is 
beset by difficulties As a first approximation the colours may bo assumed to 
be identical With the colours of Newton’s nngs by transmitted light, and an 


• ‘ Z Anorg Chem,,’ vd HI, p. 78, voL 133, p 19® 
t ‘ Roy Hoc Proo ’ A vol 103, p. *44 (1988), 
t • Boj Soe. Prec, ioI 102, p 319 (1988). 



estimate of the film thickness may be made on tins basis from Rollete table * 
This procedure mvolvea the assumption that the phase changes at the air oxide 
and air metal interfaces exactly cancel each other and also ignores the effect of 
the dispersion of the film Other objections have been raised to the use of 
Rollets tables, based upon the fact that the conditions of transparency of the 
him and the reflectivity of the surfaces are not identical It is also essential 
that the composition and optical properties of the film shall remain constant 
during the tune of the experiment 

In expressing the thickness of the oxide film as estimated from the colour 
of the surface film relative values are used expressed as the equivalent air 
thickness This is the th ckncss of an air film which would produce the same 
oolour and it will be shown later that m the case of coppper no senoua error 
is involved in assuming that the thickness of the oxide film is proportional 
to the equivalent air thickness 

In fig 1 a plot of the squares of th ckneeses against time gives a senes of 



F g 1 —The Oxidation of Commercial Copper 
Abscissa represent tune In m nutee for 240’ and 200° n quarter minutes for 284’ 
Ordinates represent the square of equivalent thickness of onds film 
* Wien. Ber vol 77 in, p 177 
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straight lines through the origin and confirms tho relationship for the oxidation 
rats of normal or “ commercial ” copper, 

if = Irt 

The greatest reliance, however, cannot bo placed upon the method for the reasons 
already outlined, and because it is necessary to draw sharp arbitrary distinction 
between tints which fade into one another continuously The experimental 
method of conductivity change developed by W 0 Palmer was accordingly 
adopted with some slight modification Palmer ( loc cit) introduced his copper 
into a heated reaction tube which was filled with carbon dioxide He then 
exhausted before allowing the oxygen to enter This procedure is open to 
criticism for it is possible that oxidation, which is at first extremely rapid 
may take place to a certain extent before exhaustion is complete In the 
present investigation this possibility was eliminated 
by reduction tn sttu, and to this end an apparatus 
was constructed which is represented diagrammati- 
eally in fig 2 

This consists of a tube closed with a ground glass 
stopper at S, which admits two leads of stout silver 
wire LL to the copper film R which is supported on 
a china clay rod A battery at B furnishes a current, 
the diminution of which measured m a calibrated 
nulliammeter, M, enables rapid readings to be taken 
of the conductivity of the film Tape at P and A 
allow the exhaustion of the apparatus and the read 
mittanoe of air or hydrogen An organic liquid 
boiling m the glass outer tube Q furnishes a trans¬ 
parent vapour bath of constant temperature and 
enables observations of surface colour to bo made 
simultaneously with those of conductivity 

It was found that very reproducible results 
could be obtained with this apparatus, and that for a constant temperature 
of reduction, after one or two oxidations, the oxidation rate was independent 
of the previous oxidation history of the film 

In order to ascertain the limitations of the method adopted in estimating 
film thickness from the surface colour, a specimen of activated copper was 
atmealed for fifteen minutes at 444 ° C , and simultaneous observations of surface 
colour and resistance were made whilst the copper was undergoing oxidation 
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The observation! are shown m fig 3, where the smooth curve drawn through the 
circle* represent* the fall in conductivity of the film Croeeee represent the 
tboknese of the film estimated by the surface colour method, from Rollets’ 
table upon the assumption of an interference mechanism of the production 
of the colours The close correspondence of the thickness estimated by the 



iig 1 —Fall in Conductivity of Oxidised Copper 
Figs. 6-8 —The Influence ot Annealing (figs 8, 7), ot Suooesalve Reduction (fig 8), of 
Temperature (fig 8) on the Oxidation Rate of Activated Copper 


two methods shows that no serious error is incurred m the case of copper by 
the neglect of the oorroctions and refinements already outlined Equally 
good correspondence between the two seta of figures has been obtained m every 
oats tested The straight line m the figure u obtained by plotting squares of 
conductivity fall agauut tune, and shows that the oxidation of the annealed 
film follows accurately the paraboho law over the tame interval investigated 
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A number of oxidation* earned out upon activated copper at 209° C showed 
that the fall in conductivity was not strictly parabolic the later point* on the 
curve ihowrng a departure m the sense of a diminishing reaction velocity 
Aluminium cadmium and brass behave m a somewhat similar manner when 
undergoing oxidation at more elevated temperatures and the present author 
has attempted to account for this departure from the ideal oxidation law upon 
the basis of a change in the properties of the oxide him due to sintering or 
annealing which results in a lower permeability of the him to oxygen 
The oxidation of copper afforded an excellent opportunity to test this 
hypothesis Oxidation was allowed to prooeed to a stage characterised by the 
appearance of the first green surface colour and was then arrested by removal 
of oxygen by exhaustion The specimen was then kept at the temperature of 
oxidation for periods of 30 minutes and one hour respectively during which 
tune annealing may takp place Upon readmusion of oxygon the reaction 
proceeded at a considerably reduced rate indicating with some certainty that 
a change in the properties of the film brought about by heat treatment had 
indeed occurred The results of typical experiments are shown in fig 4 



Abscissa represent time in minutes Ordinates represent conductivity of copper la 
reciprocal ohm*. 
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Curve* 1 and 2 are simple oxidations Curve* 3 and 0 show the effect of arrested 
oxidation, and 4 is a check chronologically between 3 and 5 Curve 6 shows the 
effect of a senes of oxidations at 306° upon the oxidation rate The oonstant 
difference in the ordinates of 1, 2, 4 and 6 illustrates the independence of 
oxidation rate upon previous oxidation treatment These curves are not 
oomcident owing to a fall in conductivity of the copper film upon repeated 
reduction This is remarkable and seems to indicate a high volatility of the 
copper at the moment of reduction 

If surface colour chaDge be taken as the criterion the interesting fact emerges 
that activated copper oxidises considerably more rapidly than commercially 
pure electrolytic copper which has been cleaned by abrasion. It therefore 
seemed of interest to investigate to what extent circumstances which 
influence the catalytic activity of oopper have a similar effect upon the 
oxidation rate 

It has been shown* that a catalytieally active copper is produced by the first 
reduction of cupric oxide This catalytic activity is raised very considerably 
by a second oxidation and reduction, but subsequent treatment has compara¬ 
tively little influence The rate of oxidation is found to follow an exactly 
similar course 

Annealing at temperatures above 400° C is known gradually to destroy 
catalytic activity, and accordingly copper films were annealed at the boiling 
point of sulphur, 444° C, for varying periods Films which had been thus 
treated oxidised aocording to the parabolic law, and the more slowly the longer 
their time of annealing These results are shown graphically in figs 5 and 0 
in which the oxidation rates of variously treated copper film* are compared 
by the surface colour method 

In fig 7 the influence of annealing as judged by the conductivity measurement* 
is shown The difference is much more pronounced than m the surface colour 
curve*, and indicates that the annealing of an activated film is aooompamed 
by two effects, a change in the nature of the surface which influence* the 
thickness of oxide formed in a given time, and a change in the amount 
of surface exposed to oxidation which is revealed by the conductivity 

The influence of temperature upon the oxidation rate of activated oopper 
appear* to be abnormal in the neighbourhood of 210° (flg 8) Copper oxidise* 
apparently more slowly at 225° than at 200, and at 241° the oxidation rate ia 
very little greater than at 209 Above 241° the variation with temperature 

* Constable, * Roy Sot Proc.,’ A, roi 107, p, 271 (1928). 
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onoe more become* normal Palmer’s explanation, that this abnormality is 
due to the fact that at about 200® cuprous oxide begins to compete with copper 
for the oxygen, is founded upon his theory of oxidation which is shown to be 
untenable A much more likely explanation is that cuprous oxide undergoes 
a transition in the neighbourhood of 200°-230® Indeed such a change has 
been shown to take place by the arrested oxidation experiments Whether 
this change is simply an annealing of a structureless oxide or a definite transition 
between two polymorphs, or possibly a combination of both effects, is a question 
to which no definite answer can yet be given 
The results of this investigation confirm in every way the hypothesis that 
the oxidation of solid copper is under all circumstances controlled entirely by 
the properties of a protective oxide film Any departures from this law may 
be accounted for by a variation in the properties of the film This affords some 
support for the theory advanced to account for the departure of oertain metals 
from the parabolic oxidation law Palmer m his work on the oxidation of 
copper neglected the earliest points on his curves, and plotting the resistance of 
his film against time obtained a straight line He justified this procedure by 
postulating an adsorbed film of carbon monoxide which catalysed the earliest 
stages of oxidation and made the earliest observations unreliable 
In the present investigation every effort was made to remove all trace of 
reducing gaa with a Topler pump In the case of the annealed copper films 
tins process was continued for os long as *wo hours at a temperature of 444® C , 
but nevertheless the relationship 

^ = K was never obeyed 
<fT 3 

It is true that a close approximation to a straight line is obtained, but the 
curvature, especially among the earlier points, is definite and unmistakable 
T ammann 's logarithmic expression* for the oxidation of copper, founded as it 
is upon a fallacious application of interference principles, merits little serious 
attention 

The parabolic relationship 

W» = K( 

is therefore established for low temperatures as the ideal oxidation curve for 
copper, modified over long time intervals by a ohange in the state of the oxide 

* The present author h**, however, confirmed Tammenn’s equation for the oxidation of 
iron in the neighbourhood of 300° 0. 
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Thu result u m harmony with that established at higher temperatures by 
independent methods for copper and other metals. 

The fact that an activated copper film oxidises considerably more rapidly 
than either an annealed or a cold worked specimen u of considerable importance 
It is generally reoogmaed that m the earl wet stages, the orientation of the 
crystal units of an oxide film oonforms to that of the underlying metal The 
structure of a metal may be brought out owing to the variation of the oxidation 
rate of different crystal faces, For a definite time of oxidation each crystal 
face will be characterised by a distinctive surface colour. 

We are led to the conclusion that an abnormally permeable oxide film must 
reflect to some extent the structure of the underlying metal When copper is 
produced from cuprous oxide at low temperatures the spacing of the oopper 
atoms in cuprous oxide will prevail at the moment of oxidation Thu dis¬ 
tribution will be only momentary, for the action of interatomic foroee will 
immediately come into play and will aggregate the oopper into small crystal 
units. This process cannot proceed indefinitely for a contraction oocure, and the 
concentration of the oopper on various nuclei will remove the outer atoms of the 
small crystal units beyond the interatomic distance from their neighbours 
We shall therefore have produced what is virtually a colloidal aggregate of 
oopper atoms Whether the structure of cuprous oxide itself is preserved in 
the shape of small pseudomorphic units of copper is a question which oouM only 
be revealed by an X-ray spectrograph of extremely high dispersion Either a 
oolloidal structure m which the number of atoms m the mtercrystallma boun¬ 
daries is comparable with the total number of atoms, or a structure in which an 
expanded or pseudomorphic copper lattice retaining to some extent the spacing 
of copper in ouprous oxide, will account for the moreasod oxidation rate 
The X-ray examination of activated copper is in band at the present moment 
at Manchester An examination of activated nickel in Prof. Bragg’s laboratory* 
has revealed a broadening of the spectral lines, indicating in the opinion of 
the investigator that the nickel atoms occupy their normal lattice but that 
the crystals are of oolloidal dimensions 

Summary 

The oxidation of copper in its normal commercial state has been shown to 
follow the theoretical parabolic law over comparatively short time intervals. 

The oxidation of catalytacally active copper has been shown to proceed 
more rapidly than normal copper, but the parabolic law is not obeyed 
to Dr B. K, Rldeal. 


Private i 



Effect of Temperature on Viscosity oj Air 219 

The origin of this departure from the ideal law Iias been traced to changes 
occurring in the oxide film and a general parallel has been established between 
catalytio behaviour and oxidation rate 

The experiments described are considered to throw light upon tho nature 
of catalytically active copper to which a disperse structure has been ascribed 

I should like to thank Dr E K Rideal and Mr U R Evans foj much 
valuable advice and criticism, and the Council of the British Non-FerrouB 
Metals Research Association for permission to publish this work 


The Effect of Temperature on the Viscosity of Air 
By A 0 Rakkine, D Sc , Professor of Physics in the Imperial College of 
Science and Technology 

(Communicated by Prof H L Callender, F R S —Received 4th February, 1926 ) 

The recent measurements of F A Williams* of the viscosity of air from 
15® C to 1002° C have produced unexpected results The greater part of this 
extensive temperature range has hitherto been quite inadequately investigated, 
and the new data, if correct, will obviously be of great value in relation to tho 
theories of gaseous viscosity os a mea is of comparing their validities It is 
proposed to extend the measurements by the same experimental method to 
argon, which, being monatomic, is of special importance theoretically For 
these reasons it is essential that the accuracy of Williams’s data should be 
satisfactorily established before acceptance An examination of these data in 
comparison with data from other sources m respect of the lower part of the 
temperature range reveals differences which cast doubt upon the reliability of 
Williams's values, and there are, besides, Home features of his expen mental work 
which are open to senous criticism. 

Of previous investigations, that of Breitenbackt covers lie largest tempera 
tore range—namely, from — 21 4° C to 302° C For purposes of comparison 
with Williams's results given in Table V of his paper,$ Breitenbach’s values, 
interpolated where necessary, arc included in Table I, the last column of which 
gives the differences, expressed as percentages of Breitenbach's values 

• ‘ Roy Soo. Proc ,' A, vot 110, p 141 (1929) 
t ‘ Ann d Pby* ,' vol 97, p 808 (1899) 

{ Loe at , p 191 
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Table I 


Visromty In V Q S Unit* x 10* 


Temperature 


80 

loo 

180 

300 

ISO 

300 


Bifleronee por o*nt 


It will be seen that whereas the results agree fairly well at 0° C , the difference 
of 0 8 per cent in the absolute values being probably due to errors in calibra¬ 
tion, they separate rapidly from one another as the temperature increases 
The maximum difference occur, curiously enough, in the neighbourhood of 
189° C ; the lowest temperature, apart from tho calibration of the capillary at 
atmospheno temperatures in terms of Millikan’s viscosity data, at which 
Williams has recorded observations 

The test of the relative reliability of Breitenbach’s and Williams’s data in the 
common region must depend to some extent on the support they have from yet 
other sources These are not numerous, but the viscosity of air in the neigh¬ 
bourhood of 100° C has been fairly frequently determined Landolt and 
Bbmstem’s Tables record several values, all close to 2 21 X 10“ 4 C G 8 unite, 
which distinctly favour Breitenbach’s accuracy The comparison of the 
absolute values obtained by various observers is, however, open to obvious 
objections , it is fortunate, therefore, that we are able to apply a more stringent, 
test All differences arising from errors of measurement of the dimension* or 
calibration of the capillary tube can be eliminated by dealing with the results 
of various observers expressed as ratun of viscosities at different temperatures 
Such ratios are measurable with much greater accuracy than is possible with 
absolute values Applying this method to Breitenbaoh's data at 100® C and 
15° C, we obtain 

y i la> = a 1 221 
ij.. 1 807 


Data are also available at 183° C for calculating the similar ratio for 

i}i« 


which Breitenbach’s results give the value 1-419 
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We may treat the result* of various reoent observers m the same way 
introducing where necessary small temperature corrections to make the ratios 
atnotly comparable Table II includes the work of Breitenbach and all 
subsequent observers reoorded in the 1923 edition of Landolt and BSrnstein s 
Tables 


Table II —Values of the ratios and 3 1 ®- obtained by various observers 
7)15 ’ll* 


Observer 

j Reference i 

5ia 

Hi* 

n» 

Breitenbach 

Sehullte 

TUuler 

Pedersen 

Schlerloh 

Schmitt 

Ranklne 

Ann i Phys vol 07 p 803 (1898) 

Ann d Phya vol S p 110(1901) 

Verh d Phy« Ge« vol 8 p M3 (1900) 
Phys Rev 'vol 25 p 235(1907) 

Dlaa Halle (1908) 

Ann d I'hyn vol 30 p 393 (1909) 

Phys Zett vol 11 p 745(1910) 

1 231 

1 221 

1 204 

1 223 

1 217 

1 419 

1 420 

1 119 

1 423 


Mean value* 

1 218 

I 420 

William) 

Roy hoe Proc A vol 110 p 141 (1920) 

1 190 

1 370 


It will be seen that whereas the results of previous observers for these 
vwoosity ratios are remarkahly consistent Williams * values are much lowei 
than the means thus well established namely 2 5 per cent for the ratio 

312? and 3 5 per cent for the ratio ^ 1B1 Breitenbach s ratios on the other 
>]» 

hand differ from tho means by only one or two parte in a thousand The 
weight of evidence thus points to the probability of Williams s results being 
relatively to one another m error to the extent mentioned and to their being less 
reliable than Breitenbaoh s m the temperature region common to both Further 
it is not likely that under the more difficult conditions of measurement at the 
higher temperatures the accuracy w uld be improved 
If we have to admit* possible errorof 3 per cent in Williams s relative measure 
monte the greater part of the significance of his curve m Fig 3* disappears The 
linearity of AB would not be so well established and its slope upon which 
the deduced value of Sutherland s constant C dependa would become less deter 
minu te The magnitude of C is m fact so sensitive to variations in the slope 
of AB that apart from the present criticism the value given namely 172 € 
to four significant figures is certainly not justified and errors of the order 
Uidioated would be capable of accounting for the difference between this 


Lot cU pm 
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surprisingly high value and that hitherto accepted—120 or thereabouts On 
the basis of the validity of this criticism, therefore, it is impossible to aooept 
as satisfactory Williams’s conclusion thatSutherland’s law breaks down definitely 
for air at the relatively high temperature of 260° C„ and its implication that all 
previous observations which have confirmed the law below this temperature 
are seriously in error That the law fails eventually is admitted, aho that 
Sutherland’s constant diminishes, but at low temperatures much nearer the 
critical temperature It may be remarked, moreover, that the value of 
approximately 70 for C, which Williams’s own data give for the region between 
0° C and 100° C, is quite inconsistent with Vogel’s larger values, which aro 
quoted,* for still lower temperature ranges 

The most probable source of error in Williams’s experiments would appear 
to be the measurement of the high temperatures used On this question very 
little is said in his paper For each experiment a single temperature is recorded 
to an accuracy of 1 degree, and there is no mention of the fluctuations of the 
thermocouple indications over periods sometimes extending to more than two 
hours Moreover, although nothing is mentioned of a temperature survey of 
that part of the electric furnace occupied by tbe capillary tubes, a single thermo 
element near the entrance to the capillary appears to have been reliod upon to 
measure the average temperature of the air m the capillary throughout its 
transpiration Having regard to the fact that the thermo-element was at the 
centre of the cylindrical tube of tbe furnace, while the greater part of the 
capillary spiral was near its inner surface and quite close to the actual heating 
ooil, one would expect, without evidence to the contrary, that the capillary 
and the air in it would be hotter than the thermo-element, and that this 
discrepancy would increase at higher temperatures Such an under-estimation 
of the temperature would, at any rate, account for the rapid increase of viscosity 
apparently observed, and possibly provide an explanation of the differences 
to which attention has here been drawn 

With reference to constancy of experimental conditions, it may be remarked 
also that the pressure differences recorded, although given to the high degree of 
accuracy corresponding to about 0 1 mm of the gauge fluid, give no indication 
of the behaviourof the manometer during observations, even though the pressure 
differences had to be maintained as nearly as possible constant by the operation 
of a valve by hand Absolute constancy under such conditions is evidently 
impracticable 

Finally, reference should be made to a rather disturbing statement on page 162 
• hoe erf, p 103. 
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of William*’* paper “ The first oapillary tested did not give concordant results 
and was rejected A second and more uniform oapillary yielded the values 
given in Table I ” No precise indication is given of the uniformity of either, 
so that the effect of non-uniformity on reliability of results cannot be estimated 
It i* clear that large variations from cylindrical shape of the capillary are 
not permissible even for comparative purposes The only safe procedure, 
when some non-uniformity is inevitable owing to difficulties of manufacture 
at present associated with working quartz, is to ascertain whether Meyer’s 
formula is valid for variations of the pressure difference 

This test Williams does not appear to have earned out, his measurements, 
both in cabbration and in the subsequent high-temperature work, being confined 
to pressure differences within 1 per cant of 73,200 “ dynes ” (presumably 
dynes/cm 9 is meant) Unless, at a given temperature, the transpiration times 
are related to the pressures in accordance with the formula assumed, the 
true viscosity is not being measured 

It is suggested that Williams’s experimental tube should be subjected to this 
tost, and that the temperature survey of the furnace already mentioned should 
be earned out In this way his laborious and meritorious work already done 
and in contemplation would assume a greater value 
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Some Thermal Constants of Solid and Liquid Carbon Dioxide 
By 0 Maass and W H Bashes, McGill University, Montreal 
(Communicated by Prof H T Barnes, F R 8 —Received February 18, 1828) 

I —Introduction 

Carbon dioxide is a substance whose properties have been the subject of 
innumerable investigations Particularly the pressure volume-temperature 
relationships when in the gaseous and liquid phases have provided data for the 
basis of equations of state The thermal properties are not so well known 
and an investigation of these is the purpose of the following paper 
The actual measurements to be described deal with the direct determination 
of the latent heat of fusion, the latent heat of sublimation and the specific 
heats of the solid and liquid over the temperature range of 0° C to -rl84“ C 
The experimental methods employed are of sufficient interest to warrant a 
detailed description Since it was found that the specific heat of the solid 
carbon dioxide gave abnormally high results the expansion coefficient of the 
solid was measured 

Carbon dioxide is one of a few substances that develop a large vapour pressure 
in the solid state The specifio heat and thermal expansion coefficient values 
are ol interest in this connection Furthermore with a possible use of carbon 
dioxide as a refrigerant on a commercial scale the exact determination of the 
thermal properties of carbon dioxide is of practical importance 

II —Specific Heats and Latent Beat of Fusion 
(a) Method —The method employed in the determination of the specific 
heats and latent heat of fusion resembles that used by one of us for ice, bentene 
and other substances and was briefly os follows * 

A closed metal container, filled with carbon dioxide, was weighed and then 
allowed to come to an initial temperature m a brass tube, so arranged that 
uniformity of temperature was established rapidly The container and 
contents were then removed to an adiabatic calorimeter where the heat taken 
up by the carbon dioxide and its container was measured, this being corrected 
to a Anal temperature of +25° C (see calculations) The container was 
next emptied and weighed, after which a blank test was made on the container 
alone over the same temperature range 

* Mass* and Waklbauer,' J A.C.8.,' voL 47, p l (19*8). 



Thermal Constants of Solid and Liquid Carbon Dioxide 225 

From these values the total heat per gram of carbon dioxide from a known 
initial temperature to +26° C was calculated A number of ^terminations 
were made with different initial temperatures and the total heats obtained were 
plotted on a curve From this curve the latent heat of fus on of carbon d oxide 
was found and the specific heats calculated 
(b) Apparatus —The adiabatic calorimeter that was used is shown m fig 1 
The copper calorimeter vessel (D) had a capacity of 1300 c c wh le the o ter 



bath (K) contained 10 litres of water The copper calorimeter u as set on 
legs (Q) that were cemented to the outer bath as shown Cons derabl attention 
was paid to the stimng because of the necessity for a rap d cq al zation of 
temperature throughout the bath when hot or cold water was added Fo lr 
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stirrers (not shown m figure), each with two pairs of propeller blades, were 
rotated in different directions so that each stirrer forced the water in the 
opposite direction to the one on each side of it. A multiple thermocouple (T) 
of copper and const an tan was placed in the bath and calorimeter ae shown 
and was used throughout the experiments as a null instrument 
By the addition of hot or cold water the outer bath was always kept at the 
same temperature as the inner calorimeter water to within 0 0005° C Even 
when large temperature changes were taking place in the calorimeter, as when 
the cold container was suddenly introduced, it was possible to keep the 
temperature difference to within 0 01° C The temperature of the outer bath, 
which was the same as that of the inner calorimeter, was measured by means 
of a Beckmann thermometer Readings were taken to 0 001° C This 
thermometer had been calibrated by the Bureau of Standards and all the 
precautions necessary for its use as a precision instrument were taken 
The stirring in the calorimeter was accomplished by the up and down motion 
of a copper disc (L), appropriately perforated to permit the free passage of the 
thermocouple and the carbon dioxide container The weight of the disc 
was sufficient to permit rapid stirring, which was regulated by an electrically 
driven, adjustable eccentrio The calorimeter vessel was insulated from its 
jacket by three small ivory knobs affixed to pegs at the bottom The oover of 
the jacket was tightly clamped to a ledge at the top, which was well greased 
with vaseline This made a very effective water-tight joint A tube, wider 
than the carbon dioxide container, was soldered into the centre of the cover to 
permit the entrance of the container to the calorimeter proper Three other tubes 
of appropriate diameters served for the thermocouple arm and for the two 
stirrer wires. 

The following constant temperature baths were used to enable tho carbon 
dioxide to be brought to a known initial temperature before placing in the 
calorimeter 

An ice-water mixture gave the 0° C bath Sohd carbon dioxide moistened 
with ether was used for —78 6° C Liquid sir, obtained from an air liquefaction 
plant and therefore practically pure oxygen, gave the lowest constant tem¬ 
perature bath employed. In the latter caee analysis of tho liquid air for 
oxygen content was resorted to in order to obtain the exact temperature.* 
For temperatures between 0° C and —78 5° C a large Dewar flask filled with 
ether and vigorously stirred by a current of dried air was used The ether was 
brought down to the required temperature by the rapid addition of solid 
• George Claude, * Liquid Air, Oxygen. Nitrogen,’ p. 291 (1WJ). 



Thermal Constant of Solid and Liquid Carbon Dioxide 227 

carbon dioxide and could then be maintained at the desired temperature to 
within 0 1® C by the addition of small lumps of carbon dioxide A somewhat 
similar arrangement was employed to obtain a constant temperature bath for 
any point between —78 5°C and liquid air temperature The ether was 
replaced by the first distillate from petrolic ether which remains fluid to very 
low temperatures Liquid air was forcod into a glass cooling bulb (see fig 2) 
rapidly at first and then as required to 
maintain a constant temperature Stirring 
was effected as before by bubbling dry a 
from h through the petrolic there a ooi 
stancy of 0 1° being readily obtained 

The temperat ires of the baths were read 
by means of a platinum resistance thermo 
meter with compensating leads of the 
Callendar Barnes type which was operated 
through a resistance box a variable mer 
cury resistance and the galvanometer used 
in the thermocouple circuit 

(c) Procedure —The container for the car 
bon dioxide was made of iron had a 
capacity of 10 « c and contained about 8 
grams of carbon dioxide It was m-dal 
sealed and was strong enough to withstand 
the pressure due to liquid carton dioxide 
up to room temperature The container 
was weighed before and after each run to 
make certain that no loss of carbon dioxide 
oocurred due to leakage 

Thu weighed container (see S m hg 2) hllod with carbon dioxide was placed 
m a bras* tube of such a diameter that the container could just pass easily through 
it One end of the tube was closed water tight while the other was stopped 
with a oork to which the container was attached by means of linen thread 
Two copper dues enclosing wool (see W in fig 2) served to insulate the container 
from tie upper part of the tube Kleotno tape was wound over the side of the 
oork and the top of the tube This prevented any moisture condensing on 
tie cork or the tube and eliminated the danger of introducing water from 
tilt source into the calorimeter 

The brass tube was then suspended m the oonstant temperature bath and 
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allowed to remain at a known initial temperature for a sufficient length of tune 
to permit the carbon dioxide and container to come to this temperature From 
1 to 1J hours was found to be quite satisfactory For the points below —60° C. 
the brass tube and oontents were kept m solid carbon dioxide moistened with 
ether for 1 hour before placing in the oonstant temperature bath This was 
done to prevent supercooling of the carbon dioxide It will be seen in the 
curve obtained for the heat content of carbon dioxide (see fig, 3) that one 
determination at —61 4° C did supercool This happened before the necessity 
for precooling the carbon dioxide well below its melting point was recognised 
While the carbon dioxide was m the constant temperature bath the adiabatio 



calorimeter was prepared as follows The inner calorimeter vessel was weighed 
empty and dry It was filled with water at a suitable temperature and re- 
weighed, After placing in the calorimeter jacket the cover was immediately 
clamped into place, the tubes in the cover for the introduction of the thermocouple 
and the container being stopped with corks. The calorimeter bath was 
immediately filled with water to the overflow, which allowed water to completely 
surround the calorimeter jacket, including the cover. The thermocouple 
was set in place with one arm in the calorimeter and the other in the water of 
the outer bath. By running in hot or cold water the temperature of the water 
in the outer bath was brought slightly higher than that m the calorimeter 
proper and maintained at this higher value until the calorimeter was required 
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lor use The muon for maintaining this slight difference in temperature was 
to prevent any distillation of the water from the calorimeter to tho top and 
walla of the calorimeter jacket 

Shortly before the time for the introduction into the calorimeter of the 
carbon dioxide and container the water m the outer bath was brought to 
exactly the same temperature as the water in the calorimeter proper Prom 
this point to the end of the experiment the two baths were kept as utarly as 
possible at the same temperature 

The Beckmann thermometer was read every five minutes until three successive 
readings did not vary more than 0 002° from one another Conditions m 
the calorimeter were then known to be constant 

The electric tape was removed from the brass tube in the constant temperature 
bath and the carbon dioxide in its container was rapidly transferred to the 
calorimeter (see A in fig 1), the cork to which the container was affixed fitting 
the tube through which the container was introduced into tho calorimeter 
(see J m fig 1) Appreciable heat loss in the transference of the carbon dioxide 
to the calorimeter was avoided since the tune required to remove the container 
from the constant temperature bath to the calorimeter was less than three 
sooonds The insulating plug of wool and copper discs automatically fell off 
as the container was removed from the brass tube 

Cold water was rapidly run into tho water-bath surrounding the calorimeter 
as the water in tho calorimeter cooled down When a constant temperature 
had again been reached, readings of the Beckmann thermometer were taken 
every five minutes until three successne readings agreed with one another 
to 0 002° 

(d) Sample Set of Observations —The following set of observations are 
characteristic of those obtained throughout — 

Initial temperature = — 78 5° C 

Weight of calorimeter and water = 926 00 gms 

Weight of calorimeter = 269 46 gms 

Weight of water =3 656 66 gms 

Weight of calorimeter, stirrer and thermocouple 

arm = 298 2 gms 

Specific heat of calorimeter, stirrer and thermocouple 


0 0827 cals per 
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Beckmann thermometer readings 
Tune, 

9 00 p m 
0 06 „ 


Introduced carbon dioxide and container - 
Time 


Weight of container and carbon dioxide = 29-6092 gtns 

Weight of oontamer =3 21 4300 gms 

Weight of carbon dioxide = 8 0292 gma 

(e) Calculations and Results —The following set of sample calculations a 
based on the observations given above 
Calorimeter temperature — 

Initial -3 643 Final -2 100 

Correction for standard 0 0001 0 0030 

Temperature change of calorimeter . — 1 4469° C 

Setting faotor for Beckmann thermometer =» 1 000 
Weight of water =a 665 66 gms 

Heat given up by calorimeter, stirrer and thermocouple arm 
= 298 2 x 0 0827X1 4469 
=3 36 668 calorics, 

Heat given up by water 

- 666 66x1 4459 
=3 947 863 calories 
Total calorimeter heat change 

= 983 62 calories 

Heat taken up by carbon dioxide and container near +26° C 
=5 6 8 cals per degree 
(from preliminary curve of Total Heats) • 


• Since the ond temperature was always leas than 1° either above or below 26° C, a 
preliminary curve of Total Heat taken up by carbon dioxide and oontainer was plotted 
against Initial Temperature (neglecting end temperature) and the slope was determined 
in the region of liquid carbon dioxide From this slope the number of calories taken up 
per degree waa found and was used to oorrect the Total Heat taken up to an end 
temperature of 26' C 
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Final temperature of container and contents 
= 2 10° (Beckmann) 

= 23 6B°C 

Total heat taken up by carbon dioxide and container from 
—78-5° C to +25° C = 992 43 calories 

The calculation is self explanatory and it will be seen from it how the heat 
change is always calculated to tho same end temperature 

The values for the total heat change, given in Table I, arc the means of 
several determinations that agreed with one another to within 0 5 per cent 


Table I 


Initial Temperature of taibon Dioxide 

Total Heat (Calorie*) taken up by 


Initial Temperature to +25° C 

+28 0"C 

0 0 

-37 8" C 

-as rc 

390 S 

SOP fl 

-61 4” (' (Supercooled) 

81 V C (Solid) 

-70 8" (’ 

-7* S'C' 

547 8 

908 S 

981 4 

990 3 


The values given in Table 1 were plotted on a curve* from which the rise 
in the heat taked up by the carbon dioxide at —86 2° C (the melting point) 
was equal to 364 calories 

Hence the latent heat of fusion is equal to this rise in the heat taken up 
divided by the weight of carbon dioxide in the container. 

Latent heat of fusion of carbon dioxide 

^ 364 

8 029 

= 45 3 calories per gram 

as compared with the value 43 8 found by Kuenen and Robson t 

* This curve is not given here but was similar to flg. 3, except that Total Heat of 
container and oontents was plotted against Initial Temperature on a large scale 
t ‘ Phil Mag voL 3, p. 824 (1902) 
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To obtain the specific heats of the sohd and liquid carbon dioxide the specific 
heat of the container* was determined over the temperature range —183‘1° C. 
to -f-20 0 C and a number of additional determinations of the total hoats of the 
carbon dioxide and container were made 
The heat oontent per gram of container and the heat content per gram of 
carbon dioxide are given m Table II below 


Heat Content per Gram (Calorie*) 


+38 O’C 
0 0°f 

- 37 8" (' 

-54 3" C 

■61 4“ 0 (Super-oooled) 
-«1 4° C (Solid) 

70 6° C‘ 

- 7 * 6"0 



In Table II, column 1 gives the initial temperature of container and content*, 
columns 2 and 3 the heat required to warm up one gram of container and 
one gram of carbon dioxide respectively from the initial temperature to +25® C. 
Thus, for example, the third to last figure m column 3 (namely 94 34) means 
that it requires 94 34 calories to warm up one gram of carbon dioxide from 
—78 5° C (its boiling point) to +25° C, without evaporation 

The values for the heat content per gram of carbon dioxide given in 
Table II are plotted against temperature in fig 3, where H represents heat 
content per gram of carbon dioxide and T represents temperature in degrees 
centigrade. 

In Table in below are given the average specific heats of oarbon dioxide 
over several temperature ranges, 

* It Is of Interest to note that the average epeoific heat of Iron over the range 
— 183 l’O. to -ftt'C wae found to be 0-08S5 in agreement with the value found by 
Richard* and Jackson over the same temperature range (‘ Z phys. Chum.,’ voL 70, p. 414 
(1810)) 
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Table III 


Temperature Benge j 

Average Specific Heel 

+80° 0 to-50 3* C i 

0 490 o»l» per gm per deg 

-55 2“ C to —78 5“ C 

0 348 cell per gm per deg 

- 78 5°C to -115 0°C 

0 284 cell per gm per deg 

— 110 0”C to -183 rc 

0 231 oeli per gm per deg 


By taking tangents to a curve of the total heats plotted to a large scale the 
specific heats of the solid carbon dioxide (C,) could be represented over the 
temperature range (—56° C to —110° C ) by the equation 
C, => 0 400 -0 00283 T+0 0000125 T* 

where T represents temperature in degrees absolute 
The values for the specifio heat at various temperatures are given in Table VII 
Eucken* obtained 0 294 and 0 296 at 195 2® A and 196 4° A respectively as 
compared with 0 324 and 0 326 found by the authors 
The results obtained for the molecular heats (at constant pressure) of solid 
carbon dioxide are of considerable interest The average value for the molecular 
heat over the temperature range from the boiling point (—78 5°C )to the melting 
point (—56 2° C ) was found from the foregoing results to be 15 312, this value 
decreasing to 12 496 over the lower range of —115 0° C to —78 6° C Both 
these values are much larger than the molecular heat obtained for carbon 
dioxide in combination at much higher temperatures The average molecular 
heat of compounds such as RCO» is 20 7 and that of the oxides EO is 11 1 
so that the average molecular heat of carbon dioxide in combination is 9 6 
The molecular heats are of course all measured at constant pressure, and it is 
to be inferred from the above comparison that the molecules in pure solid carbon 
dioxide are not held together as firmly as the carbon dioxide when combined 
with metallio oxides 

In corroboration of this fact it was noticed that solid carbon dioxide has a 
much greater thermal expansion coefficient near its melting point than is 
ordinarily attributed to a solid Measurements of this expansion coefficient 
have been made and will be described m detAil later 

* • Ber Deut phyukal Oca,’ vol. 18, pp 4-17 (1918) 
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111 —Latent Heat* of SubUmatwn and Evaporation 

(a) Method— In the determination of the latent heat of evaporation of 
carbon dioxide a special apparatus was designed by means of which pure carbon 
dioxide could be generated and a known weight then condensed into a container 
The container and contents did not have to be weighed at room temperature 
so that there was no necessity of having a container that would withstand any 
appreciable pressure 

The solid carbon dioxide was allowed to warm up in an adiabatic calorimeter, 
and the heat taken up by it from a known initial to a known final temperature 
was accurately determined 

During this rise in temperature the container was open to the air so that the 
carbon dioxide evaporated, the final temperature of the gas formed being that 
of the calorimeter 

(b) Apparatus —The apparatus for the generation and condensation of the 
carbon dioxide is shown m fig 4 * Dilute sulphuric acid (1 6) was contained 



in the dropping funnel (A) and allowed to drop on a saturated solution of 
potassium carbonate in the flask (B). The carbon dioxide so produced was 
dned by passuge through the concentrated sulphuric acid bubblers (D) and 
then over phosphorus pentoxide in the tube (E) By observation of the 
mercury manometer (F) the pressure of the carbon dioxide generated could be 
maintained at that of the atmosphere The dned gas was collected in the 
volume bulb (J), the pressure m this part of the apparatus being determinable 
at all tunes by means of the mercury manometer (L) 

Condensation was effected in the glass bulb (H) The first attempt was 
made with a metal oontamer fitted with a metal spiral as a receptacle for the 

* The distillation flask and the (0) tap* (P) and (Q) were sealed on for the determination 
of the ooeffielsnt of expansion to be described later 
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condensed cubon dioxide, but it was found to have too high a heat conductivity 
Even with the spiral surrounded by a steam coil it became so cold that carbon 
dioxide was condensed in it, thus blocking the passage to the container proper 
Consequently the metal container was replaced by the glass bulb which waa 
found to be very satisfactory 

The bulb (H) was constructed to have a volume of about 20 c c A glass tube 
at the top facilitated sealing to the main part of the carbon dioxide apparatus 
and could be sealed of! completely after condensation of the carbon dioxide 
The bulb was also fitted with a thin-walled glass spiral of Bmall bore through 
which the carbon dioxide was allowed to escape during the heat change 
measurements The object of the spiral was to ensure the escaping carbon 
dioxide being at the same temperature as the water in the calorimeter This 
spiral was a very important feature of the glass container The thickness of 
the walls was about 0 1 mm and the diameter of the tube was less than 2 mm 
Before placing in the calorimeter the tip of this thin tube was broken, and since 
the other tube from the bulb waa sealed oft, the carbon dioxide could only 
escape through the spiral. In this way all the escaping carbon dioxide was 
enabled to come to the temperature of the water before leaving its influence 

The whole apparatus oould be evacuated by means of a vacuum pump 
It was found advantageous only to evacuate that part of the apparatus to the 
right of tap (G), the left-hand section being maintained always at atmospheric 
pressure. This eliminated the danger of au leakage through the rubber con¬ 
nection between the flask (B) and the rest of the apparatus that might have 
taken place due to the higher pressure on the air side of the tubing A rubber 
connection was used in order that the generator might be easily removed and 
cleaned out when the solution of potassium carbonate was used up Except 
at (B) all connections were glass blown to prevent any leakage in the apparatus 

(c) Procedure —The whole apparatus was swept out at least five times 
with carbon dioxide by evacuation of the part to the right of tap (0) followed 
by generation of carbon dioxide in the flask (B), which passed through the 
partially opened tap (G) After filling all the apparatus with carbon dioxide 
at atmospheric pressure, taps (G) and (M) were i losed, care being taken to see 
that taps (I) and (K) were open 

A piece of tissue paper was tied around the bnlb (H) and a Dewar flask filled 
with liquid air was carefully brought up under it When using the bulb (H) 
without the tissue paper it was found that during the condensation of the carbon 
dunide, even with dry air blowing around the condensation bulb, it was 
impossible to prevent the deposition of a certain amount of water on the surface 
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of die bulb Consequently the values for the heat change when this took 
place were found to be a few calories too high and therefore were rejected. 
Results checking to better than 0 5 per cent were obtained by the use of the 
tissue paper This paper prevented the condensation of water on the bulb, 
and the time to remove it before placing the bulb in the calorimeter was 
negligible since it could be tom off at one stroke. 

As condensation took place in the bulb (H) the left-hand column of the 
manometer (L) rose. Tap (I) was then closed and the positions of the mercury 
in the two arms of the manometer (L) were obtained from the scale (N). The 
apparatus was refilled with carbon dioxide at atmospheric pressure by partially 
opening tap (G) Tap (G) was then redoeod and, on opening tap (I), further 
condensation took place in the bulb (H) as shown by the nse in the left-hand 
column of the manometer (L) Tap (I) was closed again and the mano¬ 
meter read as before The apparatus was filled a third time with carbon 
dioxide at atmospheric pressure and condensation was effected as alresdy 
described 

Note was made at the tune of barometric pressure, room temperature, and 
the temperature of the water-bath gurroundmg the volume bulb (J). The 
glass tube connecting bulb (H) to the apparatus was sealed off completely and 
the bulb was immersed in liquid an for 30 minutes 

When the adiabatio calorimeter was ready the tip of the glass spiral of 
bulb (H) was broken, the tissue paper was tom off and the bulb was transferred 
rapidly to the calorimeter where the heat changes occurring were carefully 
noted. 

It was very important to have the end of the glass spiral projeot above the 
cover of the calorimeter jacket when the bulb was in the calorimeter proper 
It was found that the total heat from —183-l 0 C to -f25° C was 191 -5 calories 
as compared with the probably correct value of 183 calories when the carbon 
dioxide was allowed to escape from the bulb (H) into the space between the 
calorimeter proper and the calorimeter jacket. This is explained by the faot 
that a certain amount of water probably evaporated into the dry carbon dioxide 
gas circulating above it Even the evaporation of a small amount of the 
calorimeter water would have an appreciable effect os the heat measurements 
because of tbs large latent heat of evaporation of water 

In order to calculate the amount of carbon dioxide m the bulb (H) it was 
necessary to know accurately the different volumes present from which it was 
oondensed. The volume of the bulb (J) was determined in the usual manner 
by filling with water and weighing. The volumes of the tubing and bulb (H) 
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were determined by filling bulb (J) with »ir at atmospheric pressure, evacuating 
the tubing, opening taps (K) and (I) and reading the manometer pressure 

(d) Calculations and Results —The mean of several determinations, agreeing 
with one another to better than 0 5 per cent, gave the total heat of oarbon 
dioxide (solid and gas) from -183 1° 0 to +24 6° C. 

=«= 183 0 calories per gram 

From Table I tho total heat of carbon dioxide (solid) from —183 1°C to 
-78 5° C 

= 26 56 calories per gram 

Taking the mean specific heat of carbon dioxide g&a from tables* as 0 19, 
then the total heat of carbon dioxide from 0° C to +24 6° C. 

= 4 67 calories per gram 

Henoe the total heat of oarbon dioxide from —78 5° C to 0° C 
= 183 0 - 26 86 -4 67 
— 151 8 calories per gram. 

Now the heat required to warm carbon dioxide gas from —78 8' C to 0° C 
=» 78 5x0 19 
aa 14 9 oalones per gram 

Henoe tho latent heat of sublimation of carbon dioxide 
=4 151 8-14 9 
=* 136 9 calories per gram. 

Andrewsf has recently measured the latent heat of sublimation of carbon 
dioxide, obtaining the somewhat higher value of 161 calories per gram as the 
mean of a large number of determinations that do not agree nearly as well with 
one another as the various values obtained by tho authors The difficulty 
pointed out by Andrews of obtaining good thermal contact due to the high 
insulating property of the carbon dioxide snow itself falls away altogether 
in the method adopted in this laboratory, 

From Table III the average specific heat of solid carbon dioxide from — 78 5° (' 
to —56 2° 0 is 0-348, so that the heat required to warm solid carbon dioxide 
from —78 5°C to-56 2°C 

« 0 348X22 3 

e=» 7 76 calorics per gram. 


* Landolt-Bfirnaieln, ‘ PHy» Chera Tab ,’ p 1274(1923) 
f * J.A.O.S.,’ voL 47, p. 1597 (1925) 
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And the best required to warm carbon dioxide gas from —78-B*C. to 
-66 2° C. 

= 0 10x22-3 

=>4 2* calories per gram 

So that the latent heat of evaporation of carbon dioxide 
= (136 9+4 24)—(46 3+7*76) 

= 88 1 calories per gram 

IV —Coefficient of Expansion 

(а) Method —The general method employed in the determination of the 
coefficient of expansion of carbon dioxide was to condense a definite weight of 
carbon dioxide in a small glass bulb fitted with a graduated capillary 
tube A known weight of gas was then condensed in the bulb as a liquid, 
completely filling the bulb and part of the oapillary tube, which was then 
scaled off 

The position of the liquid in the capillary tube waa read at different tempera¬ 
tures from the graduations on the glass Then, knowing the weight* of carbon 
dioxide and of liquid respectively, and the densities of the liquid at the various 
temperatures, it was possible to calculate the densities of the carbon dioxide 
at these temperatures From the values so obtained the coefficient of expansion 
of solid carbon dioxide at various temperatures was calculated 

(б) Apparatus —The apparatus for the condensation of the carbon dioxide 
and the liquid was the same as that used in the determination of the latent 
heats of sublimation and evaporation A distilling flask (0) for the liquefied 
gas, together with taps (P) and (Q), was sealed to the apparatus between tap (M) 
and the vacuum pump (See fig 4) The gas was kept liquefied by surrounding 
the distilling flask with liquid air 

The density bulb had a volume of about 3 5 c c and was glass sealed to 
the apparatus in the position oocupied by the bulb (H) in fig. 4 The graduated 
capillary sealed to it was carefully calibrated. 

Constant temperature baths similar to those previously described were 
used 

(c) Procedure —Some preliminary tests were mado on the solubility of carbon 
dioxide in petroho ether (B P < 36° C). The petroho ether was cooled with 
solid carbon dioxide and was then drawn through a filter of linen and glass 
wool into lime water There was no indication of the solubility of carbon 
dioxide Petrolic ether was, however, abandoned as a liquid suitable for the 
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measurements because of its variable composition and the experimental difficulty 
of adding definite quantities to the density bulb when filled with solid oarbon 
dioxide 

Since this other consisted of a mixture of saturated hydrocarbons it was 
replaced by propane which could be prepared with great purity, could be 
handled in the gaseous state, and the density of which in the liquid condition 
had already been determined to a certain extent * 

The propane was made by allowing normal propyl iodide to act on zinc-copper 
couple in the presence of alcohol Tho liberated gas was passed through 
concentrated sulphuric acid and then condensed by means of solid carbon 
dioxide moistened with ether The liquefied propane was then allowed to 
distil into a gasometer in which it was stored over water The propane so 
obtained was punticd by passing three times successively through aloohol 
and over more zinc copper couple It was then passed through concentrated 
sulphuric acid to remove all moisture and was condensed by means of solid 
carbon dioxide moistened with ether After several distillations, when no 
residue remained in a flask on allowing it to warm up to 0° C, the propane 
was finally distilled into the flask (0) attached to the condensation apparatus 
(see fig 4) which was then scaled ofi from the air 
Carbon dioxide was condensed into the density bulb by the same procedure 
as before The apparatus was then swept out with propane and the propane 
was finally allowed to condense in the density bulb in the same manner as the 
carbon dioxide, rare being taken that the bulb was filled completely with the 
liquid The density bulb was then sealed off from the air 
Readings of the capillary were taken m solid carbon dioxide moistened with 
ether, in liquid air, and at a number of temperatures between —78 6° C and 
—140° C For these latter determinations the petrolic cthor constant tem¬ 
perature bath was employed 

Since the density of liquid propane was only known to about —78 5" C 
additional determinations were made using the method employed by Maass 
and Wnght The density bulb for these experiments was fitted with a small 
bulb at the top so that the liquid propane could be warmed up to room tem¬ 
perature and then weighod Readings of the capillary were taken m liquid 
air and in the petrolic ether bath at different temperatures 
Table TV below gives the densities of propane as found They agree with 
those obtained by Maass and Wnght at higher temperatures 


1 Mass* and Wright, * J A C 8.,’ »ot 43, p. 5 (1921) 
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Table IV. 


-us s 

-139 0 
-133 3 


The density determinations of the carbon dioxide were repeated using a 
Larger amount of carbon dioxide w the density bulb and also a new sample of 
propane, prepared and purified m the same manner as the first amount. 

(d) Calculatums and Results —The following calculation is typical of those 
made throughout this determination — 

Weight of propane =■ 0-4767 gms 

Weight of oarbon dioxide 3= 4 8939 gms 

Temperature = —116-2® C 

Volume of density bulb to point of meniscus corrected for temperature 
~ 3 7581 oo. 

« 0-6642 

Weight 
Density 
^ 0 4767 
= 0 6642 
= 0 7177 c 0. 

« 3-7681-0-7177 
= 3 0404 cc 

= Weight 
Volume 
_ 4-8939 
= 3-0404 
=* 1-0096 

The following Tables V and VI show the results obtained with two different 
samples of propane 


Density of propane (from curve) 
Volume occupied by propane 

Volume occupied by the carbon dioxide 

Density of oarbon dioxide at —116-2® C 
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Table V.—Sample A. 


Weight of Propane — 0 4767 gme 

Weight of Carbon Dioxide . — 4 8939 gins. 



Table VI -Sample B 

Weight of Propane — 0 2736 gum 

Weight of Carbon Dioxide =* 5 3362 gum 



It is interesting to note that Behn obtained a value of 1 56 for the density 
of solid carbon dioxide at —79° C, this being the only temperature at which 
it was determined * 

The densities given in the above tables are shown in fig 5, whore D represents 
the density and T represents the temperature in degrees Centigrade The 
values obtained with Sample A (Table V) are designated by the oiroles 
• 1 Ann. (L Phy*.,’ vol 3, p. 736 (1900) 


von. oxi.- 
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enclosing crones while the plain circle* mark those found for Sample B {Table 

VI) 

By drawing tangent* to this curve the coefficient of expansion of solid oarbon 
dioxide wag obtained 



Fro a 

In Table VII the expansion coefficients are given m column i and it will be 
Been that they are much greater than those of most solids 


Table VII 


Temperature (° A) 

Op (Atomic) 

3«(tubio*I) 

C, (Atomic) 

Cv (Molecular) 

183 

U 301 

0 00128 

0 222 

0 77 

178 

0 288 

0 00118 


0 81 

171 

0 282 

0 00101 

0 233 

10 28 

108 

0 273 

0 00008 

0 232 

10 21 

188 

0 Mt 

0 00001 

0 227 

0 00 

131 

0 244 

0 00061 

0 230 

0 66 

100 

0 240 

0 00060 

0 222 

0 77 
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GrOneuen ha* shown that the molecular heat at constant pressure can be 
related to that at constant volume by means oi the compressibility and expansion 
coefficients in the following way 


C p —C v (l + 


9Ttt*V \ 
KUv /' 


C, is the molecular heat at constant pressure 
C v is the molecular heat at constant volume 
T is the absolute temperature 
«is the linear coefficient of expansion 
V is the molecular volume 
K is the compressibility 


be put equal to; 


constant it* then 


C, -= C v (1+9/tTa*) 


using the extremo values of C„ T and a in Table VII, and assuming C v to be the 
same m both instances, k is found to bo equal to 1197 and C v (atomic) is shown 
to have the values given m column 1 of Table Vll 
These values given an average for C v (molecular) over the temperature range 
183° A to 109° A of 9 9 calories, which is considerably lower than the value for 
C, and more of the order of magnitude that one would expect Taking the 
values of Korent for CaCO s and OaO over a similar temperature range, the 
molecular heat for the bound CO t comes out to be 6 4 calories The high 
values for the specific heat at constant pressure obtained for carbon dioxide 
may therefore be ascribed to its enormous expansion coefficient and probably 
its correspondingly high compressibility 


V - Summary and (Jondumon 

The specific heat of solid carbon dioxide was measured over the temperature 
range 194 5° A to 90° A , and that of the liquid from 298° A to 194 5° A 
The latent heats of fusion and sublimation were determined directly and the 
latent heat of evaporation was calculated 
As a test of the accuracy of the calorimetric measurements it is of interest 
to oofnpare the latent heat of sublimation of the solid with that calculated 

* W C MoC Lewis, ‘ System of Physical Chemistry, vol 3 p (15 (1910) 
t ‘ Ann d Phy*.,’ vbl 3«. p 49 (1911) 
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from the Clausius-Clapeyron equation From density measurements of 
gaseous carbon-dioxide at low temperatures made in this laboratory* the 
weight of one litre of tho gas at —78 5° C was found to be 2 840 grams The 
vapour pressure was taken from the measurements of Henning and Stockf 
and the calculated value for the latent heat of sublimation was 137 7 calories 
per gram This figure agrees to within 0 6 per cent of the result obtained 
directly, namely, 136 9 calories per gram 

The expansion coefficient of the solid was shown to be abnormally large, and 
values of so-called molecular heat at constant volume were calculated on the 
basis of several assumptions which, m the opinion of the authors, invalidate 
the accuracy of the absolute values They do show, however, that the 
abnormally high results for the molecular heat at constant pressure are connected 
with this expansion coefficient 

The calculation of Trouton’s constant from the date contained in this paper 
gives it a value of 20 7 which places carbon dioxide in the liquid state among the 
unassociated normal liquids 

It would be of considerable interest to determine the crystal structure of the 
solid because the expansion coefficient (especially near its melting point) is 
greater than that recorded for any other solid Probably the abnormally 
high vapour pressure of the solid is connected with this fact 


* Hums and Menmr,' Roy. Soo Proc A, vol 110, p 198 (1926) 
f • Zeit Phys voL 4, p 228 (1921) 
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A Homogeneous Ummolecular Reaction—the Thermal Decomposition 
of Acetone m the Gaseous State 

By C N Hinshklwood, Fellow of Trinity College, Oxford, and W K 
Hutchison, Scholar of Corpus Chnsti College, Oxford 

(Communicated by Prof J W Nicholson, F R S —Received Feb 17, 1920 ) 

Ummoleoular reactions m gases have a rather exceptional theoretical interest, 
because they involve, apparently, the spontaneous change of isolated molecules 
One example only has been satisfactorily investigated, the thermal decomposi¬ 
tion of nitrogen pentoxide,* and on examination of the molecular statistics 
of this reaction leaves a certain mystery about the method by which the mole¬ 
cules are caused to decompose It is unwise to infer too much from what 
might be a quite special instance, hence we have during the last few years 
searched for other examples We now find that the thermal decomposition 
of acetone vapour satisfies the experimental criteria of a homogeneous, um- 
molecular reaction Moreover, the peculiarities of the nitrogen pentoxide 
decomposition are here reproduced, although the absolute temperature at 
which the acetone decomposition can be studied is approximately three times 
as high as that at which nitrogen pentoxide reacts with convemcntly measure- 
able speed Since then this analogy exists between the two reactions, taking 
place at euoh different temperatures, we may begin to draw theoretical con¬ 
clusions with more confidence 

The theoretical disousaion is reserved for the last section, after the experi¬ 
mental work has been described, because the conclusions depend very muoh 
upon the actual numerical results 

Experimental Procedure —The velocity of decomposition of acetone is con¬ 
veniently measurable between 500° and 600° C The reaction vessel was a 
silica bulb heated in an electric furnace, the temperature of which was measured 
by means of a platinum-rhodium thermocouple In a number of experiments 
confirmatory readings were taken with another thermocouple of base metal 
The temperature could be kept constant within about one degree The 
decomposition was followed by observing the increase of pressure with a 
capillary mercury manometer The arrangement of the apparatus is obvious 
from fig 1, but a few special points oall for comment Connection between 
the silica bulb and the glass parts of the apparatus was made by means of 
* Daniels and Johnston, ‘ J Anver Chora Soo ,' voL 43, p 53 (19il) 
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finely-ground flanges which could be screwed tightly together They were 
about 20 nun broad and with their outer edges very slightly lubricated held 
vacuum perfectly when heated All parts of the apparatus which projected 
from the furnace had to be kept at a temperature above the condensing point 
of acetone namely about 40° C under the conditions of the experiments 
The capillary tubes including the manometer were heated by means of 
resistance wire and the flanges by means of a small tubular electric furnace. 
An extremely well ground capillary tap was used and with a thin layer of 
rather stiff lubricant showed no tendency to leak when warm The bulb A 
contained very pure liquid acetone and vapour at any desired pressure could 
bo let into the reaction vessel through the tap if the temperature of the 
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furnace heating A to mutably adjusted Reading* of tune and pressure could 
then be taken m the obvious manner.* 

Evidence that the Reaction w Vmmokcular and Homogeneous —The expen- 
mental criteria of a ummolecular homogeneous reaction are (a) that the tame 
taken for any fraction of the total change to complete itself is independent 
of the initial pressure, and (6) that variation of the amount of surface exposed 
to the gas leaves the reaction veloaty unchanged Both these conditions 
are shown to be fulfilled by the following results 


Table I 



1 1, h, and t 3 are the times m seconds required for the pressure to increase by 
26 per cent, 50 per cent, and 76 per cent respectively, of its initial value 
Condition (a) is thus fulfilled 

The following table provides further confirmation and shows that condition 
(b) is fulfilled also 

Table II 



♦ For details cj. ‘ J Chem SooV vol 1M, p 396 (1M4) 
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The addition of siboa powder to the bnlb prod aces no effeot at any stage 
of the reaction. For example, the average value* of the tame required for a 
26 per cent morease of preen ure in the above experiment* were 

without silica powder, tj = 34 seconds 
with „ <i =■ 37 seconds 

At lower temperatures the reaotion remained homogeneous, as shown 
below 


Table III 

Temperature 

Initul prtaatirc 

«*>o£d* 

816 


f304 
| 301 

1 300 

1.301 

moo } Bulb <M“pty 

3,080 \ Bulb containing 

2,390 / ailiea powder 


Influence of other Goers —In order to find the effect of foreign gases on the 
rate of reaction, a number of ex pen merits were made by introducing carbon 
monoxide into the reaction vessel Thu gas was chosen as it was the major 
product of the reaction 


Table IV 


Temperature 

Pneaure of 
00 added 

initial pressure 
of Acetone 


f, 

•eoood* 


f Nil j 

344 

83 

184 


Nil 

238 

59 

168 

889 j 

1 *°® 

343 

83 

168 


y»8 

328 

00 

184 


The influence is inappreciable Nitrogen was found in a similar way to have 
no effect 

Nature and Course of the Decomposition —We have now shown that the 
decomposition of acetone vapour is a homogeneous reaotion whioh satisfies 
the chief experimental cntenon of a unimolecular change We should there¬ 
fore be able to calculate the ummoleoular velocity constants. For this purpose 
it m essential to know the limiting value of the pressure increase attending 
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the decomposition. We can hardly expect the experimentally observed 
“ end-point ” to be the proper value for insertion in the ommolecular equation, 
because the hydrocarbons produced in the primary decomposition of the acetone 
undergo slow subsequent reactions, continuing after all the acetone w de¬ 
composed It is, in fact, found that the curve obtained by plotting pressure 
increase against time does not become parallel to the time axis, but continues 
with a small upward slope, after it is obvious that the main reaction is over 
A correction for this w easily applied in a way which is illustrated in fig 2 
Curve I is the experimental curve, which does not become quite horizontal 



in the normal way The line AB, to which the curve is asymptotic, w drawn, 
and produced to meet the pressure axis at A The vertical distanco between 
AB and the horizontal line AC at any time, gives the pressure increase attribut¬ 
able to the subsequent reactions By subtracting these values from the 
ordinates of curve I curve II is obtained, which us the ideal decomposition 
curve of the acetone, and is asymptotic to the honzontal line AC, which 
represents the true end-point of the reaction. It will be seen that the correc¬ 
tions are not Urge over the first 70 per cent or 80 per cent of the course 
The fallowing table shows the method of calculating the constant Ibe expert 
meat was made at 634° C 
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Time m minutes 


i/«i<*i.(ig^r;) 


0 0101 
« oioo 
0 0099 
0 0008 


It is evident that we can in this way find the velooity oonstant, but the 
proof that the reaction is unimoleoular is, of course, independent of the mere 
constancy of these figures 

The following values of k were obtained in this manner at 578° C 

Initial Pressure 
of Acetone h 

562 0 00348 

189 0 00311 

112 0 00330 

Seconds and natural logarithms are used 
In what follows experimental results will generally be recorded m terms of 
the time required for the pressure to increase by 50 per cent or some other 
definite fraction of its initial value The relation between such tames and 
the velooity constant is given by the equation 

k— \ logCi =» l logC*, etc., 
k k 

where Cj, etc , are constants For values of k, corresponding to 50 per cent 
increase, we find, independently of temperature 
, 0 901 

k 

Analysts of the Products of Reaction —It is first important to mention that 
the corrected “ end-points ” obtained by the method of the last section axe 
independent both of the temperature and of the presence of silica powder. 
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For example, 360 mm, of acetone at 534° C gave a corrected end-pomt of 
284 mm increase, or 77 per cent, and in a similar experiment at 878 0 C the 
corrected end-pomt increase amounted to 79 per cent Over this range of 
temperature the velocity varies about tenfold This, as far as it goes, indicates 
that the nature of the reaction whose velocity we are measuring does not 
vary appreciably with temperature, but it was desirable to confirm this by 
analysis of the products of reaction. A number of analyses made at different 
temperatures and at different stages of the change showed definitely that the 
mode of decomposition is always the same 
The eesential part of the primary deoompoeition is the separation of carbon 
monoxide from the molecule, leaving two methyl residues, the interaction of 
which determines the other products The simplest possible result would be 
their union to form ethane, but the application of Nernst’s heat theorem 
shows that methane is the stablest of the hydrocarbons at these temperatures 
It is not therefore surprising that the result is by no means ethane alone, but 
• little ethylene, some free carbon, and principally a mixture of saturated 
hydrocarbons and hydrogen, the composition of which averages out almost to 
that of pure methane Tbs corresponds with what Sabatier found in the 
catalytic decomposition of acetone (' La Catalyse en Chimie Orgamque,’ 1920, 
p 237) A small amount of carbon dioxide was formed, wbch may well have 
come from the subsequent separation of carbon from carbon monoxide The 
amount of tarry condensation products was surprisingly small, the reaction 
bulb never requiring to be cleaned The following figures illustrate the main 
point, namely, that the course of the reaction is independent of temperature 



Temperature 578“ (' | 

j Temperature 834* 0 

Percentage 

Half way 
through 

At end 
of 

Half way 1 
through 

At end 
ol 

reaction 

co, 

46 

0 8 

79 j 


C.H, 

10 1 

6 8 

10 <1 

4 9 

CO 

M 2 

32 6 

33-2 

32 8 

Sat orated hydrocarbons 
+ H, 

“•“j 

SI 8 

48 3 j 



A special analysis was made of the “ Saturated hydrocarbons and Hydrogen ” 
by combustion The results were constant. The following is a typical one, 
belonging to the first analysis in the above table. 
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One volume of the mixture, -when burnt with nr, gave a contraction of 
1 82 volumes, and 0 88 volumes of carbon dioxide were formed. Were the gas 
pure methane, the contraction would have been 2 00 volumes, and the volume 
of carbon dioxide 1 00 

The figures corresponding to the second analysis are 1 91 volumes contrac¬ 
tion and 1 03 volumes carbon dioxide 

The Temperature Coefficient and the Heat of Activation —Since we have shown 
that the course and nature of the reaction are the same at different tempera¬ 
tures, we can calculate the heat of aotivation directly from the experimentally 
observed velocities In order to leave no doubt that the heat of activation 
refers to nothing but the primary ummolecular decomposition of the acetone 
molecule, the following method of calculation was adopted 

Let t 1( Li, and t, be, as before, the times required for the total pressure in 
the decomposition vessel to increase by 2b per cent, GO per cent and 75 per 
cent respectively, of its initial value Plotting the logarithms of these times 
against the reciprocal of the absolute temperature, three straight lines are 
obtained, the slopes of which determine values of the heat of activation If 
they were not all equal, we could extrapolate, and determine the heat of 
activation corresponding to the initial reaction. But these three lines are 
almost exaotly parallel, as shown in fig 3, and values of tho heat of activation 
calculated from them are as follows — 

E from t , 68,000 cal 

E from t t 68,200 cal 

K from tj 64,200 cal 

The value obtained from the curve is naturally a little inaccurate for 
reasons which will be obvious from the previous sections We may therefore 
take the average of the first two values and adopt as the best value for the 
heat of activation — 

E — 68,600 cal to the nearest 500 cal 

The results upon which the above calculations depend are summarised in 
Table V below 

Two experiment* were performed at each temperature The results may 
be summarised in the formula 

dink 68,500 
dT = RT 2 

Therefore 

In ft- Constant . 



lo&.t 
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The experimental points m fig 3 he closely on the lines so that we may 
determine the value ot the constant by reading off the value of t corresponding 
to any standard temperature At 550° C the value of read from the middle 
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curve is 1075 second* The corresponding value of k as previously shown, 

u therefore =0 000837 Whence we find that the above equation 



If tj is required it is found from the formula k — G 901 /t t The following 
typical examples illustrate the extent to which the formula is applicable — 

T (abs) h (calc ) t, (obs ) 

904 0° 24* 24' and 25* 

857° 200* 203* and 211' 

809° 2240* 1950* and 1900* 

Theoretical dteamum —One of the most significant points about bimoleoular 
reactions in gasi s is that the heats of activation form a regular senes increasing 
parallel with the temperature at which the velooity constant attains some 
assigned value It can be shown that the number of molecules reacting is 
given by the expression 

n ember of coUmots X* 

multiplied by a factor which is not much loss than unity * Since the number 
of collisions is uot very different m different gases and at different temperatures 
the rate of a bunolecular reaction is governed mainly by the factor e ,/BT 
so that for equal -values of the velocity constant h is nearly proportional to T 
If the velocity of reaction were governed by any entirely specific factor other 
than h this proportionality could not exist In this sense therefore pro 
portionality if f and T in reactions of a given kind lnduatos that the molecules 
arc activated by analogous processes There is evidence that the proportion 
ahty is also found in terraolecular reactions f but there has been no other 
ununolecular reaction suitable for comparison with the nitrogen peutoxide 
decomposition $ 1 he heat of activation m this reaction is given by Darnels 
and Johnston as 24 700 calories At 55° C the velocity constant is 0 00150, 
with the time expressed in seconds The value of k for the acetone deoomposi 
bon reaches this value at 562° C The ratio of the absolute temperatures is 
635 

thus 2 55 In keeping with this the heat of activation in the acetone 

* Cf J Chero Soc vol 125 p 1841 (1984) PhU. Hag rol 60 p 1136(1988) 
f 3 Own) Soo (1888) 

J Loc, at supra 
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deecrnposiaon ia very much greater than that of the nitrogen pentoxuie 
deootnpOMhon. We have 


Decomposition of | 

T (aba.) j 

K | 

EKT 

N,0, 

328 

24,700 

38 0 

CH.COCH, 

835 s 

68,800 

41 4 


The parallelism is sufficiently obvious 

The position of the theory of uwmolecular reactions may be summarised 

as follows — 

(1) Perrin’s argument* that the molecules must be activated by radiation 
since the velocity constant is independent of concentration, and therefore of 
collisions, can be met by (a) the Christiansen chain mechamsmt and by (b) 
iandemann’s suggestion^ that activation and de-activation take place at a rate 
whioh is very large compared with the velocity of reaction The chain 
mechanism is very improbable in reactions which are not much influenced 
by the presence of foreign gases, and therefore m the decomposition of nitrogen 
pontoxide and of acetone 

(2) Even if activation resulted in immediate reaction, it has been shown 
that the energy of activation cannot be communicated to molecules of nitrogen 
peatojude by collision rapidly enough to account for the observed rate of 
change.§ Thus (6) of the lost paragraph seems to be inapplicable, and we 
are left with the probability that the molecules become activated by the 
absorption of radiation 

(5) The theory of activation by radiation of a narrow range of frequency is 
untenable || 

(4) The only question which arises when activation by a large continuous 
range of frequencies is supposed, is whether the energy can be communicated 
to the molecules rapidly enough The plain truth about this is that, m the 
present state of the theory of radiation, the question cannot bn answered 
As, however, this seems to be most probably the way in which the molecules 
of nitrogen pentoxide are activated, we should be justified m adopting it as a 

* ' Ann I’hys ,’ v..l 11, p 1 (IMS) 
t ' Z physical Chew vol 104, p 451 (1M3J 
t ' Trans Faraday Soc 1922, vol 17, p C0& 

| Cf Telman, 1 J Amor Cham 8ocvol 47, p 1824 (1925) 

H Idem, ibid 
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hypothesis, if the study of other ummolecular reactions fed to the same oon- 
elusion. 

E/RT for the acetone decomposition being greater than the value for the 
nitrogen pentoxide decomposition, activation of the molecules by any meohanism 
will be more difficult, since the probability factor e"* / * T appears in the 
distribution law of all forms of thermal energy Thus the activation of the 
acetone molecules by collision seems to be impossible. The simplest way of 
showing this directly is as Mowb 

The rate of activation by collision m a ummolecular reaction with heat of 
activation E, cannot be greater than the rate of a bunolecular reaction in 
which the sum of the energies of activation of the two molecules is E, and every 
collision between activated molecules is effective * Indeed it could only be 
equal to this, if the joint energy of the two molecules were all communicated 
m the collision to the one which reacts The maximum rate of activation 
thus appears to be 

■y/2 n il » s o 2 

In the present example we have a = the diameter of the acetone molecule, 
and may be taken as approximately 6 X 10”® cm 

it -* the root mean square velocity, and at 835° Aba is 5 99 x 10* cm /sec. 

» *= the number of molecules per c o and at 836° Abs and 760 mm pressure 
is 8 86 x 10 w 

Substituting these values in the above equation, tho maximum number of 
molecules in one cubic oentimetre whioh could be activated by collision per 
second is 0 54 X 10 u 

Taking the value of k at 835° Abs as 0 00150, the number of molecules 
in one cubic centimetre at 760 mm reacting per second is 
1 33 x 10", 

Thus the number of molecules reacting appears to be about 10* tames 
greater than the number which could be activated by collision. Thu number 
is far too large to be accounted for by any minor error such as the very rough 
value taken for the diameter of the acetone moleoule 

It seems then that we must adopt some generalised form of the radiation 
theory, but whether this interpretation u finally confirmed, or whether it 
has to be modified, the important positive fact is, that any modification will 
be equally apphoable to both the ummolecular reactions under consideration 


CJ ‘ J Chert. 8oc,’ vo) 125, p, 184« (1924) 
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Summary 


The thermal decomposition of acetone vapour is a homogeneous, uni mole¬ 
cular reaction, and has been investigated over the temperature range 
506°-632° 0. 

The heat of activation is 68,500 calories, and the results can be summarised 
by the equation 


In It = 34 95 — 


68,500 

“ST 


Calculations show that the number of molecules reacting per second is about 
10 s times greater than the maximum number that could be activated by 
collision. The absolute rate at 835° Abs is the same as that of the nitrogen 
pentonde decomposition at 328° Abs, the value of E/RT being nearly the 
same in these two reactions, for these two temperatures 


Gaseous Combustion in Electric Discharges —Part I The Com¬ 
bustion of Electrolytic Gas in Direct Current Discharges 
By G I Finch and L. G. Cowntr 

(Communicated by Prof W A Bono, F R 8 —Heceived February 18, 1926 ) 
(Post* 5 ] 

Introduction 

In connection with the researches upon various aspects of gaseous combus¬ 
tion which are being earned out in the Department of Chemical Technology, 
Imperial College of Science and Technology, South Kensington, one of us 
(G I. F.) has undertaken a syBtematio investigation of the mechanism of com¬ 
bustion as initiated by, or occurring in, eleotnc discharges. The present paper 
embodies the results of our experiments upon the combustion of electrolytic 
t gas in direct-current dischargee 

Three phases have been distinguished in the process of gaseous combustion, 
namely, (l) a slow (non-eelf-pxopellant) oombustion below the ignition point, 
(u) a self-propellant flame propagation, and (m) sometimes, also, a short pre¬ 
flame penod during which combustion is self-propellant. The point at which 
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the process becomes self-propellent is sometimes termed the “ ignition point ” 
Before combustion can be determined m it, however, energy in some form or 
other must be imparted to a given combustible system from an external source 
Frequently, heat energy is so supplied, in which case it is customary to speak 
of an ignition temperature, on the other hand, eleotncal energy may be 
supplied, e g , by a spark, m which case we speak of a minimum igniting energy 
or minimum igniting current being necessary to make the combustion self¬ 
propellant Tn such conditions, whilst the self-propellant stage of combustion 
is usually determined by the purely electrical properties of the disoharge 
employed (even though it may be affected by other influences, such as pressure 
waves emanating therefrom), yet, having once been set up, it is subsequently 
propagated through the system independently of such properties On the 
other band, the pre-ignition or non-solf-propellant stage is throughout 
intimately associated with and determined by the discharge itself Hence, an 
experimental examination of the influence of electee discharges upon the pre- 
lgnitaon stage of combustion m gaseous mixtures may be expected to reveal 
the nature and mechanism of electrical ignition, and indeed of the prooess 
of combustion as a whole. 

Kirkby* has studied the effect of steady direct-current electee discharges 
on electrolytic gas at pressures below that at which ignition can occur. He 
found (provided that the circumstances of the discharge, including pressure, 
current, and degree of separation of the electrodes were constant) that the 
amount of water formed was proportional to the quantity of electricity 
passed in the discharge, and independent of the nature of the eleotrodes, 
and " that the chemical action took place at all points of the discharge.” 

As far as we are aware, with the exception of the above, all other investi¬ 
gations of the effect of electee dischargee upon the pre-ignition stage of gaseous 
combustion have been limited to the determination of the minimum igniting 
energy or current. Sometimes, however, the experimental results have teen 
contradictory, or difficult to interpret, because of the fact that the types of 
electric dischargee employed have involved the introduction of unknown factors 
(both electrical and otherwise) which have obscured the issues 

Low-tension discharges were first employed by Prof W. M. Thornton,t 
and to him we owe the first proof of the significance of what he termed “ the 
least igniting current” for various combustible gaseous mixtures Both 

• • Phil Mag.,’ vol 7, p 223 (1904), vol 13, p 289 (1907), ‘ Roy Soc P*o«,’ A, 
vol 80, p, 101 (1911). 

f ‘ Imt Mining Bug Tram,’ p. 146 (1911) 
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direct and alternating currents were used The discharge was produced by 
opening a circuit in which a known current was flowing In neither ease was 
the rate of dissipation of energy in the discharge constant, it attained a 
maximum at or shortly after the beginning of the opening of the circuit and 
fell with widening of the gap to a minimum, which was followed by extinction 
of the discharge The total amount of energy dissipated was unknown 
Although the current flowing prior to opening the circuit was known, it 
could not, as Thornton pointed out, in the case of direct current be assumed 
to be equal to the maximum that passed in the discharge itself With 
alternating currents, additional complications arose in that the value of the 
maximum current also depended upon the phase angle and frequency of thi 
supply, as well as upon the actual moment at which opening uf the circuit 
began Thornton* showed that the nature and condition of the material of 
which the electrodes consist have a pronounced and, at times, somewhat 
erratic influence on the experimental results obtained with such “ break 
sparks ” The region of the discharge, particularly when passing in a gas 
under normal pressure, is a none of high temperature and contains the vapour 
of the electrode material The dischargee produced m electrical bell signalling 
circuits, such as have been investigated by Morgan,! are low-tension discharges 
similar in character to those discussed above 

Besides Thornton,! Morgan and Wheeler§ have studied ignition by high- 
tonsKin dischargee produced by means of an induction coil or magneto across 
a fixed gap Taylor Jones|) has examined in detail the extremely complex 
nature of this type of discharge, which is oscillatory, a single discharge con¬ 
sisting of a tram of sparks Morgan,H and Patterson and Campbell** have 
shown that the igniting power depends solely on the energy associated with the 
first oscillation, and not on the total energy dissipated in the complete tram 
of oscillations of a single discharge The rate of dissipation of energy is not 
constant, and the maximum and meAn currents thereof are difficult to ascertain 
without a suitable oscillograph Furthermore, as has been shown by Prof 
H B Dixon,ft in’addition to the presence of electrode material vapour m the 

* ‘ Bnt Assoc Adv Sot Kept.,' p. 449 (1923) 
t 'J Chem Soc/vol 115, p 94(1919) 

} ‘ Roy Soe Pro® ,’ A. vol 92, p 581 (191#) 

8 ‘J Chem Soc.'vol 119, p 239(1921) 

|| ‘ The Theory of the Induction OoU ■ (1921). 

!l ‘ Principles of Electric Spark Ignition ' 

*« ‘Proc Phye Soo,'p 177(1919). 
ft ‘Phil. TransA, vol 200, p 318 (1903) 
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discharge, intense pressure waves are set up in the surrounding gas The 
discharge is also characterised by a high temperature 

The high-tension capacity discharge, produced by discharging a condenser 
across a fixed or dosing gap, resembles the first part of the induction ooil or 
magneto discharge The rate of dissipation of energy is again not constant, 
but the total energy dissipated in all the oscillations of a oomplete train and 
die maximum current of the first oscillation can be readily ascertained On 
the other hand, the capacity discharge gives rise to disturbing non-elcctncal 
phenomena similar to, but, as a rule, more intense than, those of the mduotion 
ooil discharge, being hot, containing metal vapour, and giving rise to pressure 
waves m the surrounding gas 

Thus the use of any of the above types of electric discharges necessarily 
introduces not only electrical effects which may be difficult to oontrol and are 
not readily amenable to exact measurement, but also disturbing non-electrical 
phenomena which may tend to mask the purely electrical effects of the 
discharge itself. 

In studying the electrical ignition of gases, the investigators referred to were 
chiefly concerned with the examination of such conditions as anse in ignition 
either in internal combustion engines or m coal mines, and the types of electric 
discharges investigated were selected as closely reproducing those occurring 
in actual practice For the purpose of quantitatively investigating the electnoal 
effects of electric discharges upon the pre-igmtion stage of combustion, however, 
the discharge should be such that the current and rate of dissipation of energy 
are constant and that the non-electncal phenomena with which the electric 
discharge is ordinarily associated should be either eliminated or reduced to a 
minimum 

If, as was dono in Kirkby's experiments, the necessary potential be furnished 
by an accumulator battery m senes with a resistance to the electrodes of a 
suitably evacuated discharge tube, a discharge occurs, the luminous positive 
column of which is broken up into stnataons If, after the discharge ha* com¬ 
menced, the current be such that the fall in the voltage-current characteristic 
is steep, an examination of these atn» by means of a mirror revolving at a 
suitable speed shows that they flicker, in spite of the fact that the deotromotave 
force of the accumulator battery is constant. Thu flickering or, rather, waxing 
and waning of the light emitted by the luminous strue is due to capacity in 
tiie circuit, and differs both m appearance and nature from the type of dis¬ 
continuity described by Prof Whiddington, F.R8.,* which u practically 
* ‘Nature,’ toI. lit, p gp7 (IMS). 
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independent of any capacity included m the circuit If, however, steps are 
taken to eliminate as far as possible the effects of stray capacity of the leads 
passing to the electrodes and of the electrodes themselves, the light emitted 
by the stnations becomes so steady that a flickering, even in the region of steep 
charactenetio, can no longer be detected The current and rate of dissipation 
of energy in the discharge are then practically constant, and both may be 
readily determined and controlled By suitably altering the shape of the 
electrodes and their degree of separation, a steady discharge may, in the same 
manner, be maintained at more elevated gaseous pressures Thermal effects 
of the discharge may be reduced by diminution of the pressure of the gaseous 
mixture in which the discharge is maintained and by employing small currents 
Further, the use of suitable electrode material* will greatly assist in keeping 
the discharge free from metal vapour Pressure waves are not Bet up by a 
steady discharge 

Experimental 

In the experiments about to be described it was our aim to arrange con* 
ditions m such a manner as to ohnunate as far as possible any rhemical com¬ 
bination, including that due to heat, other than that caused by the ionisation 
of the gas , and then to study the proportionality, if any, observed between 
the rate of chemical change and the current or rate of dissipation of electrical 
energy We have been able to realise conditions under which the rate of steam 
formation, resulting from the jiassage of an electno discharge in electrolytio 
gas at pressures where ignition can occur, is directly proportional to the current 
passing and quite independent of (l) potential fall between the electrodes, (2) gas 
pressure, and (ui) temperature We believe that this is the first time that such 
a direct relationship has been established in the case of an electric discharge 
m an explosive gaseous mixture In these experiments, steady electno dis¬ 
charges were passed through electrolytic gas at pressures between 20 and 
100 mm throughout which range the gas w explosive, the maximum rate of 
dissipation of energy being in excess of .'1 8 watts 

Description of the Electrical Circuit (tig, 1) 

The current was supplied by the rotary transformer, T, by means of which the 
'220-volt direct-current supply from the mains was converted to a high-tension 
direct ounent. As the pressure of the mains was apt to fluctuate, it was 
steadied by means of the floating accumulator battery, B, shunted across the 
mains. The constancy of the steadied pressure was observed by means of the 
voltmeter, V The input terminals of T were connected with B through the 
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ammeter, A, and the variable resistance, R The speed and hence the output 
pressure of T could be controlled by means of R The normal speed of T was 



from 2,200 to J.S00 rpm according to the output required The output 
commutator had 64 segments Examination of the discharge produced by the 
high-tension output current by means of a revolving mirror showed pronounced 
commutator ripple and also occasional irregularities, the latter probably due to 
slight intermittent sparking at the high-tension brushes The remainder of the 
circuit now to be described was intended to smooth but these ripples and 
irregularities, and to supply a steady pressure to tho eloctrodes The high- 
tension output terminals of T were connected through the large chokes I 4 and I„ 
the inductance and 'resistance of each being 6ft henrys and 9,000 ohms, 
respectively, to the terminals of the condenser, C, of 2 microfarads capacity 
One terminal of C was connected through (i) the choke, I 3 , the inductance and 
resistance of which were 70 henrys and 12,000 ohms, respectively, (n) the non- 
inductive liquid resistance, fj, which was variable in steps of 100,000 ohms from 
0 to 1 megohm, and (in) the non-mduotive resistance, r p pi 60,000 ohms to the 
electrode, e 4 The other terminal of C was connected to the second electrode, t t , 
through the choke, I 4 , similar to Ij, the moving coil millutmmeter, a, and the 
resistance, r 3 , similar to r t The electrodes were shunted by the non-wductive 
20 megohm resistance, r 4 , across two tappings at a suitable distance apart, on 
either side of the centre of which was shunted the electrostatic voltmeter, v. 
These last-mentioned resistances were connected through the shortest possible 
leads to the electrodes with the object of reducing capacity effects on the 
electrode sides of r t , r 3 and r 4 to a minimum The milliammeter indicated the 
currents passing r 4 and the discharge between and <*, The readings were 



Gaseous Combustion t« Electric Discharges 


duly corrected in order to obtain the value of the current earned by the discharge 
alone The corrections were small and, as a rule, negligible The rotary trans¬ 
former could maintain, on an open oircuit, an output pressure of 1,000 volte 
between the electrodes With a discharge passing and a potential drop of 
500 volte between the electrodes, the transformer was capable of furnishing n 
steady current of about 0 milliamperes, which value could not be much exceeded 
for any length of tame without serious risk of damage to the transformer 
Both sides of the high-tension circuit were carefully insulated from each other 
and from earth 

The Combustion Chamber (fig 2) 

The combustion chamber consisted of a gloss vessel fitted with a two-way tap, 
one branch of which was connected to the electrolytic gas 
supply, the other to a “ Hyvac ” oil pump A length of 
copper wire* No 12 8 W G , was sealed with sealing wax 
into each of the glass sleeves, s, which, in turn, were 
secured with sealing wax into the two tubes, (, let in at 
the top of the oombustion chamber at an angle to each 
other By raising or lowering the sleeves, the points of 
the electrodes could be set to any desired degree of 
separation Each of the electrodes, e x and e », consisted 
of a 1 cm length of No 20 8 W G wire, soft-soldered 
to the cod of the stout copper wire- passing into the 
oombustion chamber The free ends of the electrodes 
were pointed and finally polished on a buff to a blunt- 
pointed cone 1 mm in height After being freed from 
all tracee of grease, the electrodes were “ run in ” by 
maintaining between them a discharge of 4 to 5 milh- 
amperes in electrolytic gas under a pressure of approxi¬ 
mately 90 mm until, with the discharge still passing, 
the point of the cathode was seen to be uniformly 
surrounded by a perfectly steady cathode glow Prior 
to this “ running in,” the cathode glow (and, to a less 
extent, the anode glow) showed a tendency to wander 
dong the electrode to and from the point, thus causing 
variations in the effective degree of separation of the 
electrodes A U-tube manometer, one limb of which 
was dosed, was sealed into the base of the combustion chamber After filling 
the manometer with mercury, 27 c c of concentrated sulphuric acid were 
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pipetted into the combustion chamber. 'When the closed Hub of the 
manometer vu completely filled with mercury (at pressures above 806 mm.), 
the volume of the free ipace in the oombustkm chamber wee 108-0 o o,, and 
104-8 cc when completely evacuated The combustion chamber waa 
aonounded by a water jacket maintained at a oonatant temperature of 20" C 
The insulation resistance of the electrodes, when disconnected from the 
circuit, waa tested at frequent intervals by means of a megger at 1,000 volte 
and waa found to be always above 00 megohms Thu test was earned out 
with the combustion chamber filled with dry air at normal pressure and water 
flowing m the water jacket 

Preparation of the Got Mixture 

Electrolytic gas, prepared by electrolysis of a solution of thrice re-crystallised 
barium hydroxide, wag used m all experiments The gas was not stored but 
prepared as and when required for use, and waa purified and dried by passage 
through a spiral washer containing concentrated caustic potash solution 
followed by two others containing concentrated sulphuric acid. The eleotrolysers 
and washers were sealed directly on to the oombustion vessel. The punty of 
the electrolytic gas was frequently checked by exploding a known volume over 
concentrated sulphuric acid m the combustion vessel and noting the final 
pressure attained after explosion 

The Electric Dtecharge 

Within the range of conditions of current and gas pressure examined in tho 
experiments recorded below, three well-defined cones could be distinguished in 
the discharge in electrolyte gas, namely, the cathode, anode, and inter-electrode 
•ones. The entire oone of the cathode point was enveloped by a moderately 
luminous blue glow, the extent of which increased with increasing current 
but decreased very slightly with increasing gas pressure throughout the range 
of from 28 to 100 mm For example, with a gaa pressure of 48 mm, the 
length of the cathode, measured from the extreme point, enolosed by the glow 
was approximately 1 0 mm with a current of 1 milliampere and 1 -4 mm with 
6 mffliamperes With a gas pressure of 90 mm. and similar currents, the glow 
extended over 1 0 and 1 • 3 mm. respectively Under a low-power microscope, 
the cathode none could be resolved into a thin, purple layer in immediate contact 
with the cathode (cathode glow) and an outer, blue glowing layer (negative glow) 
Concentric with butseparated from the cathode glow by a dark or, at most, feebly 
luminous blue layer (Crook*’ dark space) (fig 5) On the extreme pomfc of 
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the anode, one minute himmous, reddish white spot (anode glow or spot) or 
occasionally a dose duster of two or throe such spots could be distinguished 
The space between the cathode and anode zones the inter electrode zone was 
partly bridged by a bluish purple glow (positive column) which radiated m a 
fan or brush-shaped manner from the anode glow towards the cathode If 
tha current were allowed to fall to below about 0 8 milliampere the exact 
value varying somewhat with the gas pressure and possibly also with the nature 
of the electrode material the discharge changed in appearam e the cathode 
glow beooming lees luminous shrinking slight!y in thickness but enveloping 
a greater length of the electrode (fig S) The anode glow also became appieci 
ably smaller The inter electrode tone however, waa almost completely bridged 
by a slender cone-ehaped, bluish purple glow in which minute etnas could 
occasionally be distinguished The spherical base of the oone was separated 
from the cathode zone by a narrow dark space (Faraday dark space) but the 
point of the cone was iu r mta< t with the anode glow The transition stage 
from the first to the second type of discharge is characterised by the appearance 
of a thin glowing bluish layer situated approximately in the middle of the dark 
space of the electrode zone (fig 6) We wish to emphasise here that the results 
obtained by us m studying the effects of the types of discharge shown m figs 
4 and 0 upon electrolytic gas are not embodied in this paper but are reserved 
for a further communication The size and appearance of the electrode zones 
m both types of discharge were unaffecti d by a change m the degree of separation 
of the electrodes alone If the same current were maintained a change m 
the degree of separation of the electrodes resulted only in an increase in the 
sue of the brush-ehapod gV w in the inter-electrode zone No difference in 
the appearance of the discharge could be detected when platinum electrodes 
were substituted for copper ones It may be reasonably assumed that withm 
the conditions of the experiments to be described btlow the cathodic fall of 
potential was practically constant for any given electrode material Revolving 
mirror examinations of the type of discharge reproduced in fig i showed that 
it waa perfectly steady and oontmuous under all conditions of our experiment* 

Experimental Procedure 

After the electrodes had been sealed in set to a definite gap width and run 
in,” the combustion chamber was evacuated and the electric discharge started 
Voluminous diffuse blue glows, that on the cathode being the largest, then en¬ 
veloped the electrodes and the stout oopper wires to which they were soldered 
The current was now approximately adjusted to the desired value by means 
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of the variable resistance r l and electrolytic gaa slowly admitted into the 
combustion chamber until the pressure was just below that, previously deter 
mined by experiment, at which either extinction of th e discharge occurred through 
the transformer being unable to maintain the higher voltage now necessary to 



overcome the moreased resistance of the gap or explosion of the mixture took 
place With admission of the gas the discharge settled down to the region 
around and between the point* of the electrodes «Mummg the appearance 
already described and shown in fig 3 It wts found essential to start the dis 
charge in the manner described above If the discharge was struck aftsr 
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admission of tie gas by applying a sufficiently high voltage to the electrodes 
either from the transformer or m the event of this not being possible owing to 
the gap resistance being too great by means of an induction coil it was found 
that tie first rush of current piling at the beginning of tbe discharge not onlv 



disturbed the “run in’ condition of the electrodes, but also frequently exploded 
the gas mixture 

At definite intervals (the individual duration of which depended upon tie 
rate of combustion the change of pressure during one such interval being 1 cm 
or less) simultaneous readings were taken of the gas pressure, current and the 
potential fall between the electrodes, the observations being continued until 
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title electrolytic gaa had been almost consumed Synchronism of the read ngs 
was ensured by means of a b user s gnal actuated at defin ted nterrain by a 
clock This procedure was repeated w th various gap widths over a ourrent 
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range of from 0 8 milliampere to the highest current capable of being furnished 
by the transformer in most cases below 8 miUiamperee From the results 
obtained a senes of curves was plotted connecting the gas pressure with In 
turn the potential drop across the eleotrodea current and rate of combustion. 
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From these curves the voltages currents and rates of combustion corresponding 
to any required gas pressure and degree of separation of the electrodes could 
be direotly read off 



The sulphuric acid contained in the oombuataon chamber was replaced with 
the same volume of fresh concentrated acid at the end of ever) firth experiment 
During each experiment both the discharge and the nulhammeter were kept 
under observation Occasionally in the course of an experiment the anode 
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spot would jump (tom its normal position on tho extreme point to another part 
of the anode, such movement being accompanied by a sharp kick of the milHam- 
meter needle In such cases the experiment was immediately interrupted, 
and the electrode* repohshed and “ run in '* pnor to starting another 

The Experimental Remits 

Two senes of experiments were earned out, one with copper, the other with 
platinum electrode* With the exception of those corresponding to pressures of 
30 and 60 mm , which are shown graphically (figs 6, 7, 8, and 9), the results 
obtained over a pressure range of from 30 to 90 mm and with varying degrees of 
separation of the electrodes are tabulated below (Tables I to VI) The notation 
of the tables is as follows — 

p — pressure of electrolytic gas in millimetres of mercury 
d -= degree of separation of electrodes in millimetres 
v - potential fall between the electrodes m volts 
t — current passing the discharge in milliamperes. 

c - rate of combustion of electrolytic gas in cubic centimetre* at NTP per 
minute 


Table I —Copper Electrodes, p — 45 
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Explanation and Notation of the Graphs (fig* C, 7, 8 and 9) 

Two sets of graphs are. shown m each of the four diagrams (figs 6, 7, 8 ami 9) 
incorporating the experimental results obtained at pressures of 30 mm and 
60 mm, wbi< h have not been included m the above tables The upper set, 
drawn in dot-dash lines, shows the iharactenstic curves of the discharge 
for each degree of separation of the electrodes, in millimetres, d, which 
were obtained by plotting the potential fall between the electrodes m volts, 
v, against the current passing the discharge in zmlhamperes, » The lower 
set, drawn in full lines, contains the curves connecting the rate of combustion 
in cubic centimetres at NTP per minute, r, with the current in milliampercs, t 
In both sets of graphs, pomti of the curves corresponding to the different 
degrees of separation of the electrodes employed are marked distinctively 
thus — 

o indicates results obtained with d — 1 '8 mm 
<j>- >. >, „ „ d ■= 3 8 mm 

X „ „ „ „ d ■= 7 5 mm 

• , „ „ „ d = 15 0 mm 

Discussion of the Results 

A noteworthy feature of the rate of combustion current (e/») curves in that, 
prior to following independent courses, they coincide and form the straight, 
VOL CXI —A T 





274 


G I. Finch and L G. Cowen. 


line AB Thus the curve AHK (d -*« 15 0 mm) consists of two distinct 
sections, one of which AH, in coinciding with AB, is common to the remaining 
curves, the other section, HK, being independent It will be oonvement, for 
the purposes of discussion, to oonsider the coinciding and independent sections 
of the curves separately 

A The Coinciding Sections of the c/t Curves —At all points on the straight 
line, AB, formed by the coinciding sections of the c/t curves, the rate of com¬ 
bustion is dtrecdg proportional to the current Produced, AB passes through, 
or nearly through, zero The mean values of the ratio r/» at various pres¬ 
sures, for all points on AB are tabulated below 



Thus, for all points on AB, the ratio of the rate of combustion to current is a 
odnstant, the value of which depends solely on the nature of the electrode 
material and is independent of (o) the gas pressure, (6) the degree of separation 
of the electrodes, and (c) the potential fall between the electrodes In des¬ 
cribing the appearance of the discharge, it has already been remarked that, 
provided the same current be maintained, variation in the degree of separa¬ 
tion of the electrodes results only in a change in the site of the brush-shaped 
glow (positive column) of the inter-electrode none Thus from these facto the 
conclusion may be drawn that, for all points on AB, combustion of the electro¬ 
lytic gas occurred only in either one or both of the electrode zones, and not tn the 
inter-electrode gone The answer to the further question as to where the com¬ 
bination had occurred was furnished by two further senes of expenmenta, in 
the first of which a copper cathode and platinum anode and, m the second, 
a platinum cathode and copper anode were employed The results are recorded 
graphically in fig 10 

The value of the ratio c/» over AB (Cu oathode, Pt anode) is now found to 
be 0 40, and 0-66 over A'B' (Pt oathode, Cu anode) The former value is 
slightly higher than the mean of those previously recorded for copper, the 
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latter slightly lower than that for platinum electrode* It therefore folk wi 
that for all points on AB combustion was almost u holly confined to the coihoit 



tone The rate of combination of the electrolytic gas was therefore propor 
tional to the number of ions arriving at the cathode in a given time 

In view of the fart that the value of c/t is higher for a platinum than for 
a copper cathodo it might at first sight appear that the combination taking 
place in the vicinity of the cathole is largely catalytic combust on thus 
occurring on or in the surface of the metal Hon ever the fact that c/t is 
independent of variations in pressure from 30 mm to 90 mm invalidates any 
such explanation 

Further evidence to this effect was furnished by a senes of expenments in 
which a platinum platinum rhodium thermocouple was employod as cathode 
thus enabling the variation of temperature of the cathode zone with current 
to be determined The wires (No 26 8 W G ) of the couple were fused together 
m an oxy hydrogen flame The junction was filed and polished to a cone of 
the same shape and dimensions os that of the normal electrodes hitherto 
employed the whole of the actual junction being inside the cone itself The 
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thermocouple galvanometer was set up on the table on a block of paraffin 
wax The negative lead of the high-tension circuit was connected to one 
wire of the couple With currents of not lees than 0 8 milliampere passing 
the discharge, the cathode glow entirely surrounded the junction The results 
of these experiments showed that, within the range of pressure, electrode 
separation and current examined by as, the mean temperature of the cathode 
rono is practically independent of the pressure and extent of separation of the 
electrodes, and is proportional to the current, rising from. 20° C with aero 
current to 630° with 6 milhanipcres, the rate of increase of temperature 
being 86° per one milliampere increase in current, and very nearly uniform 
Prof Bone informs us that, some time ago, ho found that between 
360° and 400° the temperature coefficient of the catalytic combustion of 
electrolytic gas in contact with silver wire was 1 4 for earh 10° rise in 
temperature It may therefore be concluded that the combustion whioh took 
place at the cathode in our said experiments was non catalytic, and that 
some other explanation must be forthcoming for the observed variation in the 
value of the ratio c/i with the nature of the cathode material A comparison 
of the characteristic curves of the discharge between copper or platinum for 
the smallest degree of separation of the electrodes employed suggests that 
the cathode fall of potential of copper (coated with oxide) in Bteam is probably 
higher than that of platinum From this it may be inferred that, under the 
conditions of our experiments, electrons ore emitted more readily by platinum 
than by copper Whether or not the true explanation of the foregoing relation¬ 
ship lies in this direction is not yet clear In order to elucidate tho matter 
further, however, we are now carrying out experiments with electrodes of more 
electropositive metals than either of the two so far employed 
B The Inieyendmt Sections of the c/v Curves — An inspection of the diagram* 
(figs 6 to 10) shows that the independent sections of the cji curves are straight 
lines, though the steeper curves, on exceeding a certain current, merge into 
true ourvea which rise rapidly towards the ignition point 
The independent sections of the e/» curves leave AB at the currents tabulated 
below, which may for convenience be termed “ independence currents ” 

It will be seen from Table VIII that, except* in the case of the greatest 
degree of separation of the electrodes, the independence currents are lees for 
copper than for platinum, and that the nature of the anode material has little 
or no effect upon the value of these currents Furthermore, an increase 
either in pressure or degree of separation of the electrodes results m a decrease 
of the independence current From these facts it may be concluded that, 
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for the independent sections of the c/« curves combustion of the electrolytic 
gas is no longer confined to the cathode rone but also occurs m the inter 
electrode so tie the anode zone, however still remaining to all intents and 
purposes, inactive The combustion taking place in the inter electrode zone 
is probably confined to the only luminous portion thereof, namely, the positive 
column It may therefore be inferred that of the total combustion taking 
place as represented by the independent sections of the ejx curves the amount 
of chemical action occurring in the positive column is the difference between 
the total chemical action and that taking place at the cathode If for 
convenience, the ratio of rate of combustion to current for each independent 
section is referred to co ordinates parallel to those hitherto employed, but 
passing through that point on AB at which each section becomes independent, 
and from the value of the ratio thus obtained that of the ratio e/t for AB 
is subtracted, we obtain c /»' which is the ratio of the rate of that combustion 
which occurred in the positive column to current The values of c /*' are 
tabulated below 

Table IX brings out the following salient features of the independent 
sections of the e/t curves —(l) The nature of the electrode material has, on 
the whole, little or no effect upon the value of o'/t', for platinum the value 
of this ratio is, aa a rule, though not always, a little greater than for oopper 
The difference is, however, m most cases slight and within the limits of 
experimental error (u) The value of o'/t' increases with increasing pressure, 
and also (ui) with increasing degree of separation of the electrodes These 
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facts constitute further proof that the chemical activity represented by o'/*' 
is practically confined to the inter-electrode lone, and, in all probability, to the 
positive column of the discharge 



The abrupt nature of the departure from AB of the independent sections of 
the c/t curves remains to be accounted for A detailed spectroscopic 
examination of the discharge is now under way, and will, it is hoped, furnwh 
a satisfactory explanation of this phenomenon We believe at the moment 
that the inactivity or otherwise of the positive column may possibly depend 
upon the nature of the ionisation of the gases through which it passes 
Reference has already been made to the fact that the steeper independent 
sections of the c/i curves begin to rise rapidly when a certain current is 
exceeded Had a more powerful source of current been available in tbe course 
of these experiments, there is no doubt that a similar rapid curving upwards 
at some point or other on all the curves would have been found In several 
cases (see Tables II to VI and the diagrams in figs 7 to 9) currents in excess 
of those at which a steepening up of the curves occurred were employed with 
the object of attempting to determine tbe lowest pressures at which such 
currents were capable of igniting the gaseous mixtures With the experimental 
procedure adopted, by which the electrolytic gas was admitted into the 
combustion chamber after the discharge had been started, it was found that 
the pressure at which ignition with a given current occurred increased with 
the rate of admission of the gas If the gas were rapidly admitted to a 
suitable pressure, and this pressure then maintained as closely as possible 
by balancing the rate of slow combustion by regulation of the rate of supply 
of electrolytic gas, it was found that a definite interval of tune elapsed before 
ignition occurred This interval, or lag, which m some cases amounted to 
several sooonds, increased with decrease in either the current or pressure of 
the gas 
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In the light of the foregoing facte and considerations, the following suggestions 
may be advanced as a possible explanation of the mechanism of electrical 
ignition of explosive gaseous media — 

When an electric discharge, powerful enough to bring about ignition, is 
passed through such a medium, chemical combination occurs m both the 
cathode and mter-clcctrode zones The rate of such combination is directly 
proportional to the ourrent, that in the cathode zone being proportional to 
the total number of ions arriving in unit time at the cathode, and that occurring 
rnthe inter-electrode zone (positive column) being probably proportional to the 
number of suitable ions formed by the passage of the current The heat 
liberated by the gases on combination contributes to the number of ions formed 
by the passage of the current With an igniting current, this heat source of 
ionisation produces ions more rapidly than they recombine to electrically 
neutral atoms or molecules, or are removed from the zone of the discharge by 
oonvection currents in the gas Thus this source of ionisation is cumulative 
and leads to ignition and explosion when a sufficient concentration of suitable 
ions has been attained Furthermore, ignition does not occur at the actual 
moment of initial passage of the igniting ourrent, but only after the lapse of a 
definite interval, or lag, during which that concentration of suitable ions which 
is necessary to bring about ignition is gradually attained by the cumulative 
addition of those ions which are formed by the heat of combination of the 
combustible gases, to tho ions due to tne passage of the ourrent Inspection of 
the diagrams (figs 6 to 7) shows that whether this critical ignition concentration 
of ions is first attained in the cathode or inter-electrode zone, or in both simul¬ 
taneously, depends in the mam upon the degree of separation of the electrodes, 
and to a lesser extent upon the pressure of the gas and the nature of the material 
of the cathode The lag found by us in attempting to determine the least 
igniting currents under various conditions, and the lack of agreement in the 
results obtained, which was certainly due to lag effects, are, at the same time, 
accounted for on a basis of this hypothesis, according to which heat plays no 
rfile beyond that of furnishing ions 

Summary and Concluding Remarks 
In the foregoing experiments it has been shown that -- 
(i) An electro discharge can be passed through electrolytic gas m such a 
manner that combustion takes place at a rate which is determined only by the 
current passed by the discharge 

(u) Up to a certain limiting current which depends upon (1) the nature of 
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the cathode, (2) the gas pressure, and (3) the degree of separation of the 
electrodes, combustion is confined to the cathode aone 

(in) Such cathodic combustion is independent of (1) the potential fall between, 
and the degree of separation of, the electrodes, (2) the gas pressure, and (3) the 
temperature of the discharge, but depends upon the nature of the cathode 
material 

(iv) The rate of such cathodic combustion is directly proportional to the 
current, t e , to the number of ions arriving at the cathode in a given time 

(v) After a certain limiting current has been exceeded, oombustion commences 
abruptly m the mter-electrode xooe and is thereafter superposed upon the 
aforesaid cathodic combustion, the two then continuing as independent 
simultaneous effects 

(vi) The said mter-electrodic combustion is itself, like 'the cathodic, also 
proportional to the current passing , unlike the cathodic, however, it is 
independent of the material of the electrodes, but dependent upon (1) the gas 
pressure and (2) the degree of separation of the electrodes 

(vu) Little or no combustion takes place in the anode sone 

From these facts it may be concluded that the combustion whioh occurred 
under the said conditions was primarily determined by the ionisation of the 
gaseous medium through which the current passed. 

The abrupt superposition of the inter-electrodic upon the cathodio combustion 
is strongly suggestive of a quantum effect Thus it may be that whereas in 
the cathodic aone, m which the potential fall is undoubtedly very steep, the 
ionisation of the gases is from the outset of a character favourable to combustion, 
in the mter-electrode aone, where the potential fall u much less steep, only 
one or neither of tho constituents of the gaseous medium is suitably ionised 
until a certain limiting potential fall is attained At any rate, in view of the 
results obtained, it is difficult to resist the conclusion that both cathodic and 
inter-elec trod ic combustion are determined by ionisation. 

It is proposed to extend this investigation to other cases of gaseous oombustion 
and to supplement these experiments with spectroscopic observations, in 
correlation with other investigations upon gaseous combustion proceeding m 
this Department of the Imperial College 

One of us (0 I F ) is indebted to Prof A. 0. Rankine for the loan of a Kelvin 
electrostatic voltmeter, and to Dr. Robert Mond, who generously supplied some 
of the apparatus employed in this investigation, Also, one of us (L G C) 
wishes to thank the Sir Richard Stapeley Educational Trust for a personal grant. 
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The Elimination of the Nodes m Quantum, Mechanics 
By P A M Dirac* St John’s College Cambridge 
(Communicated by R H Fowler, F K S —Received March 27, 1928 ) 

§ 1 Introduction 

The laws of classical mechanics must be generalised when applied to atomic 
systems, the generalisation being that the commutative law of multiplication, 
as applied to dynamical variables, is to be replaced by certain quantum con¬ 
ditions, which are just sufficient to enable one to evaluate xy — yx when x and y 
are given It follows that the dynamical variables cannot be ordinary numbers 
expressible m the decimal notation (which numbers will be called c-numbers), 
but may be considered to be numbers of a special kind (which will be called 
q-numbers), whose nature cannot be exactly specified, but which can be usod 
in the algebraic solution of a dynamical problem in a manner closely analogous 
to the way the corresponding i lassioal variables are used * 

The only justification for the names given to dynamical variables lies 
in the analogy to the classical theory, t g , if one says that x, y, z are the Car¬ 
tesian co-ordinates of an electron, one means only that x, y, z are q-numbers 
which appear in the quantum solution of the problem in an analogous way 
to the Cartesian co-ordinates of the electron m the classical solution It 
may happen that two or more q-numbers are analogous to the same classical 
quantity (the analogy being of course, imperfect and in different respects 
for the different q numbers), and thus have claims to the same name This 
occurs, for instance, when one considers what q-nurabers shall be called the 
frequencies of a multiply periodic system, there being orbital frequencies 
and transition frequencies, cither of which correspond m certain respects 
to the classical frequencies In such a case one must decide which of the 
properties of the classical variable are dynamically the most important, and 
must choose the q-number which has these properties to be the corresponding 
quantum variable 

In the classical treatment of the dynamical problem of a number of particles 
or electrons moving in a central field of force and disturbing one another, 
one always begins by making the initial simplification, known as the elimination 
of the nodes, which consists in obtaining a oontact transformation from the 

* ‘ Roy 8oe Proo A, voLllO, p 581 (1928) The method there given in if 1-4 is the 
one wed here 
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Cartesian co-ordinates and momenta of the electrons to a set of canonical 
variables, of which all except three are independent of the orientation of the 
system as a whole, while these three determine the orientation. In the absence 
of an external field of force, the Hamiltonian, when expressed in terms of the 
new variables, must be independent of these three, which simplifies the equa¬ 
tions of motion It can be shown that the now variables may be taken to be 
the following the distance r of each electron from the centre, with the radial 
component of momentum p, as conjugate variable, the component M, (*=> p say) 
of the total angular momentum of the system m a given direction, i say, with 
the anmuth about this direction of the direction of total momentum as conjugate 
variable , and in the case of a system with a single electron the only other new 
variables may be taken to be the magnitude of the angular momentum k, 
with the angle 0 m the orbital plane between the radius voctor and the line 
of intersection of the orbital plane with the plane xy a a conjugate variable, 
while in the case of two electrons the remaining new variables may be taken 
to be the angular momenta k and k' of the two electrons, with, for conjugate 
variables, the angles 0 and V between the radius vectors and the line ol 
nodes, and the total angular momentum ] with the anmuth ip of the line of 
nodes about the direction of j for oonjugate variable The transformation 
does not involve anything essentially different when there are more than 
two electrons, as we may consider all the electrons except one as forming an 
inner system or core which plays the part of the second electron when there 
are only two, so that the j of the core counts as the V of the whole system, 
the iji of the core counts as the S' of the whole system, while the magnitude 
of the resultant of k and k’ is the } ol the whole system, and the anmuth 
about the direction of tbs resultant ol the line of intersection of plane# 
perpendicular to the vectors of k and k' is the p All the new variables are 
independent of the orientation of the system as a whole except p, and 
(or 0 when there is only one electron) The variables k, k', j and p may 
be called action variables, and their canonical conjugates angle variables 
The object of the present paper is to perform the corresponding initial 
simplification m the quantum treatment of the problem by the introduction 
of certain quantum variables, which will be given the same name# r, p„ L, 0, eto, 
whoae properties upon investigation will bo found to be closely analogous 
to those of the classical variables. The quantum variables, of course, cannot 
be considered geometrically The geometncsl relations satisfied by the classical 
variables must be expressed in an analytio form, so that one can then try 
to obtain quantum variables wbeh satisfy the same algebraic relations If 
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a classical variable is independent of the orientation of the system as a whole, 
the corresponding quantum variable must be invariant under the transforma¬ 
tion 

2 = 4- miy 4 - n,z 

y = Ig* + m# + Mji 

z~l& + 4- n^t 

where the 1’s, m's and n’s are c-numbers satisfying the same relations as the 
classical coefficients for a rotation of axes The new variables, of course mqst 
all be real, and also the angle variables 6, O', tji and 4 must be such that the 
Cartesian co-ordinates, when expressed in terms of the new variables, are 
multiply penodio in the 0, 0', 4/ and 4 of penod 2 is Finally, the most essential 
property of the new variables is that they shall be canonical, which can be 
verified only by evaluating all their PB’i (Poisson bracket expressions) taken 
two at a time 

In the present paper we are not concerned very much with what the Hamil¬ 
tonian of the system is We simply want to find a contact transformation 
from the Cartesian co ordinates and momenta to the new variables, namely, 
the r’s, p r ’ s and certain variables which we call action and angle variables 
These can be true action and angle variables only if the Hamiltonian is a 
function of the r’s, p,s and action variables only In this case, to complete 
the solution of the dynamical problem, t is necessary only to obtain a contact 
transformation from the r’s and p,’ s to extra action and angle variables, which 
transformation may require the addition of functions of the r’s and p r ’ s to the 
previous angle variables When the Hamiltonian does not satisfy this condition, 
the action and angle variables introduced in the present paper form a preliminary 
system of canonical variables, from which the final umfornusing variables may 
be obtained by a further oontact transformation ft oan be shown that the 
kinetio energy of an electron is a function of the r, p r and action variables only, 
and hence, if the total fiold in which the electron moves is approximately 
oentral or symmetrical about the i-axis, the Hamiltonian will differ from a 
function of the r’s, p,’s and action variables only, only by a small quantity, 
so that the further contact transformation can he made with the help of 
perturbation theory In the absence of an external field of force the Hamil¬ 
tonian must in any case be a function only of those of the new variables that 
are invariant under the transformation (1), since the Hamiltonian itself is 
invariant tinder this transformation 


p»-hp* + mip, 4- n x p, 
P, = l *Pm 4- «**?» f »4>S 
P. = hPx + m t p, 4- n 3 p t 
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§ 2 Preliminary Algebraic ReUUtotu 

Let r, y, t and p„ p„ p, be the Cartesian oo-ordinateB and momenta of an 
electron Any function of the co-ordinates and momenta of one electron 
commutes with any function of those of another Define r and p r by 

r = (*• + *»+ **)», (2) 

rpt = xp a + yp, + zp, - th (3) 

Then we have, since r commutes with x, y and * 

^ [r, rp r ] =. x [r, p m ] + y [r, p,] + t [r, p,} 

[t. p,] =■[(** + y* + **)*, p»] =» */(** 4- y* + 2*)‘ =■ xjr, 
with similar equations for [r, p,] and [f, p,] Henoe 

[r, rp,] =■ (x* + y* + **)/f = r, 

[r.pj-l 

Thus r and p r arc canonically conjugate and may be taken to be a pair of the 
new variables, as they are obviously invariant under the transformation (1). 
The (— tA) is put in equation (3) for symmetry and to make p, real, the 
ooujugate imaginary equation, obtained by writing — % for t and reversing 
all orders of factors of products, being 

p,r = p«*4- p,y-f pjt, ftA (V) 

whioh agrees with (3) 

The components of angular momentum* of an electron are defined, as on 
the classical theory, by 

* yp. ~ *p„ — zp* - xp„ m, * xp, - yp, 

AVe have at onco the identity 

*m. + yw, + **». => 0 (4) 

as on the classical theory. AIbo 

[«*» *] — l*p, - yp., *] - y \ (6) 

y] * \*p, - ypm y] = — xj 

[m„ *] =. [xp, - yp m r] — 0. (6) 

* The angular momentum relations of this eectlon hare been obtained independently 
by Bom, Heisenberg and Jordan (' Zoita f Phya,’ vol 55, p. 657 (1936)) 
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and similarly 

(♦»«. P .] - T„ K. ft] = ~ ft. 

[*»., ftl - 0, 

with corresponding relations for tft and »», Further, 

[m, »n,] «[m„ zp t - xj>,) ■=. [w V , z]p,~x [m, 

-= - yft + t p » =»». 

and similarly 

l*»„ »».] -=■ *»«, [*>„ «.] = w, 


(7) 

(8) 

(<*) 


These relations will be continually used m the subsequent work liquations (5), 
(7) and (9) may easily bo remembered from the fact that the -f sign occurs 
when the cyclic order (x y z x) is preserved, and the — sign occurs with the 
reverse ofder 
From (2), (5) and (9), 

[r*. m,] => [x* f y*, m,J ~ —2xy + 2xy = 0, 


and from (3), (5), (6), (7) and (8), 

[rpr, »«J = [*ft + m "».l - - yft - rp, + rp, (- yp, 0 
so that r and p, commute with m„ and therefore from symmetry also with 
m* and »i„ and therefore with any function of the angular momenta 


Put 


, — E», M, = 

all the electrons We have at once from 


the summation being exttmlid 
(5) and (6) for each electron 

(M„ x] = y, [M„ y] = - x, [M„ rj = 0 

Also 

[M», M,J — [Stn* SmJ = £ [m„ *>*»] — — M, 

and similarly 

[M„ M,] = M„ [M„ M,J = M, 

Let 

-J- + »,* — m* 

We have from (9), 

[m*, m,] => [m/ + m, 1 , «J =- - m, + m, 4 - #i„ m, 

to m commutes with m„ and hence also with m. and «, Similarly if 

M.H M,» + M,‘ = M» 


(10) 

(U) 


M commutes with M„ M, and M, 
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The kinetic energy of an electron is a funotion of (p.* + p,* + p‘) With 
the help of (2), (3) and (3') we obtain 
»** = (yp, - ip,) 1 * (ypw, + tp, zp, - ypsp, - zp,yp.) 

(y*p** + - mvfi - z P-p>y - + *V - 2 iA *p») 

= (3*+y*-l-**) (pS+pS l-p,*)-(-«p«+yp»+*P.) (p«*+p,y+p.* + 2iA) 
- * (pS + P* + P.‘) - (rp r + tk) (PS + «A) 

-=• r* fp," + ?,* )' P.‘) - »V 

Hence 

P«* + p, 1 + p«* =» Pr* + m*/r* (12) 

as on the classical theory Now m* is going to be a function of tho action 
variables, and hence the kinetic energy of the system will be a function of the 
r's, p,’s and action variables 

We shall not be concerned further with the r’s and p,’ s except to venfy that 
they commute with each of the action and angle variables that will be introduced, 
this being necessary for the variables to be canonical 


$ 3 The Actum Vanablct 

tin the classical theory one of the action variables to be introduced, namely, k, 
is just equal to m The quantum variable k may not be equal to m, but must 
be chosen such that x, y and z are periodic functions of its canonically conjugate 
variable 6 of period 2ir On the classical theory, if a co-ordinate, z say, is 
expanded as a Founer senes in the angle variables, the coefficients of the terms 
involving e‘ u all vanish unless n « ± 1 This fact is expressible analytically 
by the equation 5*2/30® =>= — c, or in P B’s by [k, [k, 2]] ■=- — s We try to 
choose our quantum variable k so as also to satisfy 

ft ft *]]--* (13) 

This relation would ensure that when z is expressed in terms of the now variables, 
it would be penodic in 6 of penod 2tc, and, further, that all the coefficients 
in the Founer expansion would vanish except those of e“ and e"** terms 
The ordinary selection rule for k would then follow 
Equation (13) gives 

[**, (k, *]] - k [k, [fc, z]} + [k, [*, «JJ * - - (fa + zk), 
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and hence 

[A*, [Jfc», *]] = k [Id, [k, s]] + [Jfe* [A., s]H=- — H 21:1 + zJd) 

- - 2 (£** + **») + (**t - 2hL + zld) 

- - 2 (Jdz (- ild) + hh 

*[*»,[**.*]] *=-(*•-!(H) 

Now from (8) and (8) 

1 [>»», *] = i [w # * + m* *] -= i (- ym, - m# f xm, + m^c) 

~ mjc - mjf 4- ihz -= m^r — ytn, = xm, — m»y (15) 

Similar relatione hold for J (w* r] and j) [m* y] Hence 
ifm* [w*,*]) = m, [w 1 , /] — tfijm*. v] + t h [»»*, z] 

= m,2 (ym t - in,*) — m.2 (m,* — xm,) + » h fw*. z] 

“ 2 (m# + m,y + »>,«) m, - 2 (m.*+ m,* + tn,*) t \-\h [m*, :] 

= —2 m*z •+• (m*z — zm*) 

= -m*z- zm* (16) 

Comparing this with equation (14) we see that they agree if we take 

«• -**-;**•=*,*.. (i7) 

whore 

*,-*H*. *.=■!-I* 

(In general we shall tako the sufhx 1 attached to any action variable to denote 
the value of that variable inert aacd by \h, and the suffix 2 to denote its value 
reduced by \h ) 

With k defined by (17), equation (14) follows from equation (16), lmt tqua- 
tion (13) does not necessarily then follow from equation (14) Wo may, 
however, take (13), together with the corresponding equations 

IM*. *]]--»■ [*>(*.»]]=-y (18) 

as completing the definition of k, which had previously been defined only 

through Id It seems probable that in general an algebraic equation m quantum 
algebra has an infinite number of roots, e g , the algebraio equation m -m = !i 
is analogous to a differential equation on the classical theory, and its general 
solution oontama arbitrary c numbers It thus appears to be reasonable for 
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one to take two or more equation* to define a q-number when necessary, pro¬ 
vided these equations are consistent, as in the present case 

One may examine the necessity for the further assumptions (13), (18) in 
the definition of k by the matrix method used by Bom, Heisenberg and Jordan * 
If one regards (14) as a matrix equation and equates the (rnn) components of 
either side, one obtains a relation effectively the same as Bom, Heisenberg 
and Jordan’s equation 22 Kap 4 (except for the fact that Born, Heisenberg 
and Jordan are using M instead of m, and X, a linear function of r, y and z, 
instead of z] From this these authors deduce that all X (ms) components 
vanish except those related to two V s, o, and o* say, that satisfy 

o. =■ ± a m ± 1 (23) Kap 4 

But we want each X (nm) to vanish except when 

= (23') Kap 4. 

Bom, Heisenberg and Jordan state that negativo values of k can be ignored 
without loss of generality, but this is justifiable only if it can be shown that 
transitions from a positive to a negative k cannot occur This cannot be done 
without further assumption, since if there is a matrix representation for which 
every X (nm) vanishes except when (23') Kap 4 is satisfied, one can obtain 
from it others for which this condition is not fulfilled, but only the condition 
that each X (nm) vamshos except when (23) Kap 4 is satisfied, by interchanging 
in the matrix k some of the pairs of rows, and the corresponding pairs of 
columns, for which the o*’s are equal in magnitude but opposite in sign, as 
this proocss does not affect the validity of any matrix equation that 
involves k only through i* Equations (13), (18) supply the necessary further 
assumption. 

One can take as another action variable the quantity M„ equal to p say, 
since from (10) 

[?>[?.*]]*■ [y.y] = 

\p, ip, y]] = - [p. *] « - y 

These equations show that x and y are periodic functions of <j>, the variable 
conjugate to p, of period 2n, and that all the coefficients m their Fourier 
expansions vanish except those of e** and terms Further, since [p, *] ™ 0, 
all the coefficients in the Fourier expansion of * vanish except those of terms 
independent of <j> The selection rules for p follow from this 
* Bom, Heisenberg end Jordan, foe eU 
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Again, when there is more than one electron in the system, we can define j by 

M* = j* — |A* = ji, ji, (20) 

analogous to (17), and takej as an action variable, because, as wo shall show 
later, quantities (j,, n, can be found which satisfy 

= b.U *]]=■-»*»> b. b. hJ 3 =*= ~ h. (21) 

Prom tho results of J 2 it is evident thaty, p and the k'a commute with r and 
p, and with one another, and also j and the i's are mvanant under the 
transformation (1) 

§ 4 The Angle Variables 

Each of the angle variables w is given on the classical theory by e‘" being 
equal to the square root of the ratio of two quantities that are conjugate 
imaginancs, i e by a relation of the type 



where a and b are real This, of course, makes w real, since if one writes 
— » for i in (22) it remains true On tho quantum theory there are two 
corresponding ways by which one could define e im , namely, 

+ " {.-rts <»+•*>}*. 

but neither of these makes w real The correct quantum generalisation of (22) 
is the more symmetrical relation 

e* (a - »h) e‘- = o + tb. (23) 

This becomes, when one equates the conjugate imagmaries of either side 
«"*" (o + tb) <r**«= o - i b, 

which is equivalent to (23), so that w defined in this way is real We may solve 
equation (23) for e‘* m either of two ways, namely, 

c* (a - tb) (o - tb) « (a + tb) (a - xb), 

giving 

(a - A) « {(a + tb)(a- tb)}' = {(a + .*)(«- .A)}-* (» + »*)(<.- ib), 
so that 

«*" = {{« + •$)(« — <*))"* {« + tb), (24) 

or alternatively 

(a — tb) e* (a — tb) e* = (a ~ tb) (a + tb), 

which gives 

e* - (a + ib) {(a - »i) (a + *6)}-* (25) 


VOt CM—A 
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Suppose: 
We have 


so that 

and 


that Juan action variable such that 
[J, a] =» b, [J. 6] = - a 

[J, a — *6] = 6 + to =»(o — *6), 

J(a + i6)-(o + *i)(J + *) 1 

J (o — tfc) — (a — »6) (J — A) J' 


(26) 


(27) 


J (a +16) (o — ib) =» (a + «b) (J + A) (a — *6) = (a + »6) (a — tb) Ji 
so that J commutes with the product (a + *6) (a — tb) Hence from (24) 
or (26) 

Je 4 " = e*" (J + A), 


or 

[e* JW 

It does not follow rigorously that fw, J] = 1, but since w oouirs id the analysis 
only through e", the relation [e**, J] = ic*" is sufficient to show that we can 
take w to be the variable conjugate to J 


From (26) [J, [J, a]] - — a 


(28) 


Hence, to determine the angle variable w canonically conjugate to any action 
variable J, one must look for a quantity a that satisfies (28) and that commutes 
with each of tho other action variables, and then, if it can be found, defino w 
by (23) with b equal to [J, a) This will make w real and conjugate to J, and 
will make it commute with the other action variables It would, of course, 
have to be verified that it commutes with r and p r (On the classical theory 
the conditions that a must satisfy are that it must vary pertodn-ally according 
to the cosine law when w increases uniformly and the other new variables are 
kept constant, and must remain constant when the r’s, p r ’ s, action variables 
and w are kept constant ami the other angle variables vary arbitrarily ) 

To determine, for instance, the angle variable 0 canonically conjugate to 
the A of 5 3, we know that [A, [l, *|] = ~ z and that s commutes with p, and 
hence for the case of a system with a single electron when there is no other 
notion vanable, we can take 0 to be defined by 

e"(* ~* [A, *])«" »» + •[*•]. ( 28 ) 


We shall have to take a different value for a when there is more than one electron 
in the system, since z does not commute withj It is obvious that 0, defined 
by (29) or 


# “{(* + » ft •]> (* - » ft *»}-» (* + * ft •]). 
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commutes with r since z and A do so To prove that it also commutes with p, 
we here 

[*!>]«* 

* (rp.) » (rp, + «*) - 

This equation must still be true when for z is substituted (z + i [i z]) or 
(z — » [it z]) or {(z + t [it z]) (z — » [£, z])}* * It follows that *“ commutes 
with rp, and hence with p. From (27) we have the equation 

M + »(* *]) => (z + * [* *])*i (30) 

which will be required later 

In the same way we may define <f> the angle variable canonically conjugate 
to p by taking a =» M, since we know that [p [p M,l] — — M, and that M, 
commutes with each 1c and with j We thus have 

c*(M, - »M„) c** - M, f .M, 

It is obvious that r an 1 p, commute with <f> since they commute with M, 
and M, 

The equations (23) (24) (25) lot the typical angle vanablo are most useful 
in the form 


<7 + t6 — {(n + ib) (a - tb)}* «*' e iw {(♦ - t6) (o + z6)}* 1 

a - lb — {(« - t6) (a + ih))‘ e ~ w {(a 1 16) ( i - ih)}* J 


(31) 


It is necessary ti evaluate the products f (a |- th) and (a — \b) m each case in 
which these equations are used For the case when a is M„ and b is M, we have 


(M* »M„) (M, »M r ) -= M,* + M t s - »(M*M, - \U T ) 

-jM* — M,* + AM, -j* ) hp 

~J* ~ Pt 


so that equations (31) become 

M. + »M, - (f - y,')* p*)* ] 

V (32) 

M. - tM, - O' - Pi 1 )**-'* = * **(f- PS)*! 

The evaluation of the product (z +» [A z]) (z i [A z]) is not ao easy 
We shall evaluate the more general product (z + * [h t]) (£—*[* ?]) where 
i y) are three quantities satisfying the relations analogous to (4) (5) and (•) 


• HU* Is not ngorou* but appear* to be justifiable 



PAM Dirac 


282 

(and the relations corresponding to (5) and (6) for m, and m,) m which z, y, « 
have been replaced by 5, tj, C, as we shall need this pioce of analysis later 
5, ■»), 5 must satisfy the relations analogous to any of the consequences of (4), (6) 
and (6) that do not require for then proof the fact that x, y, z commute with 
one another, such as (16) and (13) [provided the auxiliary assumptions (13), 
(18) required for the definition of A are true for the 5, tj, £] 

We have from (16) m which m* is replaced by it*, 

k [A, *] + [A *] A *= [A*, z] = 2 (mjc -m# + ♦ hz) 

Also 

l [A, t] - [A, z]k = \h [A, (A, r]] « - ihz 

from (13) Hence 

A [A, z] — mjc - + [thz, (33) 

and similarly 

A |A, q - m,K - m x t] + W 

From (4) 

= (m^ + m,y) (m,§ + m/j), 

so that 

(m^r - mj) (m,£ - *m) + 

=-wi, (xm, + ym,) ^ + m, (ytn, + *w,) >) 

+ m z (zm, - ym„) 5 + m„ (ym, - xmji) 

= m, (»»,* + i + w. («*.y + »v01) 

+ w ( (m# - m#) 5 + m, (m# - mjr)q 

—(m* + *»,*) (*5 + yvj) - + t Ant I x7) 

Using these results and also (30) we find 
A (A — A) (» +»[A, r]) (£ — »[A, £)) 

= A(* + »[i, *]) A(i; — • [*, Q) 

“ {*«* +»K* - w «y)} {*!?“* K5 ~ "V))} 

= K* - *M) (»„£ - *M) + {*,* + * («** - »M)) *1? 

- »Ag* (m,5 - m,ij) 

- K‘ + O W + n) - + t*M*» - »5) 

+ A, (Agt + »(m^r - ro^y)} t - tA,z (»,£ - »V)) 

« (A,A, - m,‘) (x£ + y*j) + (A,* - mf) % + «Am, (anj - y$) 

- »A, {- (m^u - m#) ? + (*V - «Ax) 5 - (m** + »*y)vj} 

*= (A.* - w,») (x5 + yij + r?) + tAm,(*i) - y5) 

-*A,{«i.(y;-ST|) + m,(*5-*i:)} (34) 
Now take 5, t|, £ equal to x, y, z Equation (34) reduces to the simple result 
A (A - A) (z +»[A, *]) (t - »[A, *)) m (A, 1 - m,') r* (36) 
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18 The Transformation Equations for the System with a Singh Electron 
When the system consists of a single electron the new canonical variables 
are in addition to r and p, the action variables I [defined by (17)] and 
p [ «= mj and the angle variables 6 and [defined by (29) and (32)] With the 
help of (38) the transformation equation (29) may be put in the form (31) 
The result is 

* + • £* «]-r* »<*-*> »(*,*-**)»«" 1 

= rk * (if - p*)‘ e u Jr* = rJT* f (i,» - p*)» l ‘ i- (36) 
s-t[* *] ■= rk *(A,*-p*)‘« u i * = rife *e f)*k *J 

We have already shown that the new variables satisfy all the conditions that 
they ought to satisfy except that [0 $ =>0 This relation is not very easy 
to prove but fortunately it is not of any dynamioal importance since if it 
is not true our 0 and <f> would differ from the true variables conjugate to k 
and p only by real quantities that are functions of k and p only and are there 
fore constants The amplitude of x y t expressed as h owner senes will 
therefore not bo affected 

A simpler way than the one already given of proving that the transformation 
from the original variables to the new variables is a contact transformation 
is to assume that the new vanablcs are canonical and satisfy the quantum 
conditions and to deduce from that that the onginal vanablcs are canonical 
It is convenient with this method to introduce the variables 

Ci- (i+p-iA)* «***+♦> » + p + *A)» 

*11 = ~m+p + ih)ie ill**) *•<»♦♦ (*+*-»*)» 

5,- (k-p-{h)ieV *> = *•*(*-* + **)* 

’ll — W° “* *> ♦>(A- P -iA)» 

which are easily vended to be canonical and which give 

5 x >h =» — s(* f-j> — iA) ^x^-MA+p + iA) 

- i(k — p~\h) >) t 5»=-*<i-p + lA) 

The transformation equations may now be put m the simple form 

> (37) 

'(U.+WI »J 

m, + un, = ifoi 
m, — im i = 

*J». + m + *P» - »7>r + lA, 
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from which one can easily verify that x, y, z, p m p, are canonical when it is 
aaiumed that the 5’s and i)’s are canomoal Incidentally this method shows 
that our previous 6 and 4> do commute 
Equations (37) aro also the most convenient one* for evaluating the amplitudes 
of the various components of vibration, since they give at once 



The simplicity of equations (37) is due to the fact that one tan associate 
each component of vibration of the system with the product of two of the £, 7) 
variables that are not conjugate With systems of more than one electron 
there are too many components of vibration for this to be done, so that there 
are no equations corresponding to (37) for such systems 

5 6 The Transformation Equations Jor the System with Two Electrons 
Consider now the case of a system with two electrons and use dashed letters 
such as x', p„', mf, k' to refer to the second electron. We take for our new 
variables, m addition to r, p„ r’, pf, the action variable* k [defined by (17)), 
k\ p and; [defined by (20)], and their conjugate angle variables 6, O', ^ and <[<, 
which will now be defined 

We define sf> as before by equations (32) To define 0 we must replace the * 
w (29) by some quantity that also satisfies (13) and that commutes with k\ p 
and; Tho quantity xw,' + y*»,' + *«.' (*» q . m' say, using the dot to denote 
a scalar product and q to denote the vector x, y, z) has the necessary properties, 

[*,[*, q m']) = [*,[*, qj],m'»~q m' 

from (18), and 

[q.m',i']=0, 
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owing to the fact that k' oommutes with m/, m/ and m/, and farther from (4) 
q m' *= q (M - m) = q . M, 

10 that 


[q • **', p) = [q.M, M.) => [xM, + yM„ MJ 
- - yM. - *M, + aM, + yM. = 0, 

and from symmetry 

[q m', M,] =s 0, [q m', MJ^O, 

to that 

[q m\ _,]=.<), 

ae requirod Thus 0 defined by 

c“(q m'-il*,q + m] (39) 

» conjugate to k and commutes with Jfc', p and j, and also, may be proved, as 
in the case of a smglo electron, to commute with r and p, In a corresponding 
way we can define O' by 

e <r (q' m —»[*', q' m))^^' m + i[i', q' m] (40) 
To define ip we must introduce the quantities 

p, = m,m/ — m,mj =a M,m/ — = m/M, — M.m/ "i 

p, — m.m,' — m,m/ = M.m/ — m/M, = m,'M, — > (41) 

p, ~ m«m,' — m,m*' = Main/ — m.'M, = m/M, — M.m.' J 

We have 

[M„ p»] = [»»„ *V»/] + [m,', - m.m, ] = - m r m,' + m.m/ => p, "1 
[M„ p v ] = [m„ - m.m,'] + (m/, m,m/J = - m„m,' -f m.m/ ■« - p, J ^ 
[M„ pj - m.m,' -f Warn/ - m,m,' - m,m/ =. 0, (43) 

and further 

ft m — (m,m,— m,m.) m,' + (m.m, — m,m,) m/ -f- (m,m, — m^n,) m/ 

— - *A (mam.' + m.m/ + mpn/), 
and 

p m ' = m, (m/w/ — m/m/) + m, (m/m,' — m/m/) -f m, (m/m,' - m/m/) 

— *A (m,w/ f m/n/ + m.m,'), 

so that 

p m — 0. (44) 

The relations (42), (43) and (44) between p„ p* p, and M t , M„ M, correspond 
exactly to the relations (5), (6) and (4) between x, y, * and m* m„ m„ so that 
any consequences of (6), (6) and (4) that do not require for their proof the fact 
that x, y, t commute with one another can be applied directly to the p’s and 
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M’s The equations (13), (18) are such oonsequences, and give when appbed 
to the p's just equations (21), and thus justify the definition (20) for the action 
variable j [The fact that (13), (18) involve an additional assumption, which 
may be regarded as completing the definition of k, here repeats itself, as (21) 
mvolves the corresponding additional assumption, which may be regarded as 
completing the definition of j ] Equation (33) appbed to the p’s gives in a 
similar way 

3 L), P,] = - M,p, + itAp I( (45) 

which will be required later 

Now p, evidently commutes with r, p„ r', p,', A and V, and we have proved 
that it commutes with p, so that we can take it to be the quantity to be 
substituted for a m (23) for the definition of 4" We then get 

** (Hi-» b, pJ)«* -M. + *tj,pJ (») 

We have thus established all the relations necessary for the new variables to 
be canonical except that the angle variables commute with one another, but 
this, as before for the oase of a single electron, is of no dynamical importance. 
All the new vanables except p, <f> and <|i are obviously invariant under the 
transformation (1) 

To put the transformation equations (39) and (46) m the form (31) it is 
necessary to evaluate the (a + *6) (a — *6) for each of them. For the case 
of (46) the analysis loading to equation (34) is directly applicable, and gives, 
when one wntoa j for k, M, and M, for m, and m,, p for m„ and p*. p,, p, 
for x, y, z and 5, T), £, 

i0 — *)(p. + »L?, ml)(p.-*[;. pJ) 

=> 0«‘ - f) (p, 1 + P»* + P.*) + *hp (P.P, - p,p») 

- Vs {M, (p»p, - p.p„) + M, (p,p» - p.p,)}. (47) 

We have 

P»* + p,* + p, s = (*»,**«,'* + - w.m^n.'m,') 

= («.’ + >*,* + mf) (m,' 1 + m,' 1 + m,'*) 

- + *«,*»,' + wyn,')* 

+ (*»,«. - m.n,) (m, V - 

= tnhn ' 2 — (m m')* — A* m m', 

[p.. p»] = [p»*".] < + «, [p.,«.'] - [p» ">J < - m, [p*, m,'J 
= mjn.'m,' + m, (fly»/ + 

- (~ «.*».' ~ «V»»') »"/ + 

=*(«. + <) («,w,' + »yn,' -f «,«,') 

# + (*V"» - «,«,) m,' 4- m, (m.'m,' - m/m/) 


and 
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u the last two terms cancel, with similar relations for fp,, p,] and [{x„ p,] 
Hence the right-hand side of (47) becomes 
0,» — p*) {mV 1 - (m m')* - hh n m'} - A*p*m m' 

+ A;s (M, 3 + M,=) m m' 

** (j t * ~ p>) {m*m'* - (m. m')*} — m'+ fy t (jij t - p 1 ) m m' 

Now 

m m' - Aj, = J Os 1 — M* — A,'At ~ Aji) 

— {m m' - Aj,) m m' = A^/A,' — J {(;,* ~ A,A, — A/ A,')* — A^j,'} 

= -i0. 4 "2js*(M. + W + W 

+ (A,A, - 

- - i 0/ - 2j f * (A* + A'*) + (A* - A'*)*} 

= *(*Xj,). 

where we have used the notation 

(a, 6, r) =» — (a* + A* + c‘ - 2AM - 2c»a» - 2 a*A*) 

= (a -f 6 + c) (o + 6 - c) (<i - 6 + e) (- a + 6 -f c) 
for throe quantities a, b, o that commute Hence (47) reduces to 

1 0 - *) (H. + ‘ H.]) (It. - * [}> (<J)- i 0 ,* - P») (A, A', Jt ) (+9) 

The evaluation of the product (a -f iA) (a — »A) for equation (39) is more 
complicated, and the method will only be indicated The product to be 
evaluated, namely, (q m' -f-»[A, q m']) (q m' —»[A, q in'], is composed 
of the sum of three terms hko 

m;*(* I-, fA, *])(* — . [A, *1), 

and three terms like 

{<«,'(£ + »[A, *]) (if - * [If, y]) + m,'m x '(y + « [A, y]) (e — t (A, *))} 

The values of the first three terms are given directly by equation (35), while 
the value of the sum of the quantities (x + \ [A, *]) (y — »[A, yj) and 
(y +1 (A, y]) (x — i [A, *]) can be obtained by applying the linear transforma¬ 
tion (I) to the * and m, in (35) and equating the coefficients of l»w, on either 
side. Proceeding m this way we obtain finally 
A (A — A) (q m' + «[S,q m']) (q. m'-»[A, q m']) = i(A|. ( 60 ) 
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With the help of (49) and (80) the transformation equations (40), (39), (40) 
may be pat in the form (31), and give 

h. +» [j, pj « ir l 0 t‘ - ?*)‘ (*. 

1 (6l) 

and 

q m' + i [*, q m'J = Jr*-* (i„ j)‘ «***-• = lr* -i e‘* (*,, j)* *"* 1 (M j 

q m' — i [i, q m'f= *rlr*<*fc,l',i)»s-**-« = 
with corresponding relations for O' 

§7 Systems with more than Two Electron! 

The extension of the transformation to systems of more than two electrons 
may be made as on the classical theory, as explained m $ ] The M r , M„ M, 
of the core form the w,'. m v ', of the whole system and the j of the core 
forms the Ik' of the whole system A alight change must be made in the | of 
the core in order to change it into the O' of the whole system, since the ^ of 
the core has to commute with the M, of the oore or m' of the whole system, 
while the 8' of the whole system need not do this, as m,' is not an action variable, 
but must instead commute with the p and j of the whole system This change 
is made by substituting for p, in the defining equation (46) the scalar product 
of the (p„ p,, p,) of the core and the (m„ tn„ *n t ) of the outer electron, in the 
same way in which the definition of 8 waa changed on passing from the case 
of one electron to thecase of two electrons by substituting q . m' for therm (29) 
This change also makes 8' invariant under the transformation (1), while the 
of the core was not On the classical theory the geometric meaning of the 
change is that the <|» of the core is its azimuth about the direction of the j 
of the core measured from the plane containing thisy and the z axis, while 
the S' of the whole Bystem is the same azimuth, but measured from the plane 
containing the j of the core and the j of the whole system 
There are alternative ways of treating the system of more than two electrons, 
as one may add the angular momenta together according to different plans, 
for instance, one could first add the angular momenta of the two outer electrons, 
and then add this sum to the resultant angular momentum of the remaining ones. 
The suitability of the different methods depends on the relative importance 
of the different perturbation terms in tho Hamiltonian The action variables 
(except p) are always related to the magnitudes of angular momenta by 
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equations of the type (17) and (20), while the method of $ 4 can always be 
used to find the angle variables 

§ 8 Application*. The Boundary Valuet of the Action Variable* 

The applications which are now to be made are valid only when the 
Hamiltonian is such that the k, k\ j, p arc the true action variables or 
approximately so 

To obtain physical results from the present theory one must substitute for 
the action variables a set of c-number* which may be regarded as fixing a 
stationary state The different c-numbets which a particular action variable 
may take form an arithmetical progression with constant difference h, which 
must usually be bounded, in one direction at least, in order that the system 
may have a normal state All the terms in the Fourier expansions of the 
Cartesian co-ordinates that correspond to transitions from a stationary state 
inside the boundary to one outside must vanish It may seem that these 
conditions arc difficult to satisfy, and that in general there would be no way 
of choosing the arithmetical progression to satisfy them In practice it appears 
to be a general rule that the conditions oan be satisfied m a way of which the 
following example is typical 

Suppose that w is an angle variable and J the conjugate action variable, 
and that wherever e* - occurs in the transformation equations it has immediately 
in front of it the factor (J, — e), where c is a c-number, and wherever eoccurs 
it has immediately behind it the factor (J t — c), which is equivalent to the 
factor (J i — c) immediately m front Then we take J to have the senes of 
values o -f JA, c JA, c + iK , which terminates at (c \h) The 

amplitude related to (c + JA, c — JA) is given by one putting J — c f JA 

w the coefficient in front of e m or in the coefficient behind e -1 *, and therefore 
vanishes on account of the factor (J, — c). The ampbtudes related to 
(o + JA, c ~ ]A) and (c -f jA, c - JA) are given by one putting J - c -f JA 

and J =» c + ]h in the coefficient m front of e***, or the coefficient behind 

«"**“ Now *!**“ can occur only through 
{(J, - o) e 1 "} 1 =* (J a - c) «*" (J, - c) e- - (J - c — JA) (J — c - J A) e*'", 
so that its coefficient vanishes when J = o + JA or c + JA, and siradarly 
t-** can occur only through 

{<r**(J, - c))* - e-** (J - c - JA) {J - o — JA) 

In the same way «•** oan occur only through 

{(J. - c) e *-}‘ =>> (J — e - JA) (J — c — }A) (J — c - JA)s»<*, 
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and its coefficient vanishes when J *=> e -f |A, e + JA, or c + {A, and so oh 
Thus all the amplitudes in the Fourier expansions that are related to a value 
of J greater than r and a value less than c vanish, which justifies the series 
we have chosen for J We could equally well have taken the senes c — |A, 
e — ]A, c — ]h, We may call the value J = c the boundary value of 
either senes 

In the same way when there is more than one action vanable, J and J' say, 
if «** ib always preceded in the transformation equations by a coefficient 
with the factor /(J„ J'), and e _t * is preceded by /( J x , J') we may take 
j (J, J') =, 0 to be a boundary value for J This equation, though, may also 
bo considered as fixing a boundary value for J', and it is therefore necessary 
that the factor / (J, J t ') should always occur in front of e 1 " and / (J, J/) m 
front of e -t * 

Now consider (32) and (36), the transformation equations that involve the 
angle variables for the system with a single electron We see that «** is preceded 
by the factors (; — p,) 1 , (; + pi)\ which are the same aB (A — p,)*, (A + pj*, 
and e*+ by (A — p,)*, (k + p t )*, and, further, that e 4 is preceded by (A, — p)*, 
(A, f p)‘ and c" 4 by (Ai — p)*, (Aj 4- p)* All the conditions are therefore 
satisfied for A — p =» 0 and A + p = 0 to be boundary values of the action 
variables Hence for a given A, p takes the 2 IAI values ranging from | A | — \k 
to — | A ( + It may be shown that A takes half integral quantum values 
when the central field consists of an inverse square field of force with a small 
inverse cube field of force superpoeed (with non-relativity mechanics), and 
thus has the values ± $A, £ fA, ± }A , corresponding to the 8, P, D 
terms of spectroscopy There will thus be 1, 3, 5 stationary states for 
8, P, D terms when the system has been made non-degenerate by a 
magnetic field, in agreement with observation for singlet spectra 

We have already shown the selection rules for A and p It remains to be 
proved that transitions from A = |A to A =» — JA cannot occur, as these 
would appear experimentally as 8 —► 8 transitions When A is ± JA, the only 
possible value for p is zero, so that we have to consider only transitions for 
which p does not change From (36) or (38) we see that the coefficient in 
front of « 4 in the Founer expansion of z vanishes when one puts A =» \h, p « 0, 
so that the transition A =» JA to A = — $A oannot occur 

For a system with two or more electrons, we see from equations (32) and (51) 
that; ± p=»0 are boundary values for; and p, and from equations (51), (52) 
and the equations corresponding to (52) for 6', that A ± A' ± ; => 0 are boundary 
valuee for A, A' and; Hence p takes the values from I; I - JA to - |; ( + JA, 
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while ) takes the values, when k and l' are positive, from k + k' — tyi U> 
\h — k'\ +4A, m agreement with experiment This rule applies generally 
fox the addition of any two angular momenta 

The transition k « JA to k — — {h is still forbidden, sinus when A = ± \k, 
3 can take only the value V, so that j cannot change during this transition, 
and from (52) the coefficient in front of e* vanishes when one puts k =■ \h, 
3 = k\ on account of the factors (A, 4- h‘ —y) J or (A a — k' +j)* 

10 The Anomalous Zeeman Effect 

The present theory does not give any explanation of those atomic phenomena 
that oomo under the heading of duplexity, namely, the peculiar relationships 
of the relativity and screening doublets in the X-ray spectra, the branching 
rule of spectroscopy, and the anomalous Zeeman elfoot If, however, one 
adopts the usual model of the atom, consisting of a normal senes electron 
and a core in which the ratio of magnetic moment to mechanical angular 
momentum is double the normal Lorcnts value, then the present theory gives 
the correct jr-formula for the energy of the stationary states m a weak magnetic 
field without further assumption 

The energy of the atom in a magnetio field in the direction of tho s-axia is 
proportional, with this model, to 

m, -f- 2m, = M, + m,’ 

instead of to M„ as with the normal model If the field is weak wc may use 
perturbation theory, according to which the change in energy of the stationary 
states u given, to the first order, by the constant term in the Fourier expansion 
of the energy of the perturbation m terms of the umfomusing variables for the 
undisturbed system We must therefore obtain the constant term m the 
Fourier expansion of (M, -f «,') in terms of the 6, 0', <j> and We have from 
(46) and (41) 

i b, ml = M, (MX - m/M.) - M. « M, - MX) + 

»(M.* + M,« 4- M,*) m.' - (MX + M, + M, <) M, + JtAp. 
From equations (51) the Founer expansions of p., and (j, p,] contain no constant 
terms Hence the constant term m the expansion of if 

MXi-M X + MX K , hy ±,i {J M -hhf - M 

using (48), and the constant term m the expansion of M a + m,' is 

(l + ^ m . -hh±h'K ju, 



302 P. A. M. Dirac. 

The coefficient of M, in thu expression is the y-value, and agree* with Landb’s 
formula.* 

110 The Relative Inteimtu* of the Line* of a MtditpU 
The amplitude of vibration of an atom corresponding to transitions from 
tho state J r = nji to the state J, = (n, — *,)A u obtained by one putting 
J r — nfi in the coefficient m front of exp 1X0,10, m the Fourier expansion of 
the total polarisation of the atom, or by putting J, =■(«,— a,)A m the coefficient 
behind this exponential We cannot actually determine the amplitudes at 
present because we do not know the action and angle variables corresponding 
to tho r’s and p,'s If, however, we assume that the Founer expansion of r 
does not mvolvo p, j, <f> or ij», then when x/r, y/r, zjr are expanded as Founer 
senes in e*, if*, the ratios of the coefficients will give the ratios of the corre¬ 
sponding amplitudes We can thus determine the relative intensities of the lines 
of a multiplet and of the components into which these lines are split in a weak 
magnetic field f 

For the case of a system with a single electron, equations (38) give at once 
the relative amplitudes of the components in s magnetic field For the case 
of the core - senes electron atom we must obtain the Founer expansions of 
x, y, 1 from (32), (61) and (52) It is convenient to introduce the quantities 
X ,, - yM, = *M, — M# M*z — — the 

X, *- M^r — 2M» = xM, — M, j =- M,x — M*i — thy 
X, —- M,y — /M, — yM, — M,x = M,y — UyX — thz 

We have 

M,X, + M„X, -| M.X, = X^, {(MjM, - M, M.)* - tAM^} = 0 (53) 

and 

lM„X,] = [M n M^-yMJ--M r * + xM,= X, 1 
IM„ X,J - (M.. - rMJ - M„y - ;M, - - X, i (54) 

fM„ X,] = |M„ M„y - xM,] = - yM, }- yM, = 0 (55) 

The relations (53), (54), (55) between the X's and M’s correspond exactly to the 
relations (4), (5), (6) bjtweon the x, y, z and tn’e or relations (44), (42), (43) between 
tho p’s and M’e We can therefore apply results deduced from(4), (5), (6)diroctly 
to the X’s We thus obtain, corresponding to (33) Or (46) 

3 b. K] - M,X, - M,X, + \ih X., (56) 

* J-andi, ‘ Zeit» f Phyit.' vol 15, p 189 (1923) 

t The relative Intensities o! the aomponeaU of • tins Is a msgnetio field have been 
obtained by Born, Heisenberg and Jordan (toe at ) by (heir matrix method. 
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•ad also we caa take X„ \ to be the 5 V Z of equation (34) and can wnte 
(i» |ty n, for x y i provided we replace m„ m, k by M„ M* M, j Thie 
gives 

J0-*)(I*.+*fj *])(*.-•[> 

=»0**-p*) (i*A + t*,*, H mx«) 

-*J,{M,(^-P.X,) + M v ( ftl x,- [1 ,X I )} (87) 

Now 

ft.*. + p,X, + (*»\ — ^ (m, - w, w.) (M^ - M,y - thx) 

2,,, {(*», m, — m, m.) M, — (*»» m — «*, m,) M, 

— lA (*n„ m z — w, m,)}* 

^=3 £ryi(fSi -(- -j-* m,M,) 

— (m, M„ + m, M, f m, 

= i'j*! + ”**M, + «*.M.) m, 

f m, (to, M, — M,n>,) -f m f (m, M» - M,»>,)} * 
-=■ m M m q + tAfi q 

Also 

P»\ -P-.'K-V* (jtM, - M^) - m, (M^ - yM.) 

— (ft* I- P»y 4- fM) M, - (|1»M, + (i,M„ | i,M )i 
-P qM. 

and similarly 

Mi M* p qM, 
l l,>,-PbK-P qM, 

while 

p q ^ 2U, (»v», »<«»»») i-x». (x'rf - » ! *y) ”i 

q m] JtAq m 

from (33) Using these results and the fait that M, M t M, commute with ft q 
(since they commute with k and with q m) equation (57) heoonus 

;0~a>(* + »[; f*.))(\-*L? M) 

= (;,*- p») (m M q m + ihp q) + * {AM, a - 3t (M„* -p M,*)} p q 
“ (Jt ~ P 1 ) (m M q m + \hp q-ijji q) 

“=iO. , -?»){(.Wt-l-**-* , )q ni 

-2»y t (k[Jrq mJ-JiAq m)} 

~H ),*-&{(k + k +j,)l(* — A +Jj)(q m ~.[fc q m']) 

“(*H * -Ji)(-* + *'+Jt) (q m+»(Aq in'])) 



904 


P A. ML Dirac 


Now substitute for ti, + » [j, ja,], q m'— i [1, q . in'] and q m' + »(A, q • m'] 
their values given by (61) and (62). 

After cancelling certain factors and taking the e** over to the nght-hand side, 
we obtain 

“»(), W) 


¥ m = i tf+V+J+W (/t-P+j+iA)* (A+JF+j+JA)* (A-A' hf-f JA)‘ 

(*+»)*. 

P+|'« i (k+V~J-\m-k+V+)+W(W-3- W<-*+V+J+ g # 
-*-0f*A)‘i* (*-*)* 


Similarly it may be shown that 


>. + •[*>J - - F.,e-“* ♦>} (M) 


where F_i', F_i are the quantities obtained by writing — A for A in F + j, F+j', 
respectively Also from (62) 

q m' = rOj,/j)»(F 0 «-* + F«V*) (60) 

where 

F 0 - iJ* (k+k'+j+\h)> (A+A'-y+iA)* (A-A'+j+JA)* (-A+A'+j-iA)* 

(*+*)* 

and F 0 ' is the quantity obtained by writing — A for A in Fo. 

From (66) 

3 [J, *J - M, (M^ - S/K) ~ M. (xM, - Ife) + *AX, 

= (M.* + M,*+M,‘)*-(M t x+M^ + M^)M, + ltAX, 

Hence 

j,3tz = q m>-iiAX,+>y. >J- 
or 

“ , + i»7(A.-*D.>.])-4»7(A. + »[j I a (61) 

Jut 3 i Js 

Also we have 

(x + ty) (M, - »M,) = xM, + yM, +1 (yM„ - xM,) 

= q m' -jw + t(X,-»A*) 

JiJs ii 

+ it 2l+^ (x , + l y.*3 
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using (61) Now take the factor (M, - iM,) over to the nght-hand side, 
and substitute for (M, — »M,) _l ita value from equations (32), namely, 
(j* — p*)~^ e 4 * The result after rearrangement of the factors is 


+11 Jo -V-*$>* ( 


»(;. \)) 

, + »L>,xj)} 


To obtain the Fourier expansions of x/r, yjr, tjr it is now only necessary to 
substitute for the factors q m', X, — t[j, X,], and X, + »[y, X,] in (61) ami (62), 
their values given by (60), (158) and (59) The ratios of the amplitudes obtained 
in this way are in oomplcte agreement with those previously obtained by Kronig 
and others* by means of certain special assumptions, and in agreement with 
experiment The F., x , F_i, F 0 of the present paper are proportional to the 
square roots of Kromg’s F +l , F_ ( , JF 0 


My thanks are due to Mr R H Fowler, F R S, for his criticism and help 
m the writing of this paper 

Summary 

The new quantum mechanics whioh involves non-commutative algebra is 
applied to the problem of a number of electrons moving m an approximately 
central field of force, a contact transformation being obtained to a set of 
variables which includes the k for each electron and the j of the whole system 
It is found that each k is not equal to m, the magnitude of the angular momentum 
of the electron, as on the classical theory, but must bo related to m by the 
formula m 1 (k -f- JA) (k — JA), and a similar relation holds between j and 
the resultant angular momentum of the whole system 
It is shown that the theory gives the correct boundary values for the j of 
the resultant of two angular momenta whose k's are given, and also gives the 
correct ^-formula for the energy levels of an atom in a weak magnetic field 
on the assumption of the usual msgnotic anomaly of the core of the atom The 
theory also, gives Kromg’s results for the relative intensities of the lines of a 
multiplet and their components in a weak magnetic field 


* Kronig. 1 Zeita 1 Phy».,’ vol SI, p. 886 (1826); SommerfeM and HOni, ‘ Sits d. 
Preuw. Akademie,' p. 1*1 (1826) j Russell, • Proc, Nat. Academy Soienoea, UJS.A./ 
voL 11, p. 814 (1826). 
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On the Flow of Oases at High, Speeds 

By T E Stanton, FBS 


(Received March 29, 1926 ) 
[PlATn 6 and 7 ] 


In » paper on the discharge of gases under high pressures* the late Lord 
Rayleigh called attention to the deficiencies m the present state of knowledge 
of the characteristics of the flow of a gas, from a vessel m which it is compressed, 
through an orifice into the atmosphere or into a receiver at a lower pressure, 
and suggested that further study was desirable in the direction of investigating 
the accuracy of the common assumptions of the adiabatic character of the 
flow and its dependence on the pressure in the receiver 
Assuming adiabatic flow the values of the velocity of the jet and the rate 
of discharge are given by the well-known relations— 

-(*)?}■ “> 

■'’Vph »*(£>{■ ~(£/ v }' m 


where u is the speed, p and A the pressure and area of the jet, and w the rate 
of discharge, the suffix 0 referring to the conditions insido the discharging 
vessel where u =» 0 

It may be recalled that St Venant and Wanttelf were the first to obtain 
the equations of discharge in the forms given in (1) and (2) and to attempt a 
verification of them by experiment In discussing the value of the theoretical 
discharge they appear to have ignored the possibility of any variation in the area 
of the jet and to have confined their attention to the pressure and velocity 
changes in the plane of the least section of the orifice In this section it is 
apparent from (2) that as the value of p diminishes, po romaining constant, the 


value of w rises to a maximum when p reaches the value 




then diminishes indefinitely with further reduction of the onfico pressure, as 
a result of the oontinua) reduction of the density with fall of pressure and the 
finite character of the velocity apparent from (1) If, therefore, the pressure 
in the plane of the orifice is sensibly that of the receiver, the abeurd conclusion 
• * Phil. Mag ,' rot M, p. 177 (1616) 
f ‘journal de l’Eoole Polyteoh^lque,’ voL 16, 1839 
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it reached that the discharge into a vacuum must be zero Such an effect 
was so manifestly opposed to experience that it was decided to investigate the 
matter experimentally For this purpose air at atmospheric pressure was allowed 
to enter a previously exhausted receiver by means of an orifice, and the rate 
of discharge was determined from observations of the pressure and temperature 
of the air m the receiver at equal intervals of time 

The results of these experiments showed that the rate of discharge increased 
as the ratio of the receiver pressure (here called p r ) to the initial pressure 
diminished from unity to 0 4, but that when the latter stage was reached 
further reduction in the receiver pressure had no effect on the rate of diBoharge 
which remained constant They concluded, therefore, that no identity could 
exist between the pressure in the receiver and the pressure of the jet m the 
plane of the least section or throat of the orifice for values of p,/p 0 between 
zero and 0 4 

These observations were subsequently confirmed by R D Napier* and 
H Wilde,t who observed the rate of discharge to become constant at values of 
p r /po ln the neighbourhood of 0 6 No further advance, however, was made 
in the thoory of orifice discharge until 1886, when Osborne Reynolds,J who 
apparently was not familiar with the work of St Venant and Wantzel, obtained 
similar expressions to (1) and (2) for the velocity and rate of discharge in an 
attempt to explain the observations of Wilde, but made, in addition, two impor¬ 
tant deductions from these relations which had escaped the notice of these 
workers In the first place, instead of considering a continuous fall of pressure 
W the throat of the orifice, Reynolds assumed a continuous fall of pressure 
along the axis of the jot, and treated A m equation (2) as the variable, v> and po 
being constant This at once led to the oondition p = po (—-' at a 

minimum section of the jet Following the characteristics of the flow as the 
pressure in the receiver was gradually reduced from a value equal to that m 
the discharging vessel, it could, therefore, bo regarded as made up of a tenet 
of streams in the discharging vessel converging towards the orifice and emerging 
into the receiver firstly in the form of a parallel jet, the pressure in which was 
sensibly equal to that of the receiver, and then when the pressure had attained 
the value p = po ^ here called the critical pressure, developng a 

• ‘ Discharge at Fluids,’ Napier 
t 1 Proo. Manchester Lit sad Phil Soc ,’ ]88fi 

t ‘ Proo Manchester Lit and Phil Soe,’ 18*6 \ ‘ Phil M|g.,’ Maroh, 1886. 

x 2 
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minimum section end expending farther down stream until its pressure had 
reached that of the receiver Farther from general considerations of the 
curvature of the streams, it appeared that the position of the minimum section 
would be down stream relative to the plane of the onfice 

In the second place, by remarking that the theoretical velocity of the jet 
at the minimum section was that of sound under the conditions existing at that 
section, Reynolds perceived that when this velocity was reached no further 
reduction of pressure m the receiver could affect the distribution of pre«ure 
and velocity on the upstream side of the minimum section, and concluded that 
the rate of discharge would then remain constant The phenomenon of constant 
rate of discharge observed by St Venant and Wanted was, therefore, explained 
on theoretical grounds 

It may be remarked that this argument assumes that the area of the minimum 
section of the jet remains entirely unaffected by the conditions of pressure m 
the receiver It is, however, conceivable that, when once the velocity of sound 
had been attained, further reduction in the pressure of the receiver might affoct 
the position and also the diameter of the minimum section then established 
Neglecting for the present this possibility, it will be recognised that the work 
of Reynolds placed the theory of onfice discharge on a satisfactory basis as 
affording an explanation of the observed facts An outstanding problem was 
the relation between the receiver pressure and that at the minimum section 
of the jet, and on this the large amount of expenmental data available might 
be expected to throw some light, but on examination it was found that all this 
work consists of measurements of the receiver pressure corresponding to the 
commencement of a oonstant rate of discharge, and no measurement of the 
pressure of the jet appears to have been made 

The reeults obtained by the early workers, St Venant and Wanttel, Napier 
and Wilde, all seem to agree m indicating that a constant rate of discharge 
is obtained when the receiver pressure is of the order of the theoretical value 
for the pressure at the minimum section, i e, p, =*» 0 627 po, and this would 
appear to confirm the view of Reynolds that prior to this stage the flow con¬ 
sisted of a parallel jet at a pressure equal to that of the receiver and also bis 
tacit assumption that, when the critical pressure had been reached m the jet 
and the minimum section established, no further reduction in the receiver 
pressure would affect the area On the other hand, some recent careful deter¬ 
minations by Hartshorn,* undertaken at the suggestion of Lord Rayleigh, have 
exhibited a marked divergence, from the theoretioal limit, of the value of the 
t * * Boy Soo, Proe,,’ A, voi,.M (1917). 



309 


Flow of Onset at H\gh Speeds 

receiver prenore when the rate of discharge has become constant Some of the 
result* of Hartshorn’s experiments are shown in fig 1, in which the ordinate 



Fio i 


is the pressure difference between the atmosphere and that of the reservoir 
supplying the nozzle, and is taken to be a measure of the rate of discharge 
It will be seen that m the case of a thin-lipped onfice the rate of discharge 
did not become constant until the receiver pressure was reduced to one-fifth 
of the initial pressure In discussing Hartshorn's results it must be borne m 
mind that they were eseentially small jcale experiments, the diameter of the 
throats of the orifices being of the order of 1 mm , and that their characteristics 
might be affected to seme small extent by viscosity and heat conductivity 
which have been found by Buckingham and Edwards* to have an appreciable 
effect on the flow through the onfioes used in Bunsen’s effusion method of 
determining the relative densities of gases The orifices in this apparatus 
are, however, approximately 0 06 mm in diameter, bo that such effects might 
reasonably be expected to be negligibly small in the orifices used by Hartshorn 
Apart from this consideration, the results of Hartshorn’s experiments appear 
to afford evidence of an effect of the receiver pressure on the discharge which 
has not hitherto been suspected, and this view is strengthened from an examina¬ 
tion of the accuracy of the method adopted by Hartshorn for detecting varia¬ 
tions in the rate of the discharge which enabled him to detect venations of 
the order of 0 • 1 per cent It is clear from the form of the curve (3) in fig 1, 
with the very large exaggeration of the vertical scale, that observations of an 
accuracy of, say, 1 per cent, which may be regarded as in all probability that 
* ' Soiaoti&o Paper* of Bureau ot StuxUrdi,' No, 889 
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of the earlier measurement*, would suggest a ontioal value of the receiver 
pressure m the neighbourhood of 0 6 

The results of Hartshorn’s experiments with diverging nozzles of venous 
angles of divergence are also exhibited in fig 1, from which it will be seen that 
the range of constant rate of discharge extended, for small angles of divergence, 
from p r /po = 0 to p r /p o =08 It is certain that when the latter stage was 
reachod these nozzles could not have been “ running full," for in that case the 
pressure at the outlet of the nozzle would have been considerably below the 
value of 0 6 instead of above it It appears probable, therefore, that at this 
stage the jet in the region between the throat and the outlet of the nozzle was 
surrounded by a stream tending to move in the oppogite direction down the 
gradient in pressure from the receiver to the throat Whatever be the explana¬ 
tion of these results, the general impression denvod from Hartshorn's experi¬ 
ments is that the receiver pressure is a factor affecting the rate of flow, and the 
desirability of further experimental work mentioned above is emphasized 

It was decided, therefore, to undertake an experimental Btudy of the distri¬ 
bution of pressure and velocity in jets flowing through orifices of different 
forms, with special reference to the following points on which the above 
discussion shows that further evidence is required — 

(1) The existence of a minimum section of the jet and Its variation in position 
and magnitude 

(2) The relation between the pressure in the receiver and the pressure m the 
jet for increasing and constant rates of discharge. 

(3) The possibility of the characteristics of high speed jets being affected 

by the dimensions of the orifice and the viscosity of the air 

The above investigations form Part I of the present paper 

Part II is devoted to a study, also suggested by Lord Rayleigh in the paper 
to which reference has been mads, of the motion of jets at speeds above the 
velocity of sound, and the nature of the wave motion set up on their emergence 
into quiescent air 


Part I. 

Section I —The Characteristics of Jets from orifice* of different form in the region 
of the chticai pressure, 

Per this purpose observations were made of the pressure distribution in the 
jet along and at right angles to the axis and of the variation in its lateral 
dimensions, with distance from the plane or tferoat of the orifice 
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For convenience of observation these experiments were made on jets dis 
charged into the open air from a vessel of about 200 cubic feet capacity supplied 



Fw 2 


with compressed air from a 00 h p Brotherhood Compressor The general 
arrangement of the apparatus is shown in fig 2 The air from the vessel is 
admitted into a cylindrical box, fitted with guide blades to damp out the eddies 
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and irregularities of flow, so that a steady supply of air at a known pressure is 
delivered to the orifice which is sorewcd into the oover of the bos A braoket 
is attached to the outside of the box, and earned the pressure tube whioh is 
provided with a micrometer to enable readings to be taken along and per¬ 
pendicular to the axis of the jot Three forms of onfice wore used—No 1, a 
circular hole m a thin fiat plate, No 2, a plain nozzle having a faired 
entry and parallel outlet, and No 3, a diverging nozzle having a faired entry and 
a diverging outlet consisting of a cone of total angle 3° 34' These are shown 
m fig 2 For a study of the oflect of the linear dimensions of the onhee two 
thin-lipped orifices were used—one 0 61cm,diam and the other 1 22cms diam 

(a) Axial Distribution of Pressure —The results of the observations of the 
pressure along the axis of the jet are given in Table I, and are abown plotted m 
fig 3, in which the thin lrnes indicate the pressure variation at different values 
of the ratio of the atmospheno pressure to that of the discharging vessel, ♦ e 
PrlpOi and tho thiok lines the position on the axis of the jet at which the 
theoretical critical pressure 0 527 po was reached It will be seen that this 
position depends on the shape of the onfioe and within limits on the initial 
pressure of the jet In the case of the diverging nozzle the position appears 
to coincide, within the limits of accuracy of the observations, with that of the 
throat of the onfice, and is approximately independent of the initial pressure 
of the jet within the range of observations On the othor hand, in the case of 
the plain nozzle and the thin-lipped onfice a the position at which the cntical 
pressure is reached is in all oases appreciably down stream relative to the 
throats, this divergence appearing to diminish to a definite limit as the 
value of P'/po is diminished On referring to the curves for the thin-bpped 
orifices it will be seen that this limiting position is reached for a value of p r /po 
of the order of 0 28, which is roughly in agreement with the value of the ratio 
at which the limiting value of the discharge was reached m Hartshorn’s experi¬ 
ments with an onfioe of this type. It would appear, therefore, that the stage 
in Hartshorn’s expenment on the thm-fipped onfice between values m p r lpo 
from 0 5 to 0 2, in which a small increase in the rate of discharge was noted, 
corresponds with a definite change in the position of the section of cntical 
pressure. 

The distance of the limiting position of the section of cntical pressure from 
the throat of the onfice is approximately 0 25 R for the plain nozzle and 0 4 R 
for the thin-hpped onfice, where R is the radius of the throat. 

The comparison of the results from the geometrically similar thin-hpped 
onfices (fig 3) are of interest in showing that for orifices of them dimensions 





Distance from throat on orifice in cm* 

Flo 3.—Curve* of Variation of Static Pressure at Axis for Orifice* of different form, 
due barging into atmosphere A thick hne indicate* the position at which the 
premu re reaches the theoretical critical value, p, «* Atroospbcno premure 
p, — Prmrare to reservoir 

Convene* the abeoimal value* m the upper right-hand figure should read a* 

+ 08, 13, 18, 33, 38, ‘33, Instead of 15 40 

* It will be *e<* from Section III this dnnlarity dog* not extend to the diverging norele* 
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{b) Radtol Distribution of Pressure —The observed distribution of static 
pressure across that section of the jet having the critical value of the pressure 
at the axis is shown, for the 1 22 cms thin-lipped orifice and the divergent 
nozzle in fig 3, from which it will be seen that the falling off m tho value of the 
static pressure near the boundary is appreciable It might bo supjxised at 
first sight that this was a fnotional effeot, but as has been pointed out by previous 
writers,* the relatively large curvature of the individual streams near the 
boundary must involve a radial pressure gradient of the kind observed to which 
must correspond an upstream displacement of the throats of the elementary 
streams near the boundary 

A method of verifying this assumption which suggested itself was the measure¬ 
ment of the pressure in a pitot tube inserted at various points of the jet 
Assuming no losses m the elementary stream in which it is placed, and provided 
that the velocity docs not exceed that of sound, tho pressure m tho pitot tube 
should be equal to the pressure in the reservoir from which the stream emerges 
If, therefore, the pressure m the stream near the wall is affected by friction, an 
appreciable difference between the pitot tube pressure and the reservoir would 
be observed This method of discrimination was accordingly adopted, and the 
results of pitot tube observations on the two onfioes considered are shown plotted 
in fig 4 It was not possible to get an observation nearer to the walls than 
0 026 eras , but for all radu less than this no variation of the pitot tube pressure 
was noted, and the observed value ww within 0 5 per cent of that of the 
122c* THIN LIPPED ORIFICE. 1Zlcwv DIVERGING NOZZLE 
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receiver pressure It was concluded, therefore, that the observed falling of! 
of the static pressure near the walls was not due to friction but to the 
up-stream displacement of the throat of the outside streams 

(c) The Vanahon \n the Linear Dimensions of the Jet ict th Distance from the 
Throat of the Onfice —The object of these experiments was three-fold, and may 
perhaps best be expressed in the form of the following three questions — 

(1) Could the existence of a minimum section of the jet be detected for values 
of p,/po less than 0 5271 

(2) If so, did its position coincide with that section at which the theoretical 
critical pressure was observed ? 

(IS) Did the area of the minimum section of the jet from a given onfloe 
depend on the value oi the ratio of the receiver pressure to the initial 
pressure ? 

The determination of the effective boundary of the jot was obviously difficult, 
and after some consideration it was thought that a sufficiently accurate location 
of it would be the point at which the pressure m a pitot tube was a mean between 
that in the interior of the jet and the atmospheno pressure The method 
adopted, therefore, was to move the pitot tube across a diameter of the jet by 
means of a micrometer and measure the distanoe from boundary to boundary 
as defined above. The measurements were all made on the 1 22 ems diameter 
thm-hpped onfice, and the reduced values of the diameter of the jet at varying 
values of tho initial pressure and of the distance from the plane of the onfioe 
are given in Table II following 

It will be seen that there is a well defined minimum section for all but the 
highest value of p r /pc the value of which is so close to the cntioal value at which 
the formation of a minimum section begins that the detection of a mimmnm m 
this case could hardly be expected, Further, the areas of the minimum sections 
increase as the value of p r /p 0 diminishes, and this affords an explanation of the 
low limit of this ratio at which the discharge became constant in Hartshorn’s 
experiments on this type of orifice (fig 1) 

On comparing the positions at which the minimum sections are located by 
the above method with the corresponding positions of the section at which the 
critical pressure exists for this nozzle, which is shown in fig 3, it will be seen that 
the agreement is reasonably good, It was concluded, therefore, that the 
answers to the above questions were all in the affirmative 
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To sum up, the conclusions derived from the experiments described m the 
present section are as follows — 

(1) In each of the three characteristic types of onfioe which may be used for 

the discharge of gases from a vessel at constant pressure into a receiver 
at a pressure appreciably below the cntioal value 0 527 po, the section 
of the jet diminishes to a minimum value, at which the velocity is that of 
sound under the conditions existing, and then increases This minimum 
section in the case of a free jet is not constant in area or position relativo 
to the plane or throat of the orifice, but depends on the total ratio of 
expansion 

(2) In a jet in which the expansion takes place within solid boundaries, » e, 
a diverging nozzle, the minimum section may for all practical purposes 
be regarded as coincident with the throat of the nozzle for all ratios 
of expansion 

(3) The flow of the fluid up to the minimum section ib adiabatic in character 

Section II —The Characteristics of the Rate of Discharge from Orifices of Different 
Forms 

The results of the experiments described above on the variation in position 
and magnitude of the minimum section of the jet from a thin-lipped onfice 
afford, as was pointed out, a partial and probably a complete explanation of the 
low value of the ratio p,lpo at which the discharge became constant for this 
form of onfice, in Hartshorn’s experiments On the other hand, the cause of 
the extremely high valuo of the corresponding ratio in the case of the 
diverging nozzles was still an obscure problem, and m attempting its solu¬ 
tion it was thought advisable in the first instance to determine whether 
this charactcnstic applied to diverging nozzles of considerably greater dunen* 
sions than those of Hartshorn, which it will be remembered were 1 mm 
diameter In the tests previously described on the two geometrically 
similar thin-lipped orifices, 0 61 and 1 22 ems diameter, no appreciable 
scale effect could be detected, but this might possibly be due to the absenoe 
of a solid boundary to the jet, and it was thought that for a completely 
enclosed jet the influence of the viscosity of the air might be much more 
marked It was decided, therefore, to investigate the characteristics of 
the discharge from the onfioes used in the present work For this purpose 
the ongmal method of St Venaat and Wantxel, in which the flow is from the 
Atmosphere to a variable lower pressure, possesses, as pointed out by Lord 
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Rayleigh,* considerable advantages over that of discharging into the atmosphere 
from a vessel in which the pressure was varied, and it was accordingly adopted 
The re-arrangement of the apparatus for the purpose was rendered comparatively 
easy by the device of utilising the discharging drum of the previous experiments 
as the receiver, by previously exhausting the latter to a low pressure and then 
allowing air at atmospheric pressure to pass through the nozzle into the receiver, 
the pressure m which would gradually nse The arrangement of the apparatus 
is shown m fig 5 The discharging nozzle is enclosed in an air-tight cylinder 



communicating with the receiver by means of a stop-valve The onficc box 
is attached to the other cover of this cylinder, and is supplied from the external 
air by means of a brass pipe 2 85 ems diameter and 300 ems long provided 
with a bell mouthpiece at the inlet and pitot and static pressure tubes near the 
delivery end, from observations on which the mass flow can be measured 
The receiver was disconnected from the air compressor and coupled to an 
exhausting pump so that the pressure m it could be reduced to any desired value 
below atmospheric pressure A static pressure tube was inserted in the axis 
of the jet as shown and connected to a manometer Provision was also made 
"for noording the pressure m the outer oylmder, ♦ the receiver pressure, and 
the pressure in the onfice box, or the initial pressure, which was slightly below 
that of the atmosphere 
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In making an experiment the pressure on the drum having been reduced 
to a given value the exhaust pump was stopped and the valve connecting the 
receiver to the onfice box was opened Readings of the discharge gauge and 
the manometers oonnected to the box receiver and statio pressure tube were 
then taken at equal intervals of tune 

The results proved to bo of considerable interest, and gave a satisfactory 
explanation of the peculiar behaviour of diverging nosries whioh had previously 
been obscure 

Talcing first the case of flow through a thin lipped onfice the results of the 
tests on the 0 (515 ems diameter onfice are shown in fig 6 In this the values 
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of the measured mass flow and the pressures at different positions along the 
axis of the jet have been plotted as ordinates on a base of values of the ratio of 
the receiver pressure to the initial pressure As regards the venation of mass 
flow, it will be seen that the flow becomes constant at a value of p,!pa equal 
to 0 2, which, as will be seen from fig 1 agrees closely with the value found by 
Hartshorn for this case 

It would appear therefore that as predicted from the experiment* on 
geometrically similar onfice* described in Section I, the effect of linear dimen¬ 
sions on the limiting conditions of flow are, for this type of onfloe, extremely 

The pressure curves taken at the three positions A, B C and D indicated in 
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fig. 6, alio afford a satisfactory check on the observations, described in Section 1, 
of the movement, with variations of p,/pt, of the section at which the critical 
pressure exists It will be seen that at 40 ems of mercury, which is the critical 
pressure in this case, the position of the section is 0 264 ems in front of the 
onfice for p,/po = 0 527, and moves to a position 0 15 ems in front of it 
when the ratio has fallen to 0 18 

It may be remarked that the change in the rate of discharge between values 
of prlpo of 0 2 and 0 537 taken from the curve of fig 6 is of the order of 10 per 
cent From Table II it will be seen that this is in close agreement with the 
measured changes of area of the minimum section of the jet This is satis¬ 
factory evidence that the velocity at the minimum section of the jet remains 
invariable, as it should do according to the theory 
The results of a similar senes of observations on a diverging nozxle of throat 
diameter 0 615 ems. and a diverging outlet of total angle 2° 52', are shown m 
fig 7, m which are plotted the values of the rate of discharge, the pressure at 
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the arts of the jet at the least section of the noule, and the pressures at the wall 
of the noule at two points distant respectively 1 27 and 3 81 from the throat 
From the curve of discharge it will be seen that this bears a close resemblance 
to that observed by Hartshornforhjsnosxles of i 4° and 4 6° angles of divergence 
in which the discharge appears to be constant up to a value of the receiver 
pleasure equal to 80 per oent. of the initial pressure There is, however, 
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in the present experiments a small but perceptible (all in the discharge before 
this stage is reached, and corresponding with it there is also a slight increase 
in the throat pressure There would appear to be some evidence, therefore, 
that even m such completely enclosed jets as those in diverging nozzles, there 
is a very slight movement of the section of critical pressure down-stream as 
the value of p r /po increases with a consequent perceptible decrease m the 
discharge The plotted pressure variations at different distances along the 
diverging outlet throw considerable light on the action of the jet in passing 
through the divergence It will be seen from the figure that the pressure at a 
distance of l 27 ems from the throat remains constant up to a value of jv/po 
of 0 60, and then begins to nee with the receiver pressure At 1 81 cma 
from the throat there is no steady value and the pressure rises with the receiver 
pressure throughout the whole range It is clear, therefore, that at no stage 
of the expansion docs the nozzle “ run full ” at this distance from the onfice, 
and the pressure here is sensibly that of the receiver At l 27 ems from the 
onfice the nozzle “ runs full ” up to a value of p,/p» = 0 66, and then breaks 
away from the walls As a vanatum on this expenment an extension piece 
was fitted to the end of this nozzle so that the length of tho diverging cone 
was doubled and the observations repeated It was found that the cntio&l 
pressure at the throat was not reached until the ration p,lp o had attained the 
value of 0 90 Further, the values of p,/p® at which the jet broke away 
from the two points to which the manometers were connected were considerably 
greater than those previously observed Again, on shortening the nozzle to 
one quarter of its original length the critical pressure at the throat was reachod 
for a value of p f /p« of 0 70 It was clear, therefore, that the critical points in 
the discharge and pressure curves of the nozzle were dependent upon its 
length As a second variation the angle of divergence of the nozzle was 
increased to 4° 88', and the test repeated In this case it was found that the 
discharge remained constant up to a value of appreciably greater than 
when the angle was only 2° 62' On increasing the angle still more the value 
corresponding to the critical value of the discharge receded, showing that 
there was a maximum value for some definite value of the diverging angle 
It would appear, therefore, that in a diverging nozzle supplied with air at 
constant pressure the expansion ceases, t e , the nozzle fails to run full at some 
point in its length depending on the value of the receiver pressure, the angle 
of divergence, and the distance of the point from the end of the nozzle, and 
that as the receiver pressure rises the point of break away moves gradually up 
to the throat, and finally at a value of p f /p# depending on the shape and 
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dimension* of the nozzle disturbs the pressure distribution there with consequent 
reduction m the flow On the down-stream side of the point of break away 
the region between the walls of the nozzle and the issuing jet is therefore one 
of back flow towards-the throat of the nozzle with a pressure gradient consisting 
of the difference between the recoiver pressure and that of the jet at the point 
of break away This action affords a satisfactory explanation of all the charac¬ 
teristics of diverging nozzles observed by Hartshorn 

Section III —The Exist' nee of a Stale Effect in the Flow through Geometrically 
Similar Nozzles 

The effect of the changes m dimensions of the nozzle on the pressure and 
discharge dharai tenstics described above raises the question whethi r the flow 
through nozzles at speeds above the velocity of sound may not be affected by 
the viscosity of the air sinre this would be a necessary accompaniment of an 
effect due to the linear scale of the nozzle The results of changes in dimensions 
hitherto discussed, cannot, of (ourse, be taken to prove that the conditions 
for dynamical similarity in the flow must include some unknown scale 
factor, for the reason that geometrical similarity in the various nozzles tested 
did not exist In this connection it may be pointed out that the conditions 
for dynamical similarity of flow throughout the nozzles are — 

(1) The nozzles must be geometrically similar 

(2) At similarly situated points in the outlets (a) the product of the linear 
dimension and the speed divided by the kinematio viscosity, and (6) the 
ratio of the speed to the velocity of sound, must have identical values, 

(«) afi _ «z[i ^ 

v, v, ’ 

<*> 

Ji ®z 
V, V, 

It is generally assumed that when the speed is in the neighbourhood of the 
velocity of sound, as in the cases under consideration, the effect of the viscosity 
of the air it negligible, » e, condition (a) may be ignored as an essontial for 
similarity of flow, but as far as the writer is aware, experimental evidence bearing 
on this point appears to be lacking It was decided, therefore, that as the 
method of observation described in the last section was exceptionally suitable 
for testing the above assumption, a sense of tests on geometrically similar 
diverging nozzles should be made In such tests it was dear that, provided 
the initial pressure and temperature of the au supply remained constant, 

Y 2 
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the pressure distributions in such nozzles should be identical for identical 
values of p r /p o, if dynamical similarity m the flow was independent of 
condition (a) 

Three diverging nozzles were prepared for the tests. The diameters at 
the throats were 0 61. 0 306 and 0-162 cm., respectively, and pressure holes 
were made in the walls at distances of 2 08 and 6 46 throat diameters from the 
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Flo. 8.—Pressure* in geometrically similar diverging Nooks. 
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The resnlte of the teste on these nozzles we shown in fig 8 in which for 
the sake of clearness only the pressure variations at the two points in the 
walls corresponding to the changes in the receiver pressure are plotted 
It will be seen that in the case of the preBsuro at the wall of the nozzle at 
2 08 diameters from the throat the steady pressures in the stage during which 
the nozzles are running full are different m amount and the values of p r jpa 
at which the break away of the flow from the wall takes place are also different 
The latter phenomenon is much more marked in the oaBe of the pressures at 
6 4b diameters from the throat At this point the largest nozzle is running 
full up to a value of p,Jp 0 of 0 45 whereas the flow has failed w the case of 
the smallest nozzle in the neighbourhood of p,/po •*» 0 10 
It is clear therefore that m those experiments dynamical similarity in the 
flow was not preserved and the conclusion derived from the results is that 
condition (a) above is necessary and probably sufficient for this purpoee It 
is of interest to note that in this case instability in the flow is associated 
with a reduction in the value of the criterion vf/v instead of an increase in this 
quantity as m the case of the breakdown of steady motion into turbulence 
in the case of a fluid flowing through a channel with parallel boundaries 
It follows therefore that since a reduction in the value of ul/v can equally 
be made by an increase in the kinematic viscosity of the fluid a similar effect 
to that shown in fig 8 for nozzles of different sizes should be obtained for a 
single nozzle in which the initial temperature of the air was varied 

The possibility that the effects shown in fig 8 were due to small deviations 
from exact similarity in the dimensions of the nozzles was considered very 
remote owing to the care taken in their preparation but it was thought that 
a check on the results by means of a variation of the initial temperature of the 
air entering one of the nozzles would be of value Arrangements were there 
fore made for varying the initial temperature of the air by means of a coil of 
manganm wire through which an electrio current oould be circulated wound 
round the inlet pipe shown in fig 6 The temperature of the air was measured 
by mercury thermometers—one placed near the entrance to the nozzle and one 
at its outlet The results of two tests on the 0 152 on diverging nozzle C - 
one at atmospheric temperature and the other at an initial temperature of 
141° C —are shown in fig 9 

It will be seen that, as predicted, the effect of a rue of temperature of the 
au is to move the point of " break away nearer to the throat in the same 
manner as a reduction in the size of the nozzle, and the results therefore 
confirm the conclusions derived from the previous tests 



826 


T. E. Stanton. 


It may be remarked that the dimensions of the noasles used for these experi¬ 
ments are relatively small, and it is possible that m comparatively large sires 
the effect of the til/v factor may also be relatively small 
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Fio 9 —Tests on O'161 cm diverting Noale. 
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Part II —The Characteristics of Air Jets at Speeds above the Velocity 
op Sound 

Scchon 1 - The Measurement of the Speed 
In the case of gases flowing at moderate speeds, tho most convenient and 
accurate method of measuring tho velocity at a point is by means of the well- 
known instrument consisting of a combination of a pitot tube and static 
pressure tube In the use of this instrument the changes in pleasure velocity 
and density of the air stream are supposed to be given by equation (1), which 
for the present purpose may be written m the form 



where the suffix u refers to the undisturbed conditions of the air stream 
Assuming that the stream is brought to rest at the mouth of the pitot tube, 
the pressure in the pitot tube will be given by 

(2L)V^ 1+ TLlJH!L;, (4 ) 

pol 2 do* 

where n* is the velocity of sound tinder the conditions popo For speeds up 
to 180 feet per second, where p —pa is small, the formula reduces to 

J> - Pa =■> iPoWo', (5) 

«o that all that is then required for the determination of the speed is a know¬ 
ledge of the density of the fluid and the pressure difference between the pitot 
and static pressure tubes This relation has been found to hold a high degree 
of accuracy over the range to which it is appbcablc 
It might be assumed, therefore, that equation (4) might be applied to the 
determination of the velocity of jets moving at speeds exceeding the velocity 
of sound in a similar manner to that adopted for low velocity calculations It 
is found, however, that calculations of speed so determined are not rohable 
m that they give values of the speed appreciably less than the real values 
determined by independent, methods The cause of this discrepancy was 
explained by the late Lord Rayleigh, who showed* that the dynamic pressure 
on a small obstacle placed m a stream of air moving at those speeds will not 
be that due solely to the adiabatic compression of the stream impinging on it, 
hut that this compression will be divided into two stages in one of which 
adiabatic conditions obtain, and in the other the conditions for a stationary 
wave of finite disturbance From an application of Rankine’s theory of 
• • Roy. Soc Proo.,' A, voL M (MO). 
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thermodynamio wave* of finite disturbance to the motion. Lord Rayleigh 
showed that the dynamic pressure measured at the centre of the obstacle would 
be related to the speed, density and static pressure of the air by the following 
relation* 



£! « _J3L !£I _ LzJ 
■pn Y -I 1 «' ( + 1 


and p t is the observed dynamic pressure which may be the pressure in the mouth 
of a pitot tube facing the stream 

The advantages of the use of a pitot tube for the measurement of the value* 
of u/a at very high wind speeds were so obvious that it was decided to attempt 
to make an experimental verification of the accuracy of Lord Rayleigh’s relation 
when used for this purpose 

To obtain a high velocity of flow a diverging nozzle 1 27 < ms diameter at the 
throat and having an angle of divergence of 4® 66' was used At the end of the 
divergence the air passed into a short length of parallel channel and thenoe by 
an expanding cone into a pipe 7 6 ems diameter in which the mass discharge 
could be measured A small pitot tube was inserted at the axis near the end 
of the diverging cone to enable the values of p t to be observed This tube 
could be replaced by a static pressure tube for the measurement of po 

From the obeerved values of p o, and assuming a value of y, the theoretical 
value of u/a could be calculated from equation (6) for any point in the cross 
section of the jet 

As no determination of tho actual value of u/a at a point to the degree of 
accuracy required for the calculation seemed possible, it was necessary to adopt 
a method of mean values such as a comparison of the mean value of u/a from 
the pitot tube measurements with its mean value calculated from the observed 
mass discharge and the density, the latter quantity being estimated from the 
pressure and temperature of the stream For this purpose it was essential 
that the nozzle should be " running full ” over the experimental section, 
and considerable time was spent in determining a suitable angle of divergence 
for the nozzle and the value of the initial pressure of the air for this condition 
to be satisfied Finally it was found that m a nozzle of the dimensions 
given above, with an initial pressure not less than 220 ems of mercury, there 
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was a continuous {all of pressure from the throat to the experimental section, 
and the pitot tube pressure over the whole section was sensibly constant 
except in the region close to the wall It was considered, therefore, that the 
nozzle was running full and free from waves at the experimental set tion An 
attempt was then made to measure the temperature of the flow by inserting 
thermojunctions in it, but any correct estimation of the true temperature 
was soon found to be hopeless owing to the heating up of the thermojunction 
by the adiabatic compression of the gas in its neighbourhood, a difliculty which 
was encountered in the well-known porous plug experiment of Joule and 
Thomson This idea was accordingly abandoned, and consideration was given 
to the use of the well known reaction method for the determination of the 
momentum of the jet which,in combination with the value of the mass discharge, 
would give a value of the mean velocity of the jet * This method appeared 
to he more promising, and the arrangement set up for the measurement of the 
momentum is shown in fig 10 

It will be seen that the norrle is suppliod with air by means of two india- 
rubber tubes connected to a tee-piece screwed into its inlet end, and rests 
on a narrow air-tight seating made at the entrance to the parallel discharge 
channel which is the same diameter as the outlet of the nozzle A weigh beam 
is earned on knife edges attached to the bracket supporting the discharge 
channel, one of its arms carrying a scale pan and the other engaging with a 
pivot on the axis of the nozzle By this means the vertical reaction of the 
jet could be measured 

In the first attempt at calibration the mean values o{ the speed and density 
were calculated from observations of the mean value of pu’ given by the weigh 
beam, the moan value of p u given by the discharge meter, and the known area 
of the channel supposed to be running full A mean value of a was then oalou- 
latcd from the observed static pressure and the calculated mean density 
The rate of the mean speed to the mean value of o was then compared with the 
mean value of w/o obtained from the pitot and static pressure measurements 
This method was, of course, open to objection that the error due to the assump¬ 
tion that the ratio of the mean values of w and a was equal to the mean value 
of the ratio might not be negligible On further consideration it was seen that 
this objection oould be overcome by proceeding as follows —Assume the cross 
section of the jet to be divided mto concentric nngs of width 8r and the value 
of uja determined for each ring from pitot and static pressure observation* 
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in each. If the momentum of the fluid passing through each of the rings is 
iM we have— 

E*M=E2w3rp« , > | (7) 

or 2 jrf ‘2mr 8r = M the total momentum of the jet From the observed 

values of p and the calculated values of uja the summation on the left can be 
evaluated graphically and the extent of its agreement with the observed value 
of M will furnish a measure of the accuracy of the Rayleigh formula. 

The observations made for the purpose of the calibration are given is Table III, 




Table III —Experimental check on accuracy of Rayleigh formula for measurement of speeds above the velocity of 
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in which are also given the values of the observed and calculated reactions 
It will be clear that in calculating the total reaction dne to the jet account must 
be taken of the difference of static pressure between the outside and the uffiide 
of the nowle The measured reaction is the difference between the vertical 
foroea in the noizle (1) before the jet js turned on and the external and internal 
air pressures are equal, and (2) after the jet is started when the external pressure 
will be atmospheric and the internal pressure the static pressure of the jet 
at the section considered This measured reaction must, therefore, be 
augmented by the produot of the area of the jet and the difference between the 
atmospheric pressure and the static pressure of the jet As the statio pressure 
of the jet vanes across the section this quantity was evaluated by the plam- 
meter in the usual manner It will be seen that the measured reaction is 
only 1 5 per cent below the calculated value which is within the accuracy 
of the observations It would appear, therefore, that the method here described 
of estimating from Lord Rayleigh’s formula the value of u/a at a point in • 
current of an moving at a speed considerably in excess of the velocity of sound 
is reliable 

For the estimation of the actual velocity a further determination of the 
temperature or density of the air at the point considered is, of course, neoessary 
For the reasons given above this measurement is a matter of considerable 
difficulty, and until it is overcome it would seem that recourse must be had to 
the calculation of the density on the assumption of adiabatio expansion from 
the initial pressure and temperature in the reservoir, supposed known, to the 
measured pressure at the point considered, or, alternatively, the direct calcula¬ 
tion of the speed from equation (1) The aocuracy of suoh estimations will, 
of course, depend on the extent to which the flow in die jet u adiabatio in 
character and also on the efficiency of the noxile,» e , the absence of disturbances 
such as stationary waves and failure of the nosxle to run full 

Toiillustrate the kind of aoouracy obtained by these methods, four experi¬ 
ments were made with the no trie described above—two at values of the initial 
pressure at which the noxzle was known to be running fall, one at an uutaal 
pressure at which the flow had commenced to break down, and one at a stall 
lower initial pressure when the point of break away had penetrated to some 
distance from the outlet of the noule towards the throat 

The observations mads were — 

(1) The initial press ore and temperature m the reservoir. 

(2) The static premie and pitot tabs premise at a point in the axis of the 
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noule at tile outlet and also the pressure at the wall of the noule at 
this section 

(5) The reaction ol the jet issuing from the noule 

(4) The mam discharge of the norsle 

From these data the values of the speed at the point considered were 
calculated — 

(1) From equation (1) (= t> t say) 

(2) From the value of «/<* given by equation VI and that of a calculated from 
the observed static pressure and the density calculated on the assump¬ 
tion of adiabatic expansion (= v t ) 

The value of the mean speed (»„) over the section of the outlet was also 
calculated from the reaction and the mass discharge. 

The observations and reductions are given m Table TV 

It will be seen that in the first two experiments the values of the calculated 
speeds at the axis of the noule are in good agreement with each other, and 
also- the mean speed over the section is what would be expected from the 
comparatively slight retardation which is known to take place at the walls, 
t«, the mean values are 96 and 97 per oent of the speed at the axis Further, 
the pressure at the walls is appreciably lower than the pressure at the axis, 
as it should be. On the other hand, m experiment (3) the pressure at the 
walls u considerably higher than at the axis indicating the commencement of 
the breakdown of the motion and the values of the calculated speeds are not 
in approximate agreement It is clear, however, that the break away of the 
flow from the walls has not become considerable at this stage, since the mean 
speed is stall of the same order as the calculated speeds. In the last experiment 
the break away is apparently complete and the disagreement betwoen the 
calculated values of the speed is still more marked 

The general conclusion from these experiments is that so long as a diverging 
noule runs full the flow may be taken to be sensibly adiabatic throughout 
except in the immediate neighbourhood of the walls 

Section II —The Preuvrt and Velocity Distribution tn Htgh Speed Jett emerging 
into SdO Atr. 

The characteristics of air jets emerging from a circular orifice into the 
atmosphere have been investigated by Bmden* by means of the shadow 
method of Dvorak, in which a point source of light is used to throw a shadow 
* Wtedemaa's ' AnnsWn,’ Bd. 69, pp MtuuUtt (1896) 
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of ills jot on a screen On examination of ike features of ike shadow it was 
found that when the speed of the jet attained a definite value a senes of bright 
equidistant duos became visible Ob mawaang the air speed the distance 
between the discs increased and diagonal hnss connecting their extremities 
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also appeared. At Itdl higher speeds the discs gradually broadened out into 
a wing shaped formation and the diagonals became curved These charac 
tetuhcs are illustrated in fig 12 in which is shown a senes of shadowgraphs of 
jets from nozrle No 2 fig 2 at increasing speeds The discs were identified 
by Bmdefl with stationary waves in the jet and their first appesranee with 
the attainment of the velocity of sound in it but his conclusions that this 
velocity cannot be exceeded and that the pressure m the emergent jet is uniform 
and atmosphenc have been shown by I rd Rayleigh to be erroneous * 

A theory of the formation of stationary waves in jets has been developed 
by Prandtl f According to this theory the waves originate at the outer edge 
of the onfl< e and their characteristics will depend on the ratio of the pressure 
of the jet on emergenoe (pi) to that of the atmosphere (p») If p > pi waves of 
rarefaction will proceed from the edge of the onfico inwards the velocity at 
any point being such that its component perpendicular to the direction of 
uniform density is that of sounl at the temperature anl pressure existing 
there It is also assumed that these waves of rarefaction will undergo reflection 
at the boundary of the jet and become waves of condensation On the other 
hand when the pressure on emergence is less than that of the atmosphere the 
initial disturbances are waves of compression which become waves of rarefaction 
from the boundary of the jet 

The value of the wave length was deduced by Prandtl from the theory of 
the small disturbances m a cylindrical jet in which the motion is steady and 
under the assumptions of the existence at the boundary of atmospheno pressure 
and a discontinuity of velocity Taking the axis of y as that of the jet and 
assuming the velocity along the axis V to be nearly constant while u and to are 
small the solution of the equations of motion gives 

o =* V + H ooa (JpJg j|3r \/jjr ~ (8) 

so that the wave length of the periodic features along the jet is given by 
At the boundary of the jet since p is constant v is constant and therefore 
Je{ P BVF*l}.0 (9) 

The lowest root of this is 2 405 so that 



* Phil Mag vol It, pp. 177 187 (1918) 
t PkjnrtkaUsche Zdtsohrtft, p 599 (19(H) and p 23(1907) 
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In comparing the wave length given in this formula with the measured values 
obtained from photographs of the ]et, which were somewhat similar to those 
shown in fig 12, Prandtl assumed that the values of V/a could be estimated 
with sufficient accuracy from the inclination to the axis of the jet, of the 
characteristic lines of the photograph indicating positions of maximum or 
minimum condensation and obtained what he considered to be a satisfactory 
check on the theory 

For the purpose of the present investigation shadowgraphs of the jets 
emerging into the atmosphere from nozzles of different forms and at different 
initial pressures were obtained by the method described above and the intenor 
of the jet was then explored by meana of the static pressure and pitot tubes 
These observations were sufficient to determine the length and amplitude 
of the stationary waves and the variations in the valneB of V/n along and at 
nght angles to the axis 

In the first senes of tests the eonvergmg parallel nozzle No 2, fig 2 was used 
The vanation of the static pressure was measured along the axis and also 
along a line parallel to it in the neighbourhood of the boundary for four different 
values of the initial pressure, and the results are shown plotted in figs 11 (a), 
(6), (c) and (d ), the corresponding shadowgraphs are Bhown on Plate 6, 
fig 12 (a), (6), (c), (d) It will be seen that the amplitude and length of the waves 
diminish as the initial pressure is diminished, the disturbances eventually 
vanishing when the pressure in the jet on emergence exceeds the critical value 
0 827 p 0 

The results therefore confirm Emdcn’s conclusions as to the nature of the 
motion, but definitely disprove his prediction of a uniform pressure and, as 
will be seen later of a velocity equal to that of sound throughout the jet. 
There is also a marked difference between the mean pressure at the axis and 
that in the neighbourhood of the boundary, and this difference is still con 
siderable even when no wave formation is apparent 
Am interesting effect of this radial pressure gradient is that the velocity 
of sound is attained at the boundary before it is reached at the axis, and it 
would, therefore be expected that the waves would first be detected at the 
boundary In the case of (a), figs 11 and 12, this is seen to be the case 
The corresponding values of V/a were calculated from the static pressure 
the pitot tube pressure observations by means of the Rayleigh formula, and 
arc shown plotted in fig 14 for a higher value of the initial pressure 
Comparing the observed distribution of pressure with the characteristic 
features of tho shadowgraphs, it will be seen that the position of the discs 
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corresponds with the sections ol maximum condensation ext opt in the case 
of (a) figs 11 and 12 where the variations of pressure although perciptihle 
were too small to enable the outline of tho wave to be determined with 
precision Further these positions also ooincide with those at whuh the 
calculated value of V/a is unity which is a satiBfactoiy explauatic n of the 
persistence of the disc effect < ven when the average velocity is ir nsiderably 
above the velocity of sound 

It will be clear that this condition prevents any precise comp irison of the 
observed wave length with the theoretical wave length obtained by Prandtl s 
investigation which assiimt s a constant valui of V/a throughi ut the wave 
It may be remarked however that the observed wavo length docs c rrespend 
with a value of V/a mtermediati between the maximum and minimum values 
attained Thus in the case illustrate 1 m tigs 11 and 14 the wave length is 
1 4 emi so that the solution of equation (10) gives V/a — 1 33 The observed 
values of V/a throughout the wave ranged from 1 to 1 62 

Shadowgraphs were also taken of jets discharged from diverging nozzles 
and these are illustrated in fig lb 

In these cases it was possible by varying the initial pressure to make the 
emergent pressure of the jet either greater or less than atmospheric and so to 
vary the position relative to the mouth of the nozzle of the section of maximum 
condensation as will be seen from the shadowgraphs It will be seen that 
these shadowgraphs indicate the existence of a complicated series of waves 
proceeding from the intenor of the nozzle in addition to those formed at the 
outer edges It would be anticipated from the work desenbed in the prt ceding 
sections that the internal senes of waves would disappear for a sufficiently 
high value of the initial pressure and this appears to have happened in thi last 
experiments on nozzle No 1 In the case of No 2 nozzle the angle of di\< rgence 
was too great for a wavelcss jet to be formed at the maximum initial pressure 
available 

From the Prandtl theory of the formation of waves it might be supposed 
that m the case of a jet emerging into tho atmosphere at a uniform pressure 
over its whole section equal to that of the atmosphere no waves w<uld be 
deteoted even when the velocity was considerably above that of soon 1 An 
attempt was made to verify this assumption by fitting a parallel j ortiou to 
the end of a diverging nozzle and carefully watching the shadow of the jet 
on the screen while the issuing pressure as measured on the edge of the nozzle 
was gradually raised from a value below to a value above the atmospheno 
pressure This was repeated several times but no ohange in the wave pattern 

VOL oxi—A z 
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could be detected in changing from a condition in which the atmospheric 
pressure was greater than that of the jet to one m which it was less It was 
concluded that the theory was inadequate to account for, at any rate, all the 
wave characteristics observed 

The investigation was carried out m the Itngincinng Department of the 
National Physical Laboratory, and the author desires to acknowledge the 
valuable assistance of Mr R W Kenning in obtaining the shadowgraphs of 
the jets The author’s thanks are also due to Mr A Eaton and Mr U Robinson, 
of the mechanical staff of the Department for assistance in making the 
experiments 


Tnbo-Electricity and Friction 

By P E Shaw, M A , D Sc , and C S Jkx, B Sc , University College, 
Nottingham 

(Communicated by Sir William Hardy, FRS —Received February 4, 1926 ) 

I Glass and l allies 

This paper deals with the changes in the condition of glass surfaces when rubbed 
with flexible materials, chiefly cotton, linen, and silk, of varying punty The 
condition is ascertained by two different, but associated, properties — 

(а) The electric charges displayed by the glass surfaces when rubbed on 
textiles or on one another 

(б) The coefficient of friction found between two of them after being subjected 
to identical rubbing 

We have derived great help m the friction work both as regards theory and 
technique from the papers ou ‘ Boundary Lubrication,” by Sir William Hardy 
and his oollcaguo (1, 2, 3 4) 

A solid surface may be modified in two distinct ways 

(1) By Addition of Material—K solid surface exposed to an atmosphere con¬ 
taining water (or other) vapours, condenses and retains these, or if solid or 
liquid matter be rubbed on the surface, this will in general acquire and retain a 
covering film. The actual exposed surface is thus a oomplex of various materials, 
so that tnbo-electnc and fnotional effects are complicated We know that the 
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friction of the surface is dependent on the character of the condensed film and 
on that of the solid underlying the film according to the expression given by 
Sir William Hardy and Mibb I Doubleday (2) 

where M is the molecular w< lght of a ci ndensed pure organic compound a and b 
being parameters 

(2) By Physical Chaiu/i Here a stram or orientation of the actual surface 
particles of the solid occurs 

Sir G f Beilby (5) has shown that aggregation and flow on soli 1 sur 
fau s arise in certain conditions of rubbing or heating and result m unstrained 
and strained conditions respectively of thi particles forming the outermost layers 
of the solid 

At first sight it is ineomprehl nsible that the rubbing of two seemingly ideutical 
bodies say two lengths of glass cut from a new rod should generate charges on 
the rods +” on one —" on the other But this effect was found and studied 
as long ago as 176*5 by Bergman (0) Recently Rudgc (7) has found similar 
effects for hie bodies m the eases of quartz cinnabar mica sulphur oxalic 
acid and other materials It is easy to demonstrate these* charges for like 
bodies m many other solids such as sealing wax ebonite or silk We shall 
attempt to show that effects of this kind in some cases following natural con 
tamination are explainable by the principles (1) and (2) above 

11 Trtbo Eleitnc Apparatus 

(1) The most convenient electroscope for observing charges is of the Hankel 
f< rm in which a single gold lea! hangs vertically equidistant between two vertical 
parallel plates P P equally charged The leaf is so elevated that when highly 
charged its lower end lies over but cannot reach by 2 to d mm the plate to which 
it is attracted in this way we avoid the trouble of having to detach the leaf 
from a plati pvery time the formor receives a largo charge The plates are charged 
by a high tension battery of 100 volts one plate boing connected to the + ” 
end the other to thp end the centre of the battery being earthed A 
wire from the head of the gold leaf passes to an insulated inductor I made of a 
short brass tube 2 mches in diameter (soo fig 1) 

The whole system is surrounded by an earthed metal case with a hole in 
one side through whu h charged rods can be introduced to the inductor without 
touching it The gold leaf is road by a microscope with micrometer scale 
of 100 divs, one scale division corresponding to about 1 volt potential of the 
leaf In special cases the sensitiveness is doubled 
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(2) From a length of soda-glass rod 4 mm. diameter, a number of lengthB, each 
of 6 inches, are cut These rods are boiled all over in strong chromic acid for 



half an hour, then removed by tongs which have been cleaned m a blowpipe 
flame , they are rinsed well at the tap, then boiled tn distilled water and finally 
stored in dry test tubes which have themselves been cleaned with chromic and 
Throughout the cleansiug the rods have touched tongs and inside of the test 
tubes, and no other solid Rods just cleaned as above we call " standard ” 

(3) The flexible solids used for rubbing arc asbestos fibre, filter paper hemp 
fibre, yarn and fabrics of ootton, linen, silk, and wool The asbestos is as supplied 
purified by acids for chemical work It is handled with cotton gloves The 
filter paper is a smooth variety (Whatman, No 1) and tn use a paper is taken 
fresh from the inside of the packet The textiles requiro long and careful 
cleansing, since even the best yarn or fabric obtained commercially is liable 
to be tainted with fats, waxes, pectins or resins natural to the fibres, whether 
vegetable or animal, as well as deposits from the air and soap or other dressings 
used m their manufacture The amount of wax m natural textile fibres is 
considerable In a recent paper by Lecomber and Propert (8), it is stated that 
in natural cotton the wax content is about 0 5 per cent Dr J V Eyre, 
Belfast, tells us that natural linen has 2 per cent wax, and many other 
impurities 

In the first experiment to be described later, the fabrics wc use are cleaned 
as follows —Boil with soap and soda for several minutes Then boil and stir 
in water repeatedly, and then wash for a long time in running water Extraction 
with purest benzene in a Soxhlet (having only clean ground-qlana joints) for an 
hour is the next step The material is then dried. Throughout the defusing 
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it is touched or moved only by tongs cleaned in a blowpipe or by a glass rod 
cleaned with ohromic acid and then with water 
(4) An electric stove is requirod to raise the glass on occasions to any tempera 
tureupto300° This consists of a heating coil on a brass tube It is found that 
when glass rods are inserted into the tube without touching it they receive 
considerable charges due to combined induction from the considerable field in 
the heating coil and to conduction by the surface films * 

So an earthed brass tube is placed inside the heating tube and a glass tube is 
inserted between the two brass ones Inside the earthed tube another glass 
one previously sealed at one end and boiled internally in chromic acid is inserted 
for <leanhnoss and to avoid any impurities likely to be given of! by the hot 
brass A cleans 1 thermometer is placed m the innermost tube This heater 
of coaxial tubes quickly raises the rods to any desired temperature The 
inner glass tube is periodically cleansed 
(6) In this kind of work it is necessary frequently to discharge a rod A small 
flame say 1 inch high is kept at hand When a charged rod is passed near to 
the side of but not into the flame most of tho charge vanishes the residual 
charge can be mode vanishingly small in a short time 

III Tnbo Electric hrpcnmenls First bmet 
Begin with two standard rods Call them \ and B Take them from their 
test tubes by wrapping dean filter paper round one end to prevent contact with 
the hand Rub the free onds of the rods lightly together The fnction between 
them is great but the electroscopo shows that no charges arise on them We 
may therefore consider their surfaces physically and chemically identical 
Warm the working end of A in the heater for a few seconds Then rub tbc rods 
together The electroscopo now reveals a — T * charge on A (sec fig 2 col l) 
!N ext warn B and rub on A B becomes — T * Therefore charge on A is now 
F* (soe col 2) 

This process of warming one rod and so rendering it to the other can be 
repeated indefinitely unless in tho process both rods rise to about 200° 

On allowing both rods to cool thoroughly and then rubbing them together, 

* Whoa one end of a glass, ebonite or other insulating rod u held by hand for a few 
seoonds near a wire carrying a current in a 200 volt olrouit the field mduoee charges on the 
rod and the films on the rod discharge through the hand the charges repelled from the field 
Thus the rod reoelvce a charge easily detected by the electroscope. The experiment of 
oourse fails for a good conductor or for a very dean Insulator but glass ebonite and sealing 
wax as usually found, show this effect 
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no charge arise* Hence the warming processes have not permanently affected 
them The curve return* to the base line ZZ' (see col 3) 

llli iliill! 1151|jJ11 

12 1 U U M 10 II 12 13 14 IB 16 17 1» 19 



Hub A lightly with silk purified as in section II 

A acquires a—” charge against the silk 

Discharge A and rub it on B It becomes +*• (< ol 4) 

Discharge A and B and rub B well on the silk B Incomes —" 

Discharge B and rub against A A recoices a—'• charge (col 5) 

Discharge A and B and rub A well with the silk It becomes —" (col C) 

A has now been rubbed with silk mote than B and is therefore (-’* to it It 
will remain so as long as both rods are left mtaet (col 7) 

Warming A and B alternately, we obtain, as in columns 8,9,10, 11, the same 
effects due to heating as we found in columns 1 2 3 before any rubbing had been 
performed, but with this difference, that when both aro cold the +” state of A 
caused by rubbing in col 6 remains at the end of col 11 

Rub A hard with silk At first A is —but ultimately it becomes +'* 
Discharge A ind rub it on B A becomes 4 ” (col 13) 

Discharge A and B Rub B hard on the silk B at first is —" but ultimately 
becomes 4-” If the rubbing process has gone far enough, B w.il now be 
found 4-’* to A, if A is —(col 14) A is again brought 4" to B by 
prolonged rubbing on silk (col 15) 

In this way the rods oan be made alternately +'*, one to the other But 
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there is an asymptotic limit beyond which neither can be brought Then the 
polish on each is complete 

Warming first one rod and thin the other, we find the same temporary 
effects (cols 17 and 18} as previously in cols 1,2, and 8,9,10 There is a further 
instance of reversibility due to heating a rod which is slightly +” to silk will, 
on warming, become —” to it 

It will he seen from the above that whether glass is in (1) ‘ standard ” state, 
or (2) —" state to silk, or (1) )-'* state to silk, the effects of heat to make it 
more —”, or of rubbing with silk to make it more ”, are identical The change 
from glass — r */silk +”, to glass +”/ silk —”, whit h occurs at a certain stage 
in the above rubbing is shown at B incurve 2, fag 1 



Fig 3 —Curves, 0, 1, 2, 3 show respectively the nature ol charge ■\- T * or — r ' on glass, as 
rub bod by textiles of various grades of cleanliness commencing with the least dean 
The glass at point Z is In standard ’ state 

Next perform the above experiments on standard glass rods using, one at a 
time, in place of silk, th< other textile materials- hemp, jute, cotton, linen, wool 
The effects throughout are identical in kind with those found when silk was used, 
though somo materials such as silk or wool rub up large charges more readily 
than, say, hemp or jute 

When, however, the experiment is performed with asbestos fibre and filter 
paper, it is found impossible to bring up a polish on the glasa or, by prolonged 
rubbing, to make it +” to silk or wool Otherwise the effects are identioal 
with those obtained above Thus, when a rod, say A, is rubbed with the asbestos 
fibre, it becomes —” to the asbestos and ~1 ” to B When B is now rubbed with 
asbestos it becomes —" to the asbestos and +” to A Again, wanning rod A 
or B depresses it so that it becomes —" to the other rod Unlike the textile 
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materials oontiaued rubbing by asbestos fails to bring up polish on the rods 
W fact, the surface becomes abraded 

With falter paper the glass is not visibly abraded but its fibres arc torn up by 
the rough glass and it will not produce polish Further if a polished glass whit h 
is +™ to silk be rubbed by filter paper it at once loses its polish te feels rough 
to the paper and charges —” to filter paper and to silk In interpreting these 
experiments we have to account for four distinct effects 

(а) The effect of rise of temperature is general It is found alike on clean 
glass and on glass whi ther in ” or f * state due to rubbing with the 
textiles It is the reforo not a property purely ol a clean glass surlace or 
of a him surface hut < f s mething common to both Vic know that 
water from the air is quickly adsorbed on glass surf at t s wlutht r cl an or 
filmed Again wc know (9) that a water him when broken l y impact 
of air receives a 1 ” charge It may be that when a he t dry rod rubs a 
cold damper one the water him on the latter is broken and lx comes ( e 
as in our expenim nts and the drier rod becomes —" This explanation 
meets all the above cases for when both rols ore well warmed and 
water films driven off the effect ceases 

(б) The charges on the glass dui to rubbing with silk or other textile are at 

first—” but later become f” and this is the final condition persisting 
howevor long rubbing t ontinues and however much the textile surfaces 
are renewed 

(c) Concurrently with its chango in tnbo electric character the glass shows 
decreasing friction against the rubber and attains a polish 

(<f) If two glass rods aro rubbed together that one is -| ” which has been 
rubbed most by the textile 

The effects (ft) (e) and (d) unlike (a) are permanent and indu ate a rhemical 
and/or physical change of surface on the glass To account for this pi rmanent 
change we havo at hand the theory of Sir William Hardy and Miss f >oubh day 
(foe cU ) according to which the glass starting clean would aequin from the 
textile a film of organic impurities wax fat etc still clinging to the mllulose 
or ceratin after cleansing Pursuing this film argument we suggest that whde 
the final +” charge found olearly mdi< ates the presence of a complete primary 
film, the initial —” charge is evidence of no film or of one so thin that the 
underlying glass has a preponderating ” influence We arc on this sup 
position, getting for the —” state (fig 2) a textile/glass and not a textile wax 
effect 
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When wax is transferred from silk to glass a shearing prooats oocurs w the 
wax, some still remaining on the silk This shearing occurs, as it generally 
does, sometimes between molecules and sometimes within the moleoules, so that 
electrical separation oocurs + T * going to the silk side, —" to the glass side. 
This would account for the initial —" state of the glass on the supposition that 
when wax is passing from silk to glass the oharges arising are glass —”, silk 
+" 

As rubbing continues equilibrium arises when the glass surface tending to 
wax saturation and the silk to wax exhaustion the wax is pulled equally across 
the interface Reversal of sign now occurs, the glass receiving a +" charge 
But since both surfaces now have a wax layer, the electrical separation (which 
only oocurs for unlike surfaces) must be attributed to the differential influence 
of the underlying glass and ailk, operating through the wax layers We have 
authority for this view in what Sir William Hardy and Miss Doubleday (2) 
call an “ irradiation of force ” acting from the underlying solid through a film 
and represented by the parameter b in the formula already quoted n = 6 — oM 

It will bo seen that this general explanation accounts for effects (6) and (rf) 
equally well As for the effect (c), the accumulation of wax well rubbed on will 
necessarily lower friction 

IV Tnbo-Eleotnc Experiments Second Sena 
Not being satisfied that the residual impurities of the rubbers had been removed 
to the limit, we exhausted the cotton, linen, and silk in the Soxhlet for a further 
15 hours in extra pure benzene The result fulfilled our hopes All the three 
textiles now set up charges on the glass indefinitely, +" charge in no case 
arising even after 15 minutes rubbing Fifteen hours treatment in the Soxhlet 
with tn-chlorethylene produced no perceptible further effect on the tnbo-electne 
character of the textiles, though, in the case of cotton, it disintegrated to rotten¬ 
ness In the curves 2 and 3, fig 3, we see the effects of partial and thorough 
cleansing 

Thus at last we have so far purified the textiles that they have very little 
residual wax, and glass when rubbed by them retains its pnstine —” tnbo- 
electnc character 

Having hitherto employed fabrics (which are complicated with warp and 
weft) we next turn to yarns In this case all the fibres are parallel to one 
another and our problem is rendered easier. When a rod has been rubbed for 
some fame and is near the critical condition (see section VI) it rubs -f-” along 
fibres, say of jute or hemp, but rubs —” across the fibres Further rubbing 
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either way leads ultimately to +” Clearly then yarn w preferable to fabno 
for our purpose* for we can ensure that in rubbing the action is either along or 
across the fibre 

The yarns were wrapped on standard glass rods and cleansed in the same 
drastic fashion as the fabrics (see section II) We found that their tnbo electric 
behaviour with respect to glass is identical with that of fabrics when impure 
they render glass finally +'* when pure —™ As a further generalisation of 
our results we find it is immaterial whether soda glass lead glass or vitreous 
silica is used We conclude that all members of the glass family react as above 
to any of the textiles—cotton linen and silk 

V Fnctum Experiments 

To ascertain the coefficient of fnction (pi) of two glass rods at anv stage in the 
rubbing we use a tilting apparatus One rod a shown in section fig 4 is sup 
ported horizontally on two brass plates one of which is shown at X a is held 



0 

FlO 4 —The Friction Apparatus. Bod ib bogies to Blip on rod a for an angle of tilt 6 

m place by spnug S 1 he other rod 66 rests on fnctionless pulley P at. d and on 
rod a at e The pulley and brass plates are mounted on a boar 1 B and when 
this u tilted on a horizontal axis 0 rod 66 begun to slide oa a for a critical angle 
of tilt 8 Working out the reactions we have (t=°K tan 8 where K is a constant 
depending on the positions of d and t relative to the centre of 66 It is clearly 
essential always to have 66 starting at ons place m the apparatus since K 
depends on this. The end 6 of the rod is for this reason placed m the line joining 
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two pins, one of which is seen at p, Zut stop to prevent 6 going far The 
rods are moved to and from this apparatus by clean tongs and bear on one 
another at those ends which have been rubbed 
Standard glass rods (see section II), if tested directly after cleansing, have a 
high value of |i For soda glass, which we generally use, this value is about 1 2 
with variation of 20 per cent both up and down This variation from place 
to place, round the circumference of the rod, must be due to irregularity in the 
nature of the glass, for if we keep to one generating bne of the rod p is constant. 
There seems to be strealnness running along the length of the rod due to unequal 
composition of material taken from the pot in manufacture When the glass 
has received a film by adsorption from the air or by material reoeived from the 
rubber, this film attains uniformity and the strealnness disappears 
The vitreous silica we have used has, when m '* standard ” state, a lower 
value of p = Q 94 

The curves in fig 5 Bhow that glass slowly loses its “ standard ” quality if left 
exposed to ordinary air Hence our practice is to rub the rods as soon as possible 



Time 

Fio S —Gradual fall in mutual friction for rods, oommenoing " standard." as exposed to 
air oontamlnation Time unite are days for room air curve : hours for outsdds sir 
curve 

after cleansing The curves show that p falls farther in one hour in odd, damp 
outdoor air (m December) than m one day m the warm, drier air of a laboratory, 
although we should expect the air in the former case to be more free of dust and 
condensable vapours, other than water 

VI 

The value of p, which falls slowly m air, does so rapidly if rubbed by the 
textiles. This can be shown m a systematic way by wrapping the textile yam 




849 


Tribo'Electricity and Friction. 

or fsbno on a clean rod and pressing this with a definite forco on the standard 
rod, which is rotated on its length at speed varying from 500 to 2,000 revs per 
minute by a motor In fig I the glass rod Q is supported by two platos B, B, 
into which it fits. A motor shaft, not shown, can be joined to the left end of G 
The textile mounted on the rod for rubbing is pressed by a known weight on the 
gloss through the gap shown in I We have, then, two independent variables — 
(a) The pressure between the surfaces, (6) the tune of rubbing In fig 6 
the curves show that in 10 seconds of rubbing ordinary flannel reduces p to 0 25, 



and other ordinary textiles behave in like maimer as shown In all these cases 
the change from —to +" charge on the glass occurs for a value of p about 
0 • 18 This critical value of p is shown by the horizontal dotted lino The curves 
4 and 5 m fig. 6 show the relation p/t for the cleanest textiles, the load being 
200 gnu In half a minute at this high pressure p is lowered to onl} 0 62 
Further rubbing causes no steady reduction in p, but we find a small erratic 
tip or (fount value which we cannot attribute to errors in measurement To 
account for this apparent caprice we tried the effect of rubbing the rods either 
(a) at (me spot of the wrapped textile or (6) with frequent change of the surface 
of the textile The results shown in fig 7, the pressure applied being again 
200 gms throughout, provide the explanation wo are seeking \\ hen the rub 
oocurs at one spot of the textile, as during stages B and D, p rises even to value 
1 0. When, however, the textile surface is renewed during the rub, as during 
stages A and C, p descends to s low value. In the light of the work of Sir William 
Hardy and Miss Doubleday, the explanation seems clear Heat is generated by 
prolonged rubbing with the great pressure used When the heat is concentrated 
at one spot of the textile, its surface becomes so hot that the lubricant (wax) 
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becomes fluid and the textile absorbs it Thus the glass beneath is exposed to 
direct rubbing by the textile, with resultant high value of p. Messrs. Lecomber 



Flo. 7 —VsrUtkin in mutual friction of glut rods sooording u the textile used on them has 
(A and C) or has not (B sod D) been freely moved during the rubbing 

and Propert (lee at) show that cotton waxes melt at about 80° C 8uch a 
temperature might easily be attained for sustained large pressure at one spot 
When, on the other hand, fresh cool surfaces of the textile are used, temperature 
rise* much less and the lubneant remains solid The authors “ On Boundary 
Lubrication ” quoted above showed that a fluid lubricant can be rubbed away 
from a surface, but that rubbing a sohd lubnoant does not entirely remove 
it, but improves its polish, until it is probably reduced to monomoleoular 
thickness 

On these lines it seems possible to explain the anomalous tnbo-electric 
behaviour of textiles on solids. It is often found that a hard rub makes the 
solid —", but a light rub, or flick, renders it +". This occurs when the 
solid surface has acquired a certain degree or condition of film. As we have 
seen above, the value of p = 0-18 is ontical Glass rubs -f " for lees value 
of p, and — T * for greater values. If, then, the glass surface u near this critical 
state, we fan attain +" or —" according as pressure is light or heavy. 


VU. 

We have assumed hitherto that our cleaned textile material still 
contains enough wax to cause the lowering m p, seen in curves 4 and 0, fig. 6 
This is a simple film theory. But we must not forget the claims of a ttnin 
theory Standard glass surfaoes are made by long-continued boding with 
chromic add at 180“ C The acid not only removes impurities, but also attacks 
the glass surface, and so loosens the particles as to give opportunities for 
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orientation, t e. relaxation from strain When this standard glass is rubbed, 
orientation is destroyed and strain is set up, as Beilby’s work shows Burdon 
(10) shows that dilute HCL spreading over clean mercury attacks only ono-tenth 
of the atoms of the surface, supposing the full density (13 6) remains up to the 
geometrical surface If, however, oil the mercury atoms on the surfaoe are 
attacked, the density of the mercury oan only be 1 33 We see from this the 
possibility that free surfaces (even glass after surface agitation) may have 
peculiar structure, easy to destroy by violence, such aa rubbings The surfaoe 
would then attain a state of strain 

It seems probable that m our experiments both effects (him and strain) 
play a part, and that the strain effects may become relatively important when 
the applied pressure is great and the residual impurity on the textile is small 
We have rubbed standard glass with clean filter paper and clean glass-wool 
as well as with the very cleanest textiles In all oases the value of n falls 
to values 0 86 to 0 90 Now this lowered value (which is yet far above those 
due to impure textiles) cannot be attributed to residual impunty common to 
all the rubbers, as these are so diverse in constitution, unless the impunty in 
the case of each of them is denved from the air This we know is not the 
case for recently cleaned material 

To test whether (i is ever lowered in the absence of film, we tried a crucial 
test Prepare three standard glass rods 4, B, C Measure |x for B and C 
Rub A first on B, then on C for half a minute, using the motor device of section 
VI, and rubbing very lightly Find |i again for B and C The value of was 
1-23 before rubbing, 0 99 aftor rubbing, so that mere pressure on a surface 
wthout ihe pombilUy of film formation causes a reduction of p The rubbing 
rendered the surfaces matt, and it might be argued that the reduction m fi is 
not due to strain but to a change in the fora of the surface from the polished 
to the rough appearanoe, We next cleansed these matt rods with chromic acid 
in the usual way and re-tested for |i We found that it recovered hardly at all, 
being 1*0. It is, therefore, clear that film is not the only cause of reduction 


Something must now be said as to the actual purity of the cleansed 
textile materials, since any effect on the friction of glass caused by rubbing 
with very pure textiles might be due to strain rather than to film We have 
received much advice as well as specially purified material from Dr L Balls 
and Mr. F P. Slater, Fine Cotton Spinners Association, Manchester, from Dr 
J. V, Byre, Linen Industry Research Association, from Mr J. W Windley, 
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Silk Merchant, Nottingham, and from others We acknowledge gratefully all 
this help In some oases, notably the linen from Dr Eyre, the purification took 
over a month and involved numerous acul, alkaline and bleaching processes. 
We found that all these prepared fabrics and yams rub glass —" but never +” 
They all lower the coefficient of friction of standard glass to about 0 6 After 
exhausting them with benzene and chloroform on a Soxhlet, and then rubbmg 
on the glass, the glass friction is lowered to less extent than before, Thie 
improvement may be attributed to the removal of natural contamination 
settling on them m the oourse of days or weeks since purification. 

Some students of cellulose and other organic fibres have doubted the 
possibility of so far cleansing these materials of wax that not oven enough will 
remain to yield a monomolecular layer on any solid on which they are rubbed. 
Even if the surface of the fibres were absolutely cleansed by the benzene or other 
solvent, the standard glass, having a surface of high friction, would grind into the 
wall of the fibre and take up residual wax from maide the fibre, where the solvent 
had been unable to operate fully If this be so, we could not expect to get a 
fibre really free of wax short of disintegrating it into the smallest particles. It 
would thus be a vain hope to expect to get a really pure textile, however far 
the cleansing were pursued 

As to the very pure commercial solvents we used, all when evaporated down 
left first a small amount of residual thick oil and, finally, when dry a perceptible 
powder Correspondingly we found these solvent* all lowered the coefficient of 
friction of glass when this had been dipped in them and dried The benzene 
reduced n by 0 33, the other solvents by 0-27 and 0 13, Another indication of 
pollution is that the residue changed the tnbo-electrio character of standard glass. 
We have thus three lines of evidence all showing that these solvent* are untrust¬ 
worthy. Yet the distillate from them in the 8oxhlet is of high punty This 
is shown by placing standard glass rods in the Soxhlet and boiling for 15 minutes 
On testing the rods for friction before and alter the process, the value of p 
remained constant at 1 24 We thus obtained such pure solvents by the Soxh¬ 
let that it is questionable whether solvents of a higher grade than these commer¬ 
cially “ pure ” ones will prove more effective in reducing residual wax on the 
textiles 

IX 

We have seen that the value of p for standard glass falls when it u left 
in air or when rubbed by a variety of flexible bodies. We now notice some oases 
in which the reverse process occurs. Suppose p for glass has been reduoed by 
rubbing to the low limiting value 0-13 There are three way* in which this 
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value will be found to me (see fig 8) • —(a) Leaving m ordinary air The me in 
p u slow, but in five days it rises to 0 84 (6) In vacuum (0 001 mm) In 



five minutes p rues to 0 21 (c) Heating to a high temperature (220 s C ) In 

a very short time p rises to fa 51 

To account for the nse in p m these three diverse coses, we might expect 
heat and perhaps vacuum to reduce some of the solid film formed by the rubbing 
But we should not expect the pm to escape from the Burfaco when left in air, 
for we know from section V that the reverso process occurs On the other hand, 
any strain imposed on the film in rubbing would be relaxed quickly by heat, 
slowly by vacuum, and very slowly when left in the air by the thermal agitation 
of the glass below the film and by the incessant bombardment and adsorption 
of gases from the air 

The facts just quoted correspond with experience in tnbo-electncity For 
we find that when glass by rubbing has been rendered -p* to silk, it will be 
found to reverse to if (a) left m air for many hours, (6) left in vacuum 
for several minutes, or (c) heated to 220° for a few seconds 

In each case the dotted line (»e the critical state) is crossed (see fig 8), as 
one of us has shown (c) m previous papers (11,12) Reversal of sign occurs, 
as we have seen (sootion VT), for a critical value of p about 0 18 (see dotted 
line, fig 8) 

We have already found that the effect of ordinary air on standard glass is to 
lower p to a medium value, say 0 6 Now we find it raises p for pointed glass 
to about 0 6 Thus, however glass be treated, it settles in air to a medium 
condition With p 0 5 to 0 6 

X. Conclusion 

The method m most tnbo-electnc experiments m the past has consisted in 
observing charges arising by rubbing together two solids of different com' 

VOL. 0X1.—A 2 A 
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position. Surface condition* ate highly oomplex, physically and chemically, 
so that such experiments have, In general, led to indefinite results It is a case 
of one equation with several “ unknowns ” 

Our method is to combine such experiments as the above with thoae of two 
other kinds — 

(a) Observation of the charges arising by rubbing together two like solids— 
m this case glass/glass—which have been rubbed or heated differently 

(b) Observation of the mutual friction of two like solids—here glass/glass— 
which have been similarly rubbed or otherwise treated m a systematic 
way 

We have thus three point* of view, and we have found a stereoscopic method, 
such as this, fruitful in results We are continuing it with solids other than 
glass and textiles. It is clear that solid films play a great part in our experi¬ 
ments How far orientation and strain at the interface may influence results 
remains to be seen 

The following definite effects have been found — 

(1) A glass surface starting in a standard state of purity adsorbs con¬ 
densable material if left in the air and it* coefficient of friction (p) slowly descends 
in several days from some high value, say 1 2 to about 0 7 

(2) Ordinary textile material* when rubbed on the standard glass bring 
about the lowering of p qmddy Continued rubbing will bring down even as 
low aa 0 13 For a value of p ** 0 18 the charge on the glass due to rubbing 
becomes -f", having been —" for higher values of p 

(3) Textile materials, rendered very clean by prolonged treatment with 
solvents (benzene, eto ), slowly reduoe p for the glass on which they are rubbed 
to about 0 6, aa the limit The friction never descends to 0 18 and the glass 
remains - and never acquires a charge 

(4) When a glass surface has attained a very low value of p, say 0 13, it acquire* 
a higher value (even 0’54) when heated, or placed in a vacuum, or left in air 

(5) When glass has medium values of p, the sign of the oharge due to rubbing 
can be made +" or —" according as the rubbing is gentle or violent, and when 
the yarn* and fabrics are used, according a* the rubbing is along or across the 
fibre 

(6) Two standard glass surfaces acquire no charges when rubbed together, 
but if one has been rubbed by a textile more than the other it is +" to the 
other. 

(7) If one of two identical surfaoes of glass be heated and then rubbed on the 
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The Absorption Spectra of some Naphthalene Derivatives 
xn Vapour and Solution 

By Hhnsy G de Lassslo, Institute of Physical Chemistry, Zunch 
(Communicated by Sir Ernest Rutherford, Pres R 8 —Received February 8,1928 ) 

Having examined the absorption spectra of naphthalene* and its methylf 
derivatives, I have continued the investigation in order to see how the spectrum 
of naphthalene is affected by the introduction of different groups in the alpha 
and beta positions 

The technique employed for the solution! »ud vapour* spectra has been fully 
described elsewhere Pure hexane§ was used as a solvent unless otherwise 
stated c is the molecular absorption coefficient The substances were 
purified by crystallisation from hexane Liquids were fractionally distilled 
«* vacuo 

The absorption curve of naphthalene consists of two parts Part I contains 
» sharp bands A-L between A 3207 (c 16) and X 2930 (s 365) Bands C (X 3110) 
and H (X 2975) are very strong and have an interval of 1460 cm -1 . This 
interval repeat# itself in most of the mononaphthalene derivatives, par* 

* V. Henri and JEL da Lasxlo, 1 Roy Soo. Proo,' A, vol. 106, p 662(1924) 

t H. de UkS, ‘ Oomptes Benda*,' voL 180, p. 203 (1986) 

J V. Henri,' Etudes de Pbotoohemle ’ (1919). 

| V. Hart tad A. OutiHe, 1 But Soo. Chlm. Biol,’ vol 6, p. 299 
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ticularly m the oase of the beta bodies. There is also a smaller interval D-C 
of 451 cm, -1 and L-F 2 X 453 cm ~ l At X 2700 the curve goes up steeply 
from t 365 to c 4300 Here starts Fart II, which consists of 8 bands 
These are much broader and more diffuse than those of Part I In all 
bodies examined in tbs paper these two well-marked sections m the spectra 
found, hence the use of the expressions Parts I and II will be continued 
The Bromonaphihalems , a boiled at 279° C, (785 nun ) and (3 was obtained aa 
wbte scales m p 57° 0 The solution-spectra m hexane (see Table I and fig 1) 

Table I —Solution Spectra of 


a-Bromonapthalene and fi-Bromonaphthalene in hexane. 


Bind 


| .1 

B*nd | A 

I/* | • 


Part I 



Part I. 


I 

3216 

31090 

140 

A 

3220 

31060 

266 

11 

3157 

31880 

348 

B 

3168 

31670 

136 

Ill 

8107 

32190 

460 

c 

3143 

31820 

186 

IV 

3063 

32780 

870 

D 

3118 

3*070 

220 

V 

3016 

33160 

I860 

JE 

3074 

8*630 

876 





F 

3010 

33220 

260 


Part II 



Part II 



f 4087 

33480 



r 2909 

34380 


VI 

•1 2972 

33080 

3460 

O 

J 2897 

348*0 

2*00 


\ 2987 

33820 



L 2888 

34660 



f 2924 

34800 



f 2800 

36710 


Vll 

( 2914 

34320 

8400 

L 

■i 2781 

36960 

3300 


1. aooi 

34440 



{ 2788 

36190 



r 2882 

34700 



f 3689 

37190 


vni 

■l 2882 

36060 

4.800 

O 

( 2675 

37880 

1160 


[ 2822 

36440 



| 2662 

37670 



f 2769 

36110 



f 3010 

38310 


X 

( 2744 

36440 

4360 

8 1 

( 2602 

38430 

3000 


(, *710 

36780 



1 2698 

38640 



f 2662 

37870 



f 3879 

38770 


xn 

( 2646 

87700 

3460 

T 

( 2676 

SS830 

*760 


1 3630 

38020 



l 2671 

38900 







f 2631 

39610 






s 

■( 2117 

39730 

3300 






l *804 

19940 



2 J § 
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o BrtoHMi»ptth*!sne I V, t - 120", VI VIII, t =■ SO* 

/S-Bromon*phth»lBne A F, I a 130*, Q-S I «* 60 . 

are very bke those of the methyl naphthalenes * a-Bromonaphthalene has a big 
period of II-V ■-=> 1480 cm -l The following intervals also occur —I III => 
1100 om “ l , II-IV =*■ 1070 cm and I1I-V =1070 cm These probably 
represent a true interval of about 540 cm -l The {1 body has an interval of 
1470 cm -l The following periodicities also appear B-D = 500 cm and 
A-B o* 510 om _l giving nu average of 505 cm The vapour bauds (see 
Table II and fig 1) of the isomers reproduce the solution bands with regard 
to their relative positions and intensities Band A has a definite fine structure, 
which will be investigated later with a modified light source 


1 H. ds Lassie, ‘ Z t. PVv». Chea.,’ roL 118, p. 870 (19iS) i and ‘ Oomptes Rsfcdaa, ' 
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Table II.—Vapour Spoctr* ol 
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in hexane (see Table III and fig. 2), the relative positions of the bands of both 
ohloro compounds are the same as those of the corresponding bromo derivatives 
The band heads of the latter are shifted towards the red in comparison with 
those of the former by the following amounts Fart I of a bromonaphthalene 
50 cm _1 Part II, 90 cm _1 , Part I of (3 bromonaphthalene, 70 cm -1 Part II, 
105 cm" 1 


Table III —Solution Spectra of 

a-Chloconaphthalene in Hexane and (3-Chloronaphthalene in Hexane 



Band I of «-bromo- is resolved into two in the case of a-chloronaphthalene 
Ws conclude therefore that the introduction of a halogen atom into a ring body 
disturbs the character of the latter’s absorption spectrum but little, the whole 
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being shifted towards the red, the amount of this shift being dependent upon 
the atomic weight of the substituting atom 
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Fig 2 —Chlorous phtha leue in Hexane 
Broken hue a-Chioron*phth»lene, solid line S-Chloronapbthalons 

The cathodoluminesoenoe spectra of the bromonaphthalenea were examined 
by Goldstein * This bears out our theory of the production of absorption and 
emission bands f 

The NaphtkoU — a Naphthol melted at 94® C and £1 at 123° C The solution 
spectra m hexane arc shown on fig 3 and Table IV The average intensity of 
the two curves is about four tunes that of naphthalene the small bands being 
well marked The action of the —OH group on the naphthalene spectrum is 
comparable to its action on the benxene spectrum J The phenol solution 
spectrum in hexane consists of three very prominent bands whose average 
intensity is about five times that of the benxene spectrum the whole being 
shifted 2220 cm 1 towards the visible We note the following frequency inter 
vale between the various bands Naphthol I V, 1470 cm -1 IV VII, 
1470 cm -1 , average, 1470 cm -1 {3 Naphthol B E, 1380 cm , C G, 

1460cm ~ l D-H, 1430 cm -l El 1400 cm -1 , average, 1420 cm -l These 
intervals differ but little from that of naphthalene 


* ‘ Verh d D Phys Gesvol 9, p 191 (1904) 
fZ ! Phjr* Chem,' vol 118, p 889 ’ 

$ KUngstedt, ‘C R. roL 174 , p 818 ( 1811 ) 
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a Naphtha) A I t - 116 K N 1 = 90 
/SNaphthol I VII >-100 ,VUIX 1-75 

Table IVa —Solution Spectrum of a Naphthol 
In Hexane In Ethyl Alcohol 

Band | A | 1/A | . || Bud | A | 1/A | 


Part I 


1 


31100 

1820 

I 

3237 

30890 

1900 

ni 

IV 

V 

8139 

3106 

3070 

31860 

32200 

32670 

1740 

1600 

1820 

in 

V 

3163 

3093 

31620 

32330 

1760 

3000 

n 

th 

3014 

2970 

33180 

83670 

2200 

Part 

vi + vn 

; II 

3021 

33090 

3300 

VUI 

/ 3981 
\ 2924 

| 33890 
34300 

4300 1 





IX 

/ 2890 
\ 2307 

1 34600 

I 14880 

4300 

VUI+IX 

f 3984 

\ 3964 

33610 

33860 

3300 

X 

/ 3812 
\ 2793 

36660 

36800 

3900 1 

X 

/ 3907 
\ 3890 

34400 

34600 

3330 
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Tabi* IVb.—S olution Spectra of [f-Naphthol. 

In Hexane In Ethyl-Ahohol. 



The total spectrum of a-naphthol differs from that of fl-naphthol m that the 
two parte of the spectrum flow into one in the former and are clearly differentiated 
in the latter 

The solution spectra of the naphthols in ethyl alcohol are shown in fig. 4. 
The average intensity has not noticeably altered Klingstedt* found that the 
3 phenol bands m hexane became one in alcohol the whole curve being shifted 
460 om.“ l towards the red. In Part II all the hexane bands are present, but 
their intensity has decreased by c 1000. We find a similar redaction of s 800 
in the alcoholic phenol solution There is a possibility of tautomensm in the 
case of both phenol and the naphthols The following table gives the shift of 
the spectrum towards the red m cm. -1 in relation to the vapour spectra. 


‘CJCvol 174, p. 813 (1*3}. 
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Phenol. . 

a-NaphthoI 

p-Naphthol 

Vapour 

0 

Parti 

0 

Part II 

0 

Parti 

0 

Part II 
0 

In Hexane . 

290 

350 

800 

360 

800 

In Ethyl Aloohol 

700 

600 

1800 

800 

1100 



Both naphthalene and benzene show but very small variations in their 
absorption spectra when dissolved in alcohol or hexane, the same bands appear¬ 
ing m both solvents Aloohol is a strong dipole the electno fields of whose 
molecules must act with a sort of " Stark effect" on the dipoles of phenol and 
the naphthols Naphthalene and benzene on the other hand are electrically 
neutral, hence their absorption Bpectra are bat little affected by dipolar solvents 
Vapour spectra of the naphthols (see Table V and fig S) The following 
frequency intervals occur for a-naphthol — 

Ib (31459)-Ia (31082) = A'/X 377 cm 

H (31800)—Ia (31128) =a „ 757 

IV (32640HI (31880) •=* „ 760 J2272 ^ m cm 

V (33098)—III (32140) =• „ 755 3 “ 

The interval 757 cm is almost oertainly double the oorreot interval of 
378 cm," 1 which is probably caused by the atomic vibrations in the naphthol 
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Table V —Vapour Spectra ol 


n-Naphthol and $-Nophthd 



molecule In (5-naphthol we find a suiular interval of 582 cm Both the 
above periodiortie* represent that of 474 cm.' 1 whioh we find for naphthalene 4 ’ 
* ' Roy 800 Proc A, voL 
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vapour Thu indicates that the particular atomic configuration which gives rue 
to this interval has a greater mass in the naphthols than in naphthalene 

The strong bands B and I show a definite fine structure, which however 
even in Bands Ia and In are not sufficiently resolved to allow of an accurate 
determination of the moment of inertia The lines seem to be more closely 
spaced than in the case of naphthalene which indicates a greater moment of 
inertia for the former 

Stang* has measured the infra red absorption spectra of the naphthols in 
CS, and CCI« The infra-ml bands may be represented by the following 
formulae where n and p are small whole numbers For a naphthol w (378) -(- 
p (110) and (3 naphthol n (382) + p (125) From Table VI we see that the 
observed and calculated values agree well together The constants 378 and 
382 are those that appear in tho UV absorption spectra In the case of 
a-naphthol we find three pairs of bands m Stang’s measurements with an 
average frequency interval of 21 cm -I 1626-1603 = 23 , 1276-1255 — 21, 
1048-1028 = 20 From this we can calculate the moment of inertia J 
A'/X c — 8,3 10“ where c is the velocity of light tn vacuo Hence 


J 


1,37 IQ" 1 * 300 
(6,3 10“)* 


_ 4,11 I0~“ 
4,335 10** 


= 94,8 


10 -40 jom* 


We oan find only one such pair in the case of £5-naphthol, namely, 
1028-1010 => A*/X 18 cm which gives a J value of 142,5 10 -10 g cm J 
Hence p has a greater J than * which would appear to be theoretically 
correot The cathodolummesoence of both naphthols have been examined 
by Fischerf who found that each spectrum oonsisted of two parts, the bands of 
the first half being sharp and those at the blue end being broad and continuous 
Dickson^ has measured a few fluorescence bands. The production of these 
various forms of emission are explainable on the same grounds as for 
naphthalene § 


* * Phyt. Bov vol 9, p 544 (1917) 
t ‘ Z f. Wtas PhotvoL 6, p 315 (1908). 

J‘Z.1 Wiso. Photvol 10, p 166(1911) 
f H. do LmxIo, * Z I. Phys OiomV vol. 118. p 396 (1926) 
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Tablb VII—continued —Solution Spectra ol 


a-Naphthomtnle and (3-Naph thorn trile in Hexane 



The vapour spectra of the napbthomtnles show no new bands (Table VIII). 
Fischer* finds two sets of bands for [3-Naphthonitnle in the spectrum of its 
cathodolununescenoe, that at the red end being narrow and the set m the blue 
portion being broad and diffuse This phenomenon is again the same as in 
naphthalene 

The Naphthmc aotds (see fig 6 and Table IX) a-crystallieed well from 80 per 
cent alcohol and melted at 160° C , while p melted at 184° C The solution 
spectra in hexane show very steep absorption bunts which are shifted 1960 cm -1 
for « and 2760 cm "* for p towards the red in comparison with naphthalene 
Klmgsted and Caetdlef find a similar shift of 3050 cm for benioio acid in 
relation to benzene, all but three of the latter’s bands were fused into one, and 
the intensity (c) of the curve was doubled The —COOH group has the same 


*‘Z f.Wia Phot,' p. 813 (1908). 
t'CR.'voL 176, p. 748(1984). 
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v _ fa N&phthomtnle Part I at 120° C Part H at 60° C 

Vapour Spectra of Nftphthomtnle Part L at 126 ° c Part n at oo° c 

a Naphthonitnle |J Naphihonilnle 



2 B 


VOL OXt 
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effect on the naphthalene curve It seems as though m the case of the naphthoio 
acids and a-Naphthylamine molecules only one degree of activation takes place 
instead of two as with the — CH S , Br, Cl, OH, and — CN derivatives. 



Fia 6 —Naphthoio Acid in Haxane 
o-Naphthoic Acid I,(« 1M“ 

0-Naphtholo Add A-O, I — ISO’; H-L, I - 149° 


Table IX 
a-Naphthoio acid 

Solution Spectrum in Hexane Vapour Spectrum 


Band | A | 1/A | . | 

Band. J A J 1/A 

Part I 

Part I at t = 166° C. 

|f 3280 | 30490 | 1 

If 3337 I 30390 

1 [ tuo 1 30780 | . 

l\ 3213 1 31190 

Part II 

Part II 

ConaiaU cl a very wide flat band whoae 
approximaU UmlU an I— 

ConaiaU likewiae o t a very broad fla 
band with very indefinite Umita. 

I 3175 i 31500 1 

mo ! 

3900 34500 j 

1 1 
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Table IX—continued 
(J-Naphthoic acid 


Solution Spectrum m Hexane Vapour Spectrum 



Fart 1 


i Part I at t =. 180° 

C 


f 3388 

29430 


AB 

/ 3328 
\ 3288 

/ 3247 
\ 3222 

30070 


t 3388 

29815 





J 3380 

29780 


O 

31040 


\ 3380 

29880 

1880 

1) 

f 3162 
\ 3143 

3.830 


r 3324 

30080 




c 

1 3288 

30340 

n» 

E 

{ 3070 

32870 


f 3278 

30510 


Q 

/ 3033 
\ 2987 

32970 


1 3195 

31300 





f 3182 

31830 






\ 3141 

31840 






j" 3118 

33100 






\ 3088 

32700 






Fart II 


Part II at f » 145 

“C 

H 

f 2987 
\ 2911 

34080 

84340 

8800 

H 

/ 2853 
\ 3830 

38080 

38340 

I 

{ n** 

38280 

7280 

I 

/ 2758 

\ 1719 

38390 

38780 

K 

/ 2718 
\ 2878 

S8820 

37380 

8900 

K 

/ 2684 

\ 2821 

37880 

38180 

L 

/ 2807 
\ 2873 

38380 

38880 

3800 

L 

/ 2888 
\ 2818 

39140 

39760 


The *-acid show* no structure while the (3-body has a number of weak bands 
which form definite senes. D (30900J-A (29470) « 1630 cm - 1 , E (31740)- 
0 (30210) =» 1630 cm' 1 , G (32400)-D (30900) =* 1600 cm _1 , which gives 
1620 om _l as an average value. 

The Naphthyteminet.— Melting pomt of « 60° C. and of {3 111° C 
Solution spectra in hexane (see Table X and fig 7) The —Nil, group haa 
a similar influence on naphthalene as it has on the benzene spectrum Thus 
Khngstedt* finds that the absorption limit of benzene is shifted 4660 cm -1 to 
the red, while we get similar shifts of 3600 cm. '* and 4060 cm -1 for the a and 
•*C.RtoL 17«, p. Ut (1924). 


2 B 2 
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Table X —Solution Spectra of 

tn-Naphlhylamine in Hexane, a-Naphthylamine i n Water 


Band | A I/A j . j| Band | a 1/A 
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a-Naphthylamine A-H, I = 110", K-P, t =» 05' 
& Naphthylamlne l IV, < — 9fl’, V, <«• 90‘ 


{l-positions on introducing a — NH, group into naphthalene In (J-napthyl- 
aimne we find the following periodicities —B-D =>460 cm , D-G =■ 470 
cm G-H 485 cm of which 472 cm _l is an average Anilrne has ten narrow 
bands whose interval is 450 cm with an c value 6 x greater than benzene 

For solution spectra in water (see fig 5 and Table X) Band I appears at 
the following frequencies when measured m various physical states which 
result will be discussed in a later paper m hexane 30030, in water 30680, 
in alcohol 30350, in vapour 30410 cm 

The vapour spectra (see fig 7 and Table XI) of * give an interval of 500 cm -1 
which is greater than that of naphthalene (474,4 cm “*), III(31410)-II (30910) 
=. 500 cm ->, II (30910)-! (30410) = 500 cm ~ l 
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Table XI —Vapour Spectra of 
cn-Naptehylamint and ’ $-Napkthylamxn* 


Part I at 90° C 

/ 3306 

\ Sill 

{ a* 4 ** 

/ 3200 

\ 3108 


31070 

31670 


Part ir at 90® C 

Consists of o brood dot band 


fi-NajJithylaimnf 

Part II at 95° C 

{ mi 

/ 2829 

\ 2«u 

{ 2789 

/ 2723 

\ 2708 

/ 2861 
\ 2811 


Part I at 130° ( 
28480 


W28.28 

3427,45 

3426.89 
3425,28 
3424,60 

3423.90 
3421,19 
3420,83 
3420,44 
3418,76 

(,3418,23 


4 3400,8 

3398.8 
j 1,3397,2 

3378,6 

3377,0 

3376,2 

1373.8 

3387.8 

'3342,4 

3339.8 

3338.8 


291,091 

29178,2 

29182.7 
29194,9 

29201.8 

89208.6 strung 

29229.8 

29232.7 
29238,0 

29260,5 strong 

29264.9 


The following frequency intervals appear m (3-naphthylamino vapour •— 


G (30098)-E (29690) - 403 

E <29642)-C (29260) => 392 

C (29260)-B (28862) => 388 

E (29698)C~C (29206) = 392 
R (29628)-C (29236) => 392 


D (29408J-C (29169) = 239 
E (29642)-D (29408) =» 234 
C (29169)-B (28936) = 233 

Average 235cnL~ 1 


Average 
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The interval 392 probably corresponds to the big period of naphthalene vapour 
Henoe we conclude that those atomio groupings which give rise to these 
periodicities are heavier in (3-naphthylamme than m naphthalene Fischer* 
has photographed the cathodolurmnescence, and Stark and Steubingf have 
measured the fluorescence StangJ found the following infra-red absorption 
bands for (1-naphthylamine m CS, and CCU most of which can be expressed 
by the formula *392 -f p235 where n and p are small whole numbers and 
the two constants frequency intervals which appear in the U V vapour 
speotrum (See Table XII) We find only one double edge m Stang’s results 
1188-1164 =>24 cm This gives a J value of 80,4 X lO' 40 ^ om* For 
a naphthylamine there are two sets of double edges, 1406-1376 =>30 cm " l , 
1124-1098 =» 26 cm -1 , average 28 cm which gives a moment of inertia 
69,0 X 1O"*°0 cm 


Table XII 


-a 

9 

8 

2 

2 

3 

5 

2 

P 

0 

0 

7 

0 

2 

0 

3 


3516 

2,84 

2,80 

3124 

3.20 

J,2S 

3078 

2429 

4,12 

4,12 

2427 

2194 

4,5a 

4,44 

2232 

1048 

e,oe 

6,13 

1631 

I960 

8,10 

8,32 

1916 

1489 

8,71 

1502 



! j 


2 

3 


2 


.. j 

1 


4 

0 


i 

iZZ 

Calc 

Oslo 

Obi ! 

Ota. 

Ull | 
7.10 

7,SO 

1389 

1294 

1264 

7,99 

8,09 

1238 

1176 
8,01 
8,41 \ 
8,59/ 
1188 

U84 

1134 

1019 

9,81 

9,78 

1028 


Some other Phyncal Properhet of the Naphthalene Sene* 

Auwers and KrollpfeiflerJ have measured the exaltation of refractmty for 
a number of monodenvatives, and find that this value is invariably greater 

• ‘ Z J Win PhotvoL 0, p SIS (1908) 
t‘Phy» Z.’vol 9, p 481(1908). 
x ‘ Phys Re? voL 9, p 644 (1917) 

| ‘ Ana. d. Cbem.,’ rol. 336, p. 330. 
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for the P than for the a-isomer Both the boiling and melting pointB of the 
3-compound* are higher than their isomers 

Influence of Chemtoal Constitution on the Absorption Spectra of the Naphthalene 
Senes 

The absorption spectra of the -derivatives are more like that of naphthalene 
than their isomers and contain a larger number of bands Since naphthalene 
is a fairly rigid molecule as shown by its fine structure* we can assume that the 
groups are held more firmly in the [3 than in the a-positions a-Naphthol and 
ot-naphthylamme are more easily oxidised than their isomers Naphthalene 
forms addition products with greater facility than benzene, and is likewise more 
readily oxidised The former will therefore be the least saturated of the two 
bodies This is borne out by the fact that its absorption (t) is about ten times 
that of benzene and the whole has been shifted to the red 

The halogen compound of naphthalene are chemically unreactive and their 
spectra differ but little from that of the parent body The halogens seem to 
act rather through their weight than by means of electrostatic forces with 
which they might upset the equilibrium of the molecule One would expect, 
therefore, that a sufficient number of halogen atoms on the molecule would 
cause the latter to cease rotating, leaving only the broad shallow band due to 
electron ]umps This indeed we find to be the case with octo-chloronaphthalene 

Chemically the naphthols are similar to the phenols, tautomensm being 
possible in both coses with the formation of an addition product with alcohol 
or water. The nitriles which are very labile contain an unsaturated tnvolent N 
which is very active in increasing and forming very many well-marked bands 
without causing any great shift towards the red The NH, group contains a 
saturated tnvalent N, hence a reduction in the number of bands The rntro- 
naphthalenes possess no structure at all This property of removing band 
structure seems to be characteristic of pentavalent N and especially for the 
NO, group The —COOH group likewise wipes out all structure and shifts 
the absorption far into the red though not so far as the NO, group This 
may be due to the two oxygen atoms being bound to a common atom. 

We have recently been examining as- and trans-dekalin. Both are 
transparent to U V as cyclohexane Thu u what one Would expect when all 
the double bonds have vanished Tetralin has s characteristic absorption whose 
bands be between * 150 and c 300 (X 2500- 1 3000), In other word* it behave* 


" Roy Boo Proc„' A, voL 106, p. 678 (1M4) 
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spectroscopically like a benzene derivative with an aliphatic side chain which 
agrees well with its chemical properties 

Summary 

(o) Those derivatives of naphthalene containing the groups CH 9 Cl 
Br, OH, COOH, CN and NH, show a marked difference m absorption spectra 
depending on whether the groups are in the alpha or beta positions 

(6) The spectra of the beta-derivatives are more like that of naphthalene 
than their isomers 

(c) The beta spectra consist of two clearly differentiated sections both as 
regards position and intensity (t) The first part is always more shifted towards 
the red than the second part when compared with naphthalene 

(d) In the alpha spectra things arc reversed Part II having a greater shift 
towards the red than Part I (3 Naphthol has its Part II shifted towards the 
ultra violet which is quite anomalous Table XIII shows the red shift for tho 
various derivatives examined when compared with the parent substance 


Table XUI TABLE XIV 
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(e) The amount of the red shift is of the same ordearn the case of naphthalene 
and beniene denvativee except that it is always a little bigger in the latter 
case 

(/) Part I of the beta spectra always consists better defined intense* and 
more numerous bands than the alpha spectra They also oontain one very 
[ rommcnt band whioh corresponds with band C of naphthalene and m the case 
of vapour often possesses a fine structure 
( g ) The hexane solution spectra are always shifted towards the red when 
c mpared with the vapour spectra Perhaps this is due to the fact that every 
molecule possesses a different electrical moment When in solution the 
mole* ule finds itself m a strong electric field due to the molecules of solvent 
which acts with a sort of Stark effect on the absorption bands of the dissolved 
molecules The amount of this effect will of course vary with the eleotnc 
moment hence the red shift will be different for every body 
(A) The red shift (g) is greater for Part II than Part I This likewise indicates 
a Stark effect f r the action of an electric field is stronger the higher the elec 
tronic energy level is in the molecule Since Part II represents a higher state 
of electronic activation than Part I wo would therefore expect the above result 
The amount of this red shift for various bodies is shown in Table XIV 
(») The average intensity (*) of the beta spectra (Part I) increases in the 
order of the following groups Br Cl CH fc CN COOH OHandNH, Part II 
of all derivatives except for the naphthylamiues have the same c as for 
naphthalene 

(A) The following derivatives possess a fine structure in the state of vapour 
p-CHj, and a -J- (1-OH (1 NH, p Br and (J-Cl The following only have a 
sharp band edge for one band representing band C of naphthalene a-Br and 
« + (J-CNTanla-CH, 

Table XV 



Solution 

a /a ora 1 

Vapour 

A IX 

em > 

Najihth alone 

4 OH*, 

« fir 

4 Br 
a OH 

4 OH 
fi OOOH 
. ON 

B ON 
« NH, 

4 NH, 

iiiiflilil 

140 

818 

MO 

BOO 

ISO 

170 

4711 

118 

878 

889 

{BOO) 

m 

+308,1 

288 

4 6*7 
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(I) The bands of moet of the bodies examined can be ordered into simple 
senes These penodicities which represent the oscillation frequencies of the 
atoms in the molecule may be seen m Table XV From this we see that the 
vapour penods are always smaller than that of naphthalene which is to be 
expected if an atomic grouping is weighted down by the addition of a new group 
however small The vapour penods appear again in the infra red spectra 
(*n) The momenta of inertia calculated from the infra red absorption bands 
are as follows — 

# \aphthol 04 8 10 40 <7cm* 
a Naphthylamine 50 0 10 cm* 

[JNaphthol 142 5 10 40 q cm * 

(1 NaplithvUimme 804 10 40 9 cm* 

Hence we su. that T is lew for the alpha than for the beta body This 
seems probable if the molecule rotates round the axis A for then the group X 
is nearer the axis 111 the alpha than in the beta position 
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A Companion between Untmolecular and Btmolecular Gaseous 
Reactions. The Thermal Decomposition of Gaseous 
Acetaldehyde. 

By C, N Hinshelwood, Fellow of Trinity College, Oxford, and 
W K Hutchison, Scholar of Corpus Chnsti College 

(Communicated by Dr N V flidgwick, F R R —Received March 23, 1926 ) 

We have recently observed that the thermal decomposition of acetone m 
the gaseous state is a homogeneous, mumolecular reaction As in the decom¬ 
position of nitrogen pentoxide, the number of molecules which react in unit 
tune is very many times greater than the number which could receive the 
neoessary energy by collision with other molecules With the object of seeing 
whether this fundamental characteristic of ummoleeular reactions would be 
confirmed in yet another instance, we have examined the thermal decomposi¬ 
tion of gaseous acetaldehyde, which at 600° C decomposes smoothly into 
methane and carbon monoxide The chemical similarity between this and the 
decomposition of acetone made it seem probable that acetaldehyde might also 
decompose m a ummoleeular manner But although the new reaction proved 
to be homogeneous, it was bimolecular 

We therefore have the opportunity of making a comparison between the 
molecular statistics of two chemically similar reactions taking place in the same 
region of temperature, one of which definitely depends on molecular collisions, 
while the other appears to be independent of them The contrast between 
the two supports strongly our previous theoretical conclusions, because, while 
in the ummoleeular reaction the number of molecules reacting bears no relation 
whatever to the number which could be activated by collision, in the bimolecular 
reaction there is almost perfect correlation between the number of collisions 
suffered by activated molecules and the observed rate of reaction 

The aldehyde appears to decompose smoothly according to the equation 

(JHjCHO - -> CH 4 + CO 

The observed increase of pressure amounted to 98 per cent of the theoretical 
value The decomposition products contained no carbon dioxide or unaaturated 
hydrocarbons. Three analyses gave the following percentages of carbon 
monoxide — 


50 7, 51 3, 50-5, , 
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The residual gas alter removal of carbon monoxide was analysed in a Haldane 
apparatus with the following result 

0 632 o e gave on combustion a contraction of 1 292 c c and 0 645 c c of 
carbon dioxide 

This corresponds almost ixactly to methane but a mixture of one volume 
of hydrogen with one volume of ethane would give exactly the same analysis 
as two volumes of methane Since the reaction is kmetically bimolocular it 
is possible that it might take place in accordance with the equation 
2(H a CHO C S H, + H, (-2C0 

rather than with the equation 

2CH S CH0 —2CH« + 2CO 


But the actual produi ts wire shown to consist of methane and not a mixture 
of ethane and hydrogen by comparing tkur thermal conductivity with that of 
an artificially prepared mixture 

The apparatus and experimental method were exactly as m the experiments 
on the decomposition of acctcm The purest obtainable acetaldehyde was 
dned and redistilled before use The actual method of manipulation whereby 
quite rapid rates of reaction can be measured accurately has already been 
deaonbed * 

The course of the reaction is bimolec ular as the following typical experiment 
shows 

Temperature 518° C 
Initial pressure = 361 mras («) 



The corresponding value of k with a and x expressed in gram molecules per 
litre u 0 331 

* ‘J Chem Soo rol 128 p 393(1924) 
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The experiments were earned out in a bulb with a hue capillary neck and 
connections so that the dead space was quite negligibly small When the 
reaction is complete the pressure should have increased to exactly twice its 
untialvalue The observed increase was 08 per cent We sre therefore justified 
m using x the pressure increase together with a the initial pressure without 
change of units 

The constancy of the numbers in the last column, although satisfactory 
is not conclusive The best test of a bimolecular reaction is variation of the 
initial pressure The tame taken for a given fraction of the reaction to com 
plete itself should be inversely proportional to this In the following table 



Fie —Cures showing Bimolecular Nature cl the Deoompoeitlon cd Acetaldehyde at 511* C 
The taro point# marked by a croee <j) correspond to experiment* in which the product* 
ot reaction were present initially 
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The figure shows that the relationship between the initial pressure and 
the reciprocal of the half life is accurately linear It is to be noted however 
that the line does not pass through the origin Incidentally it will be observed 
that the products of reaction are without effect on the rate Another convenient 
test of a bimolecular reaction is the relation between the times required for one 
half and three quarters respectively of the total change to take place They 
should be exactly as 1 3 The examples given in the last column of the above 
table show that this test also is satisfied 
The reaction is almost completely homogeneous It went at the same rate 
in two different bulbs 


Temperature 618° C 


1 slpieMue 

t 

Me* 

-' { 5 

0 333 \ 

0 SS* / 

0 342 

BM1I { *“ 

0 SCO \ 

0 349 / 

0 SfiO 


The addition to the reaction bulb of a large quantity of powdered silica 
which should have increased the surface area some twenty times caused on 
increase in the rate of reaction of 30 per cent only 


Initial pressure 
364 
319 


0 

0 




At a lower temperature 464° C the values were 
k == 0 049 in the empty bulb and 
it => 0 066 in the bulb with silica powder 
The reaction as it takes place m the empty bulb cannot therefore be hetero 
gen ecus to the extent of more than a very small fraction at these pressures 
At quite low pressures the disturbance might possibly become senous This 
may account for the failure of the line in the figure to pass through the origin 
The following table gives the values of k found at different temperatures f r 
the homogeneous reaction 

k is expressed throughout with the time in seconds and the concentration 
ffi gram molecules per litre 
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T (»l») 

Wtu 

tosloabUd 

8b5 

til }*’ 

4 70 

836 

1%) ««• 

1 83 

811 

SS} •» 

0 78 

791 

««> 

0 88 

709 

VZ} 0.0. 

0 107 

773 

:ss} 

0 088 

703 

Son?} oono 

0 0096 


The heat of activation calculated from these result* is 45,600 calories for two 
gram-molecules The velocity constant of a bimolecuiar reaction is of the 
form 

k =>C VTe -E,BT 

Evaluating the constant, we find that the result* can be summarised in the 
equation i 

k = 5 5xl0 10 VT a-*‘ 5M ' aT 

The calculated values of the constant*, given in the last column^ ♦ere obtained 
from this equation The agreement is seen to be very close 
The rates of other bimolecuiar reactions can be calculated from the equation 
(Number of molecules reacting) 

*= (Number of molecules entering into cdhnon) X e~~ n/kt 
The present instance should be a particularly crucial test, since, as we have 
already seen, in the chemically similar ununolecular decomposition of acetone, 
the number of molecules reacting is about 10* times greater than the number 
which collide possessing the requisite energy of activation 
For the decomposition of acetaldehyde at 800° Abs the value of the velocity 
constant is 0 520 From this we find, taking Avogadro’s Number as 0 06 X 
10“ that the number of moleculos reacting per second in one c c. at 760 mm. u 

7 3 x 10 1S 

Taking the diameter of the aldehyde molecule as 5 X 10~* cm. w# find that 
the number of collisions calculated from the formula V / §ro > 0» t is 6 38 X 10**. 
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At this temperature the fraction e~ ll,iiT has the value 3 4 x 10~ 15 whence 
we find that the number of molecules which might be expected to react is 

4 3 x 10“ 

This agrees withm a factor or two with the number actually observed to react 
The contrast between this agreement and the discrepancy of 10 s found in the 
ummolecular reaction, confirms the conclusion that the method of activation 
in ummolecular reactions is fundamentally different from any which involves 
molecular collisions 

It may be romarkod that this reaction provides one more instance, if one 
were needed, of the rule that tho region of temperature in which a bimolecular 
reaotion attains a given rate, is determined by the magnitude of its heat of active 
tion, and that other specific factors can play but a minor part in determining 
the rate of reaction 

Summary 

The thermal decomposition of acetaldehyde in the gaseous state has been 
investigated over the temperature range 430° — 592° C 

The reaction is bimolecular, and under the conditions of the experiments 
practically entirely homogeneous 

The rate of reaction can be calculated from the equation 

I = 5 5 X lO^l/T e"* s ' Wu,M , 
k being expressed in gram-molecules per litre per second 

On the assumption that pairs of molecules react, which on collision have a 
minimum joint energy of 45,COO calories (for two gram-molecules), the rate of 
reaction can be calculated from kinetic considerations, and is shown to be in 
close agreement with experiment 

The contrast between this reaction and the chemically very similar decom¬ 
position of acetone is illuminating The latter reaction, being ununolecular, 
is not necessarily dependent on collisions, and it is indeed found that the 
number of molecules transformed in unit time is 10 s times greater than the 
number which could receive the heat of activation from collisions In the 
bimolecular decomposition,on the other hand, there is almost the exact relation 
between heat of activation, number of collisions, and rate of reaction, which the 
simplest theory predicts 


von. ozi.— a. 
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A General Configuration m Space of any Number of Dimensions 
Analogous to the Double-Six of Lines in Ordinary Space 
By T G Room, B.A 

(Communicated by Prof H F. Baker, F B S —Received March 23, 1926 ) 

The double-six of lines in ordinary space had attention first drawn to it by 
Srhl&fli* in his discussion of the arrangement of the lines on the cubio surfaoe 
Some time later, Bordigaf in a paper on the projectively generated sextic 
surface|| m [4], pointed out the existence of a similar doable configuration of 
ten lines and ten planes in [4], the lines lying on the surface and the planes 
cutting it in cubic curves Further work on this Burface has}: more recently 
been done by White In a later paper still,f White considered the generalisa¬ 
tion of these two surfaces, namely, the projectively generated surfaoe of order 
w» —1) in [»], and showed that, as stated by Bordiga, there are on it J»(» + 1) 
lines Although not mentioned m that paper, it is clear from the work there 
that there are Jn(» + 1) [» — 2]s, each of which cuts the surface in a 
curve of order $(n — l)(n — 2), and meets all but one of the lines. These 
[» — 2]s and lines, therefore, form a double-{n{» + 1) in [»] 

In this paper the existence of a double configuration of greater generality 
than this is indicated It is shown that if p, g and r are any positive integers 
with r < p and q then — 

In space of r(pq — r) — 2 dimension* W t» possible to find a family of N 
spaces of dimension r(p — f) — 1, and a family of N spaces of dimension 
r(q — r) — 1 tuck that each space of either family meet* all but one of 
the spaces of the other 

N » (y + g -2r)l(p + g-2 r + 1)1 — (p + g. — r — l) 1 112! ( r — 1)1 
(J» - r) I — r + 1) 1 (p —l)! (,-,)T(, — r+1)1 (g — 1)1* 

Such a configuration will be called a double-N, and n yill frequently be written 
for r(p + q — r) — 2, the dimension of the space in which it lies, 

• * Quart Joura.,’ voL 3, pp 66 and HO (1868). 

t ‘ Attl R. Acad. Lino. (Mem.), vols. 4, U. p. 182 (1887). 

t • Cask Phil Boo Proo.,’ voL SI, p. 91« (10*8). 

{ Ibid, voL 22, p. 1 (1M4) 

y A (planar) apace of * rttiaesidoM ia deaotad by [a]. 
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The special cases cited above are those of— 

p = \ r =* 1 the double-six 

p = 3, q =■ n = 4, r =» 1 the double-ten 
p = 3, 7 », r — 1 the double-}n(» + 1) 

A [r(p — r) — 1 ] in Id/) + q — r) — 2] is represented by qr — 1 independent 
linear equations m the co-ordinates of the [r(p + q — r) — 2] To obtain the 
double-N configuration, yr equations of a certain form are taken, connecting 
whose terms is one identical linear relation The equations contain pr para¬ 
meters, but in consequence of the existence of the linear identity, there is a 
nnmber of relations connecting these, a number large enough, in fact, to make 
finite the number of spaces represented by the equations, when the parameters 
take all possible seta of values Further, given a suitable set of parameters, 
the constants m the identical relation are uniquely determinable Regrouping 
the terms of the original equations with these as parameters, instead of the 
former set, pr linear equations are obtained, which are connected by one linear 
identity, and represent therefore a [r(y — r) — 1] Thus each of the 
[r(p — r) — l]s is associated with ,i unique [r(y — r) — 1], and, from the form 
of the equations, vwe vena Vlso it can be shown that any [r{p — r) — 1] 
does not meet the [r(q — r) — 1] with which it is associated, but does meet all 
those associated with the other [r(p — r) — IJs These two families of spaces 
form therefore a double-N 

This double configuration is not in general self-dual, as arc the double-six 
of lines in [3], and the other spenal configurations mentioned at the beginning, 
but is so when r -= 1 It is then the double- of [p — 2]s 

and [q — 2Js in [/>+? —3] It might be expected, m analogy with the double 
six of hues, that this self-dual configuration would have a quadric (Schur 
quadno*) w r to which it is self-polar Eioept in the cases of the double-six, 
and the simplex in [»] — p => 2, r -= 1, q =» » + 1, it is shown that there 
can be no such quadric The process adopted in the proof of the existence 
of this simpler typo of configuration is veiy similar to that indicated above 
for the general case, but the algebra is considerably shorter, moreover, some 
of the equations arising are required m showing that there is no Schur quadne, 
and it has therefore been thought advisable to give the proof of the theorem 
in its less complicated form first 

* C} Baker, ‘ Prinoiplei of Geometry,’ vok 3, pp. 182, 187, etc 
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1 In spate of p + q — 3 dimensions it u possible to find a family of N spaces 
of dimension p — 2, and a family <tf N spates of dimension q — 2, such 
that each space of either family meets all but one of the spaces of the other 


N 


, (j» + 9 - 2) 1 

(P - 1)1 (? - 1)! 


(n^p + q- 3, r — 1). 


Take as co-ordinates, in the [«], x v s t , x„ r^", t and let x u , x tt , 
x a> tffbepq arbitrary linear functions of them of the form 

r* — a^giA + a^~xi + + a^»-ri3Ti-i 


the a^p. being known constants Adopting the convention of summation 
over like (Greek) sufhxes, these equations will be written — 


= a.*r. 



11 


The same Greek letter will be used throughout aa suffix to denote the sapifl 
range of values , ' 

Consider the q equations - 


or more shortly 


Ai*n + AjZm + ... + AjZ,! *» 0 
A ( a-, t + Apr a +■ + A^, = 0 

Aix u ■+■ A^i, + -f A^r H = 0. 

A^rj =*0, 


12 


in which the quantities are A. arbitrary parameters For these to represent 
a [p — 2], i e , a [n — q + 1], there must be one identical relation connecting 
the left-hand sides Suppose this is— 

B, (A<x. t ) + Bi(A^a) + ... + B,(Aj-J « 0, 
t.e, * 0, 13 

This identity in the x, is equivalent to the n -(-1 equations 
B^Arf.* ** 0, , 


1.4 
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By eliminating the B» we obtain the conditions that must be satisfied by the A, 
in order that the equations 1 2 may represent a fp — 2], namely 

A.a.ii, A.O.U, A.a.i.+i | = 0 15 

A.a.n, A.a.22, A^i.-irn 



The excess of the number of columns over the number of rows in this matrix 
is p ‘2, and the number of A. is p, so that, save for a common multiple, a 
finite number of sets of A. can be found which satisfy the matrix equation 
Among the whole family of [p — 3]* repn sentod by the equations 

A./.„ = 0 12 

in which the A. are arbitrary, there is, therefore, a finite number of [p — 2]s 
Any set of A. whi< h satisfies the equations 1 5 determines uniquely, save 
for a common factor, by means of equations 1 4, a set of B e , i r, any [p — 2] 
given by the q equations 

A.^.s -= 0 12 

is associated with a unique |<; — 2] given by the equations 

BsC»s 0, 1 % 

the left-hand sides of these equations bring connected by the identu al relation 
1 3 

It can now be show n that these two families of spaces have the required 
intersection property, namely, that any [p — 2] given by the equations 1 2, 
in which the A. satisfy tbe matrix equation 1 5, meeta all the [y — 2]s of the 
other family, except that with which it itself is associated Talce A‘. to be the 
particular set of A., and to be any set of Bp, except that obtained from the 
A*, by the equations 1 4 It has to be shown that the fp — 2] 


A'^wi = 12' 

B>‘^ = Oj 1 3* 

has one point common with the [q — 2] 

bV«s = oi ie» 

A^.X^SOJ 13* 


Since the space* lie in a fp + g — 3] it is only necessary to show that there 
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u one further relation connecting the left-hand sides of the p + q equations 

1 2‘ and 1.6* This is — 

= A‘.BV^ 1 7 

If the set is actually that determined by the A'., that is, is the same 
as the B‘ a , the identity 1 7 is implied m 1 3‘ and 1 3* (these, although now 
formally the same, modify different seta of equations, and so count as separate 
identities) There can be no identity to replace this one that is lost., so that 
a [p — 2] and a [q — 2] which are associated do not meet. 

The number of [p — 2)s given by 1 2 and 1 3 is the number of independent 

solutions of the equations 1 5 namely* ^ -j li 

(P - 1)' (? - 1)! 

2 The doubU-K of [p — 2]* and [y — 2]* »n [p + q — 3J has in general no 

quadric wr to which it is self-polar 

The proof of the non-existence of the Schur quadne for the general (self¬ 
dual) double-N is complicated by the existence of one for special values of 
p and q, via , p =■ 2, q arbitrary, and p --=• q 3 It is effected in three Btages, 
p is assumed < q, and it is then shown that —• 

(1) If in [p + q — 3J, p arbitrary fp — 2]s are taken, and p [q — 2]s 
drawn, each of which meets a different set of p — 1 of the [p — 2]s, but has no 
other specialization, then a double-N of [p — 2]s and [9 — 2Js can be found, 
which contains these two sets of p spaces, 1 e , a doublo-N can be found, among 
whose spaces are those of an arbitrary double-p 

(2) For given p (other than 2), and q between 3 and some greater number 
depending on p, no quadne can be constructed w r to which a general double-p 
of [p — 2]s and [q — 2]s in [p + q — 3] is self-polar, and therefore in con¬ 
sequence of 2 1, for such p, and q, there can be no quadne w r to which a 
double-N, among whose spaces are those of the double-p, u self-polar 

(8) Tho existence of a Schur quadne for the double-N' of [p — 2]s and 
[f — l]s in [p + q — 2], implies the existence of one for the double-N of 
[p — 2]s and [q — 2]s in [p + q — 3], * e„ if for given p, and some q, there is 
no Schur quadne, then there is none for that p, and any greater q 

Since we have only a negative proposition to prove, it does not matter if 
the double-N obtained in 2 1 is m some way specialized (and although not 
proved, it is actually fairly clear that this is not so), for specialization would 
merely involve some relations between the a^,. The coefficient* m the equation 
of the Schur quadne, if it exists, are functions of the a& only, and thus if none 
* Sagr*, 1 EooykL dec Hath. Win.,’ M, 0, 7, p, 886. 
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exists when these are related, certainly none can whon these restriction* are 
removed. In 2.2, therefore, it is actually proved that for given p, and a certain 
range of y, there is no Schur quadric, for the general (self-dual) double-N 
2 3 then shows that there is no Schur quadnc at all, except in a few very 
special cases 

2 1 A double -N can be constructed which contains the spaas of a given double-p 
qf[p - 2]t and [q - 2]sm[p + q — 3] 


Every (p — 2] which meets a fy — 2] lies with it in a [p + q — 4] There 

are p — 1 independent [p -(- y — 4]s of this sort passing through each of the 

[y — 2]s of a double-p and, the space being of dimension p -f- q — 3, the [y — 2]s 
therefore are completely defined by these Each of the [p — 2]s has also 
to lie w p — 1 of these [p + q — 4]s, but beyond this is so far arbitrary We 
can suppose each of them defined by q — p further [p + q — 4]s Thus we 
can take lot the equations of the (y — 2]s of a double-p 
Jfei “ ysi = = y„i =“ 0 

Vt* "= yu — = Vpt ** o 

yi* = y*. = yj» = ~yp=i,= o 

and for those of the [p — 2]s 

yis = y» = = yw -= yi?+T =- = yu = o 
yn = y*= = yt v = yi,*i ~= - y*. * 0 


y,i = y»* - y»» = “ y,T=\ = imtt-- • - y* ~ o 

where the yi* are hnear functions of the co-ordinates in the [n] of the form 

■« b+x, (* jtf p) 

and 

= 0 (« = p) 

The equations 

Ky, t =* o 213 

for which quantities Bp can be found, suoh that 





are those of the [p — 2]s of a double-N Among the sets of A. which make 
2.1.4 possible are those in which all bat one of them, say all but A t> are sero. 
Hen, since y n 0, there are only y - 1 equations in the family 2 1 3, vis. •— 
yu =* yu **..=* yi« — 0. 
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and 2 1.4 is satisfied when all the B,, but Bi are zero Among the [p 2]s of 
this double-N, then, are those of the double-p Similarly, we see that the 
1 q — 2|s of the doublc-p are among those of the same double-N 
Alternatively, the equations of a double-N can be reduced from their general 
form to this, which gives explicit equations for the Bpaces of the double-p 
obtained from any p of its Ip — 2]s and their associated [q — 2]s For, any 
of the q equations 

A.z^ = 0 1.2 

can be replaced by the sum of linear multiples of the whole family, 1 1 , we 
could replace the whole family by 

C M -A.z./r =0, 3' = 1, q 


A.«W) =* 0 

(summation over the # and £') where the C» are any q* constants Further, 
the whole configuration of [p — 3]s represented by the equations 1.2, without 
the identical relation, and therefore of [p — 2}s contained in it, is nn*l$f&ed if, 
instead of the original equations, we write — 

Dm A^r, , ■= 0 

(summation over the *, and the a'), the D„ being any j? Constanta So 
that, altogether, the family of [p — 2> may be represented by 

A.(0«.D„z..,) =» 0 216 

where some identical relation corresponding to 1 3 still connects the left-hand 
sides Now suppose that each set of Dj., D*,, D„ is equal to a different 
set of A., which, inserted in the equations 


A.x.y * 0, 

gives a [p — 2], and that C,^, C^, are the corresponding sets of 
(the remaining CV can be taken arbitrarily) Then — 


Writing 


Cu’Du x m f — 0, for flt — ^ 
!/•» = C*s'D M se,c, 


the equations have been reduced to the required form 
It may be proved that there are no relations connecting the 0 W 'D M ><v l r, 
(=> &.#.), and, consequently, that the double-p obtained from any p of the 
spaces of either family of the double-N is no less general than that constructed 
originally 



393 


General Configuration in Space 

2 2 For any p there is a range of value* of q for which the general double-p 
of \p — 2]* and [q — 2]* m [p + q — 3] ha* no quadric u>r to which t( t» 
self-polar 

The freedom of a quadric in [p + q — 3] is reduced by (p — 1) (<7 — 1) if 
a given [p — 2] and [q — 2] are made to be polars Two inch pairs reduce 
the freedom by twice that number, except if the second [p — 21 meets the 
first [q — 2], in which case the Bocond [5 — 2] will have to meet the first 
[p — 2], for a non-degenerate quadne to exist at all, and then, if the incidence 
is in a point only, the reduction is one leas than that In this way it is seen 
that for a double-p to have a quadne w r to which it is self-polar, it must be 
possible to make the quadric satisfy 

p(p-l)(7-l)-|p(p-l) 
conditions But the freedom of quadrics in [p + q - 3] is 
J (P + 9)(P + 7-3), 

and therefore for u quadne to be possible, we must have 

</> + 7)(p t ?-3)>p(p-])(2 ? -3) 221 

This requires that q shall not lie between 

l{2p 1 ~ip + i±VW ::: lfVW Z:r W+W} 222 

or 

(P -1) 2 f i±(/(*>-U(p-3)+j}‘ 

(but may take either of these two values if it is integral) There are, therefore, 
three cases — 

(a) p =* 2 The inequality 2 2 1 is always satisfied, and a quadne can be 
found w r to which the double-p, which is just two [» — l]s and two points, 
one lying in each, is self-polar The double-N is the simplex in [n], and this is 
known to have a quadne w r to which it is self-polar 

(b) p = 3 When q => 3,2 2 1 is an equality, the double-p is a skew hexagon, 
and the double-N is the double-six, and both these have a Schur quadric, 
but 2 2 I is not satisfied again until q » 6 

(c) p > 3. The lower value of the expression for q is less than 3, and thus, 
since q a p, is not significant, whilst the upper value is certainly greater 
than p 1 . 
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2 3 If there m no Schur quadnc for the double-H of [p — 2]» and [} — 2] j in 
[p 4- j — 3], there can be none for the double- N' of [p — 2]# and [? — 1]* 

m [p + } — 2] 

Take as oo-ordinates in the (j> + q — 2] zi, x v x f+t _ t , and Zo> and 

oonsider first the whole ao > " 1 family of \p — 3]s given by the q + 1 equa¬ 

tions — 

A. (x+ -f- o^soTo) = 01 a=*l, p, 231 

A*(z„o4- OmoXo) — 0 J P ** 1, {, 

in which the x^ and the x^ are linear functions of the co-ordinates x,, z„ . 
z t+f _ 2 , but not Xq, of the form 

x^-«*sr.l c _ ]( p+? _ 2i 232 

*.0 - a^x.J 

and the A. take all possible values Suppose that the are not general, 
but connected by the pq relations 

= k/ft. oo 2 3 3 

where the k t are q given constants Then oo of the [p — 3]s pass 
through the point zp, for the only condition required for this is that the 
A. should satisfy the single linear relation 

A.0^ =* 0 2 3.4 

Project the figure from this point on to the [p + q — 3], *o =* 0 The 
equations of the projected figure are obtained by eliminating the Xo from the 
equations 2 31, and are therefore, by subtracting k t times the last equation 
from the pth of the family, 

A,(»p-W'=0 2.3 5 

Inoluded in the family of [p — 3]s represented by the equations 2 31, there 
u a finite number of [p — 2]s, occurring when the A. are such that quantities 
Bj, B,, B,, and Bo can be found for which 

B#A.(» m + a^o*o) + BoA.(z,e + o^oZo) =0, 23 8 

*.«, 

B»A .a,* 4- BcAiO. 0 . “ 0*1 ^3 <j 

B»A,aoo 4- BoA/i^» =* 0 J 

In oonsequence of 2.3 2 the last of these equations may be written, 

(Bsl, 4- Bo) (A.a.00) - 0. 
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The [p — 2]s therefore split into two families those for which 
A.a.00 - 0 

which pass through Xo and those for which 

+ B» = 0 

whioh do not Taking the second family and substituting for B 0 in the 
remaining equations of - 3 7 we get 

B,A. (a^. - ^ = 0 2 3 8 

These equations an not different from 1 4 and the number of solutions 

when the B« are eliminated in A. is therefore f — 

(p- !)'(<?- I) 

Now consider the [p — 2]s which lo pass through X# They satisfy 

A. + Boo.0,) * ol ggq 

A.a«oo = Oj 

equations formally the samt as 1 4 with one more independent parameter 
Bp and one fewer independent parameters A. and having therefore when 


the Bp are eliminated ^ ? —— r solutions in the A, Thus of the 

(p-2) 



through X 0 and the rest do not 
The [? — !]* of the double N are represented by 


Bp (x mt + a. porn) 1- B# Urt -+- o^oxo) = 0 2 310 

with the identical relation 2 3 6 The condition that one of these should pass 
through Xois 

Bpa^o + Bodaoo — 0 
Bpip + Bo = 0 

10 that using equations 2 3 B and 2 30 again we find that of the ^ ^1) i g V 

fo — 2}a of the system . T P 888 through X« and the rost do not 

(p-1) I (? — 1) 1 

When the double N is projected from Xo on to =■» 0 we obtain two double 
configurations (o)adouble y of [p — 2]s and [? — 2]» derived 
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from the fp — 2]s of the onginal figure which do not paw through X* and the 
[<f — l]e which do , this is represented by the equations 
A. (As — V.») "= 0 


and 


Bs (As — V.o) *= 0 


where the A. and B* occur in pairs for which 


A«B # (/os — ^*Ao) = 0, 


and (6) a double- fe -t- J -ij - 1 of [p — 3]» and [? -1> derived from the 
( P — *)' ?' 

remaining [p — 2]s and \q — JJs of the original figure, whose equations 


and 

where the A. and B„ 


A.Ab = o'! 

U, = » f 

A^J.oe = oj 

BjAs + BqAo — 0, 
occur in pairs for which 

A.BbAs + A.Boirf = 0 


Suppose the general double- ^ ^ of fp — 2]$ and [j — l]s in 

(p —J)'f! 

fp + 9 *" 2] has a quadne w r to which it is self-polar, then the particular con¬ 
figuration above has a quadne cone,* vertex, X«, w r to which it is self-polar, 
and consequently both the configurations arising from the projection would 
be self-polar w r to some quadne If either of them is not, there could be 
no quadne in the Ip + ? — 2], and therefore no quadne for the general figure 
in [P + ? - 2] 

Since no limitation has been placed on the a^, and the »,#>, the configura¬ 
tions m the [p + q — 1] are quite general double configurations of the sort 
under consideration Suppose that q la the greatest value for the given p which 
will not satisfy 2 2 1, then the double-N of [p — 2]s and [q — 2]s in [p + q — 3] 
has no Schur quadne, and therefore the double-N' of [p — 2]s and [y — 1 ]s in 
[f + ? — 2] has none, and so on, for all larger values of q 


* The argument down to this point may be applied to tbs ease of the lines of a cubic 
snrfaoe which has a node The six lines through the node meet a plane In two Made of 
points of a oonie, these two triads are both sell-polar in regard to a proper conic of the 
plane. 
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9 In space of n dimensions it i% possible to find a family of N spaces of dmen 
sum r (p — r) — 1 and t / imily of N spaces of dimension r(q —r) — 1 
suck that each space of either family mute all lut one of the spaces of the 
other 


H = r(p+/-r) l i>r q> r 

Av+l-WlP + l 2r -t-1) 1 (pU-r-1) 112' (r D' 

(p-r)'(p-r-(-I)' (p-l)!( ? -r)<(?-r t-1) ! ( ? -l)l 

Take as before i, j, x, +t as oo ordinates in the [»] and let x n r tl 
Ctf x„ be pq arbitrary linear functions of them of th form 



Now consider the q sets < f r equations — 

AiiJis + A ■+■ 4 0*j 

Ai +• ^8B f lf f~ + hv~r rt 0 ( 

Air^i/I + Aj^r a 4* 4- A ^e rt = OJ 

in which a set is cliarai terised by the value of p any one of the equations 

will be written as 

A tr x«0 — 0 Y 1 r 3 2 

in whioh the quantities A, r are at present arbitrary parameters If these 
qr equations are to represi nt a [r(p — r) — 1] the A., must be such that there 
is one linear identity connecting their left hand sides »e such that quantities 
can be found for which 

Bn(A.ir.i) 4- BaifA.ix.j) 4- 4 B,i(A.i/„) 

4- B lt (A, *.i) h Ba(A.sx.s) 4- 4- B, L (A^r 14 ) 

4" 

4- B lr (A^ a ) 4- B, r (A^. s ) 4- 4 - B w (A^ n ) = 0, 

it 

3 3 

This being an identity in the x„ is equivalent to the n 4-1 equations 

Bs^A.^o* “ 0 5 4 
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By ehminatang the from these, we find the conditions that must be 
satisfied by the A. r in order that the equations 3 2 may represent a [r(p—r) — 1], 
namely — 


A.ja.11, A.io.ii, , A.ia.i „ + j 

A.jo.xi 


3 5 


A«n.ii 

A.ia.ji 

A„o.«i 

A.^ m i 


a matnx of n +1 columns and qr rows, in which all determinant# of qr rows 
and columns vanish 

Alternatively, by eliminating the A, y we should get the conditions satisfied 
by the Bjy, namely, the vanishing of all determinants of pr rows and columns, 
in a matnx of pr rows and n + 1 oolumns, whose general element is (B^o^), 
in which the c takes all values along any row, and the a. and y all pairs of value* 
down any column 3.6 

Any set of A. r which satisfies equations 3 5 determines uniquely, save for 
an arbitrary common multiplier, by means of equations 3 4, a Bet of B^, 
which satisfies 16, if, any [r (p — r) — 1] given by the qr equations 


32 


in which the A*, are such that there is an identical relation connecting the 
left-hand sides, is associated with a unique [r(j — r) — 1] given by the equa¬ 
tions 

B^m “0. 9 7 


the Bf, being also necessarily such that there is an identical relation connecting 
the left hand sides of these 

Before proceeding]to|find the actual number of possible distinct [r(p — r) —l]s, 
if finite, represented by the equations 3 2 and 3 8, it can be shown that these 
spaces form with the associated family of [r($ — r) — l]s a “ double ” con¬ 
figuration. That is, if A'. y is one set of satisfying equations 3 6, and 
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any e«t of B„ satisfying equations 3 6, except that which with A*., satisfice 
3 4, then the [t{p — t) — 1] 

AV«-<n 32* 

B'^AVas-OJ 3S< 

hue one point common with the [r[q — r) — 1] 

BV.*=o-, 3 7' 

A^B^SOj 3 3 i 

Since both these spaces he in a [r(p -f g — r) — 2] it is only necessary to 
ahow that there are r* further identical bnear relations connecting the left- 
hand udes of 1 2* and 3 7* Those relations are — 
lV,ji— A'.iB^^x^ EE 0 
B^A'.iZ^ — = 0, etc 

The general relation of this family is — 

B'„ A'. y< x. t - A‘. v< = 0 3 8 

(there bemg no summation over the y, and yj) and all pairs of y t and yi (both 
ranging from 1 to r) gm nse to distinct identities Thus, any space of either 
family meets but one of the spaces of the other , it hss now to be shown 
that it does not me<t the last that is, that the [r(p — r) — 1] given by the 
set A‘«, does not meet the [r(q — r) — 1] given by the set B*^ This is true 
if the number of independent identities in the family 3 8 is fewer than r* since 
no identical relations ran bold here without their holding in the case con 
sidered above (The relations 3 3* and 3 3*. although now the same, modify 
different sets of equations and so count separately) Of the r relations of the 
family 3 8, obtained when y t — y, all but one now implies the last, w con 
sequence of 3 3* This is the relation that is lost The two families of spaces 
represented by 

A <r r^ = 0 
and 

- 0 

where the A^ and the B^ occur in pairs for which 


The calculation of the number N presents rather more difficulty m this case, 
Since any one of the equations of a set 

A.,*., « 0 


3.9 
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may be replaced by the sum of linear multiples of the whole set of r, having 
the same jJ—that is, by 

P,A^„ = 0 

Thus, several sets of A., give equations which represent the same space We 
want therefore to find seta of functions of the A. v each of which corresponds 
uniquely to u [r(p — r) — 1] Such functions are 

Kj “ A,yBlJy 3 9 

These satisfy the n + 1 equations 

K^a*. =* 0, 3 10 

and, further, a number of relations among them is involved in the equations 
3 9, when the A. r and the are eliminated Eliminating first the B«y, 
we get the q seta of equations 


K w , 

An, 

Ait, , A i f 

-* 0 

311 

Km, 

An, 

Am, , A 2r 



Ik*. 

A,i* 

A»s> , A*. 




in which each column after the first is the same for all the q sets of equations 
The K* are actually, therefore, functions of the determinants of r rows and 
columns m the array 

A,„ , A|, || 

Apn , A* || only 

But the two [r(p — r) — 1J» represented by the equations 


and 


AV* -o\ 3 2* 

B'^A'.yX^, =0J 3,3' 

A'V^ = Ol 2.3" 

B".yA"„j5* = 0 j 3,3" 


respectively can only coincide if quantities P'V and P"^ can be found for 
which 

V'rrk\ r - 


FVA'V. Y* i< Y" “ - 
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(summation oyer the y', and over the y") lot all * and y Thu u a sufficient 
condition for 

A'n, , A' 1( II = |A"„, , A 'i, 

A' tl , A'„ ([ ||A" f i. .A V 


the equality extending to all corresponding minors of r rows and columns 
Thus if two sets of A., lead to the same [r(p — r) — 1], they also give rise to 
the same equations for determining the and the ratios of these are there¬ 
fore determined uniquely for each [r(p — r) — 1] 

Conversely, we can start with a set of Kj (supposed suitable) and show 
that it leads to a unique [r(p — r) — 1] Take the equations of the family 3 11 
obtained for p =» 1 and 2, w - 

||K„ An, A, r II =» 0 3 ll t 

I K,i A* aJ 


II K»s, A p j , A„ || 

Since not all the determinants of r rows and columns in the A. r can vamsh 
(as then of each set of r equations in 3 2, t — 1 only would be independent, and 
this implies some limitation on the <*«*), these two families of equations involve 
the vanishing of all determinants of r + 1 rows and columns in 

I Hu Ku, An, . Ai, I 


I K,i, K, t A,„ , A„ | 

Repeating this process, giving {i all its values, it is seen that all determinants 
of r 4-1 rows and oolurans m 

|| K„, K„, , Kj„ Au, , A, r 

I K,i, K,s, , K*, A,!, A„ 


vox, tan — j 



m 
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In particular, we have the r seta of equations 

|| K u , , K,„ A iy '|=0 315 

II k p „ , a^;| 

Since, m consequence of the necessary relations between the other similar 
sets of equations in the same A Iy , , A, r are not distinct from these, the 
complete set of conditions governing the A. y , for each y, may be written in 
the form 

IuA, y + IjjAjy + + ^lr+iAfTir = 0 

iuAiy -f * M A ly + + feTtAf+iy = 0 

kfr, j=ikt=iy + + hjZypAfy = 0 

where the l u , , kf z;, are determinants formed from the Consider the 
family of equations comprising the first of the sets 3 14 for each y, namely, 

*uAh + *i*A n + + ■= 0 

In An + IijAtt + +• IiV+lAfTTs = 0 

IiiA| f + IijAt, + + h,—iA?nr *= 0 

Add to this family the equation 

*»Ii + W, + It,—l—i = 0 3 16i 

where the l are arbitrary, beyond satisfying this equation. Then constants 
Pi, , p y , , p, can be found uniquely, such that 

Mir -«i I 317, 

M^Tir *■ irrr J 

Now take the family of equations comprising the second of the Bets 3 14 for 
each y. and add to it the equation 

+ knU + + herifn =» o 3.15» 

(l f+J is therefore determinate m terms of the rest). Then for the same p y as 
above, we have in addition the equation 

3.I7| 




Mr—»r - t-+i 
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Similarly, generally, for all a «=*» I, p 

P-Aay = l. 317 

wherein, of the r are arbitrary, and the rest determinable from them m 
terms of the i u , K,~ rp , by means of equations 8 16 Thus, if k' my and 
A" are two sets of A ay denved from the same set of K^, constants p' Y and 
Py depending on the A' r A", and l. can always be found so that 

p’yKy -1. -p’yk.y 

for all a Each distinct set of I. gives nsc to distinct sets of p’y, and p^>, 
and there are r independent sets of l. This is exactly the condition that all 
sots of A„, derivable from a given set of K^j should give equations which 
represent the same [r(p — r) - 1] 

Having found that the [r(p -- r) — 1] derivable from a set of is unique, 
we can reduce its equations to a simpler form, assigning the values of certain 
of the A„„ and find the rest in terms of the K u . By adding together suitable 
multiples of the r equations 

A. t *^ = 0, 3.2 

in which p is fixed, we can obtain an equivalent set of equations 

AVa ==0, 3 2* 

in which 

A°. r = 0 for « — y < 0, and « — y > p — r 
and -= 1 for a — y = 0 

but are otherwise unspccialized Then the matrix 3,12, whose minors of 
r +1 rows and oolumns vanish, becomes 


Ki„ 


1, 

o, 

, 0. 

0 

K,„ 

, K„, 

A°«, 

1, 

, o, 

0 

K,i, 

, K„, 

A"„, 

A**, 

, AVn, 

1 

K,Tli. 

i 

A # r -ru, 


, A° r — 

1. A,“ lr 


, Kpv+r f , 

A^ 

„ A«^ i2 , 

, AV^i 

73i. A*,—„ 

Kjrrrw, 

, srTOp 

0, 

A*^ 

- au f^ 

f=i, A 

K,» 

. K«, 

o, 

0, 

. o, 

A 0 „ 


a matrix in whioh each of the A 0 ., columns contains r — 1 zero elements and 
one umt element All the minors neoessary can be selected from those con- 

2 d 2 
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taming only one column of A% and that with only two non-zero element*, 
one of which is unity All the A°. ? are thus uniquely determinable m terms 
of the — * e, tho equation* of a [r(p — r) — 1] in this special form can be 
written in term* of the and K M only All the work of this section holds 
equally well for the [r(q — r) — l]s, using the instead of the A,* 

To each set of value* of K M corresponds exactly one [r(p — r) — 1], and one 
[r(q — r) — 1], and any of those spaces gives nse to a unique set of ratio* of 
K^, so that the number of possible [r(p— r) — 1]* represented by the equation* 
A,^ = 0 3 2 

in which the A., are such that there is an identical relation connecting the 
left-hand sides, is equal to the number of solution* in of the equations 

K^i “ A« Y B/jy 3 9 

when the A., and B„ have been eliminated, the K M being also connected 
by n -f 1 linear relations The elimination of the A. y and leads to 
those equations of the family 3 12 which do not contain K. r namely, the 
equations obtained by the vanishing of the minors of r + 1 rows and columns 

K„, , K* | 318 

K,t. . I 

if ~ r )(l ~ T ) °f these equations are independent, so that the K^, are on the 
whole subjeot to pq — 1 conditions, and their ratio* are therefore just deter¬ 
minate The number of solutions of the equations 318 is known to be N * 
Note —It will be seen that the determinant theorem mvolved is that a 
matrix of p rows and q columns, whereof every determinant of r + 1 rows 
and columns vanishes (r <j>, r< j), may be regarded as obtained by multiplying 
a matrix, A, of p rows and r oolnmns into a matrix, B, of r rows and q columns, 
the elements in A, B being arbitrary to the extent mvolved m the possibility 
of replacing the columns of A by linear functions of themselves, with a corre¬ 
sponding replacement for the rows of B, 


Cf Segre, 1 Encyk. da M»th. Wist.,’ voL 3, o. 7, p. 828, 
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Relativity Quantum Mechanics with an Application to 
Compton Scattering 

By P A. M Dirac, 1851 Exhibition Senior Research Student, St John’s 
College, Cambridge 

(Commumoated by R H Fowler, F R 8 —Received Apnl 29, 1926 ) 

§1 Introduction 

The new quantum mechanics, introduced by Heisenberg* and since developed 
from different points of view by various authors,f takes its simplest form if 
one assumes merely that the dynamical variables are numbers of a special type 
(called q-numbers to distinguish them from ordinary or o-numbers) that obey 
all the ordinary algebraio laws except the commutative law of multiplication, 
and satisfy instead of this the relations 

M. “ M, =0. P,P. - P.Pf « 0 
?f P. ~ VAr =» 0 (r jd «) or ik{r =>») 

where the p ’a and q's are a set of canonical variables and A is a c-number equal 
to (2n) -1 tunes the usual Planck’s constant Equations (1) may be regarded 
as replacing the commutative law of the classical theory, as one can, with their 
help, build up a oomplete algebraic theory of quantities that are analytic 
functions of a set of canonical variables Further, it may easily be seen that 
the quantity [*, y] defined by 

xy-yx=> iA[x, y] (2) 

is completely analogous to the Poisson bracket of the classical theory By 
means of this analogy the whole of the classical dynamical theory, in so far as it 
can be expressed in terms of P B's instead of differential coefficients, may be 
taken over immediately into the quantum theory 
It has been shown by the author^ that the quantum solution of a multiply 
periodic dynamical system may bo effected, as on the classical theory, by the 
introduction of umformisuig variables, J’s and ts’s, and the results can then 
• Hsisenbergi * ZotU t Phys.,’ voL 33, p. 879 (1923), 

t Bom and Jordan,' ZelU. t Phys vot 34, p. 868 (1926), Bom, Heisenberg md Jordan, 

‘ Zsits. f Phys.,’ voL 35, p 557 (1926), Kronen, ‘ Phyiioa,’ voL 5, p. 369 (1925) i Dirao, 

’ Boy. goo Pros ,’ A, voL 109, p M2 (1925). Bom and Wiener, • Zeita. f PbysvoL 36, 
p. 1H (1926) or' Jour. Hath. Phyt. Maas voL 5, p. 84 (1995) 
t * Roy Soo. Proo.,’ A, voL 110, p. 581 (1926). 
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be interpreted in a way of which the following it a brief outline. The total 
polarisation of the system can be expanded as a Founer senes m the w ’s whose 
coefficients are functions of the J’s only On the classical theory, if one takes 
one of these coefficients, say, that of where (aw) =■ £* T u>, and the «’s 
are integers, and substitutes in it for the J r a set of numbers, *>, say, the number 
thus obtained will determine the intensity of the «“*"• component of the radia¬ 
tion emitted by the system when in the state fixed by the equations J r =» 

On the quantum theory, however, an ambiguity arises, since in the Founer 
expansion of the polarisation the coefficients may be either m front of or behind 
their respective exponentials The e lu " > term, for instance, would be 
= Je* , *“* C.' t 

where C, and C.' are in general two different functions of the J’s, so that if one 
substitutes for the J, the values *„ where the *’s are a set of c-numbers that 
may be regarded as fixing a stationary state of the system, one would obtain 
two (f U9) intensities related to this state. If, now, one puts 
= «*<•"> J/, 

then 0. must be the same function of the J’s that C.' is of the J"s, so that if 
one substituted for the J, in C. the values *„ one would obtain the same result 
(a c-number, of course) as if one substituted for the J, m C.' their values given 
by the equations J,' *=> and one may therefore suppose this result to deter¬ 
mine the intensity of a component of the emitted radiation that is symmetrically 
related to the two states of the system given by J r =» k, and J r ' = k, It may 
be shown that J/ = J f + oA, and hence the two states are respectively the 
initial and final states on Bohr’s theory It may also be shown that the system 
has transition frequencies related to pairs of states as on Bohr’s theory 

It now remains only to determine what values one shah assume the *’s to 
take, and this may require an appeal to physical considerations For the case 
of the simple harmonic oscillator it has been shown rigorously by Bom and 
Jordan* that the action variable can take only a certain discrete set of values, 
one of which gives a state of lowest energy, and then method seems to be 
oapable of extension For the case of Compton scattering by a free electron, 
considered m the present paper, there is no restriction on the values that the 
action variable can take The initial value of the action variable is now deter¬ 
mined by the initial velocity of the electron, whioh must, of course, be given 
from physical considerations 

It will be observed that the notion of canonical variables plays a very funds- 
* Born and Jordan, Joe, oft, 15. 
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meat*] part m the theory Any attempt to extend the domain of the present 
quantum mechanics must be preceded by the introduction of canonical variables 
into the corresponding classical theory, with a reformulation of this classical 
theory with PJB’s instead of differential coefficients The object of the present 
paper is to obtain m this way the extension of the quantum mechanics to 
systems for which the Hamiltonian involves the time explicitly (§2) and to 
relativity mechanics (§§ 3, 4) 


12 Quantum Time 

Consider a dynamical system of u degrees of freedom for which the Hamil¬ 
tonian H involves the tune explicitly The principle of relativity demands 
that the time shall be treated on the same footing as the other vanablca, and 
so it muBt therefore be a q-number On the rlassu al theory it is known that 
one may solve the problem by considering the time t to be an extra co-ordinate 
of the system, with minus the energy (or perhaps a slightly different quantity) 
W as conjugate momentum In the solution of the problem there will now be 
complete symmetry between the new pair of variables t and — \V and the 
original u pairs, except for tho fact that when one performs the contact trans¬ 
formation to the umformismg variables, the co-ordinate l itself must be one of 
the new variables APB is now defined by 



and is invariant under any contact transformation of the (2« + 2) variables 
A dynamical system is now determined by an equation between the (2u -f 2) 
variables instead of a function of 2u variables—namely, the Hamiltonian 
equation 

H — W =* 0, 

and the equations of motion are 

3H 3 (11 - W) "1 

?r SJr 3ft 

, 3 (H ~ W) l 

* 1 ~sj-w r 


«^ 0H - 
* 3T 


3 (H - W) 

3? r . 


and lastly 


_ 0H 

3i 


(4) 


(5) 


S(H-W) 

5 ’ 


(5a) 
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From these equations of motion, if a is any function of the (2« + 2) variables 

or 

* - l*. H - W] (6) 

from (3) 

We can take these results directly over into the quantum theory We assume 
that l and —W are a new pair of conjugate variables, and therefore satisfy the 
equations, supplementary to (1), 

tq r -qJ=->0, tp,-pJL-*o\ 

W ?f - ?r W =,0, Wp f -p r W ~0 U (’) 

( W - W< « - »* I 


and that the quantum P B [a?, y], defined by (2), is now the analogue of the 
classical expression on the right-hand side of (3). The equations of motion are 
assumed to be still given by (4) 

The fact that a dynamical system is now specified by a Hamiltonian equation 
H — W = 0 instead of by a Hamiltonian function H hero leads to a difficulty, 
since the Hamiltonian equation is not consistent with the quantum conditions 
(1) and (7) For oxample, if x is a function of the p’s and q’a only, 


while m general 


*W-W* = 0, 
xH — Hr 0, 


and theso two equations are not consistent with W = H An ordinary quantum 
equation gives a correct result when one equates the P B, of either side with an 
arbitrary quantity, and must therefore correspond to an identity on the olasacal 
theory, * e , a relation that remains true on being differentiated partially with 
respect to any of the canonical variables Now the Hamiltonian equation on 
the classical theory is not an identity One can perform algebmo operations 
upon it. but one must not differentiate it. There must be a corresponding 
restriction on the use of the quantum Hamiltonian equation, although it cannot 
easily be specified, as there is no hard-and-fast distinction between algebraic 
operations and differentiations on the quantum theory This uncertainty does 
not give any trouble in the present paper, however, as we shall follow the 
classical theory so closely that it will be immediately obvious whether any 
quantum operation corresponds to a legitimate classical operation or not 
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The role* for the solution of the problem on the quantum theory are now, 
as on the classical theory, that one must determine a set of (2u + 2) umformmng 
variables Jo . J„ W 0 . W„ say, that satisfy the following conditions •— 

( 1 ) They must be canonical variables, it being possible to verify this without 
the use of the Hamiltonian equation 
(u) One of the w’s, w a say, must be just t. 

(in) The Hamiltonian equation must become a relation betwoen the J’s only 
(iv) The original variables, when expressed m terms of the new variables, must 
be multiply periodic functions of as many of the w’s as possible with the 
periods 2it They cannot, of course, be periodic functions of i% since 

i = Wo 

The frequencies associated with the \anous transitions of the system and the 
corresponding intensities may now be determined as for systems for which the 
Hamiltonian does not contain the tune explicitly 
The fact that uf 0 =■ t provides us with certain information concerning the 
form of the transformation to the uniformismg variables, as on the classical 
theory Since each of tile uniformismg variables except J 0 commutes with u> 0 , 
» e , with l, when expressed in terms of the original variables, it must be inde¬ 
pendent of W Further, since 

|A J 0 ] -a N. Jo] = 1 =* - (f, W], 

Jo 4* W oommutes with t, and hence J 0 . when expressed in terms of the origins 
variables, must equal minus W plus a quantity independent of W The Hamil¬ 
tonian equation H — W = 0 thus takes the form Ho + Jo = 0, where Ho 
is a function of J } J, only In consequence of these results and the fact 
that t oommutes with each of the p’s and q's, Bom, Heisenberg, and Jordan’s 
perturbation theory for systems for which the Hamiltonian contains the time 
explicitly,* in which t is treated as a c-number, can be justified 

It should be observed that if the Hamiltonian equation of a system is 
F (p„ y„ W, t ) = 0, it must be put m the standard form (4) before one can 
insert its left-hand side m the P B in the equation of motion (0) If one does 
not do this, but simply takes for the nght-hand side of (6) the P B [ac, F], on the 
classical theory, the left-hand side would not be * but dxjdv, where t> might be 
any variable Also, with regard to condition (in) for the uniformising variables, 
the quantity H - W becomes just the quantity Ho + Jo, but the quantity F 
may not become a function of the J’s only, as one may have to divide the 
equation F «> 0 by a factor which is a function of the w’s as well as the J's in 
order to make its left-hand side a function of the J’s only 

* Bom, Heisenberg, uod Jordan, too. oil , K»p. 1, f 5. 
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$3 Quantum Mechanics cf Moving Systems 
A dynamical system that is moving u a whole may be described with, for 
canonical variables, the Cartesian coordinate* of the centre of gravity x 1( »», »», 
with Pi, p t , p 3 , the components of total momentum, for conjugate variables, 
together with tho necessary internal variables, which are independent of the 
position and velocity of the centre of gravity If ( is the time and W the 
energy, one may introduce the variables 

Xi^xct, Pt = AV/c, (8) 

a here t is a root of —1 independent of the root of —1 occurring in the quantum 
conditions, and c is the velocity of light, which is, of course, a c-number The 
principle of relativity requires complete symmetry between the r it p t and the 
u 1( pi, the £„ p t , and the /„ p. Hence, on account of tho relations 

K, Pi] * Pi] “ l*i, Pi] => 1. 

[*.*]-! 

[id, fW/«] = 1 
P,W]--1 

The principle of relativity thus shows that — \V is the momentum conjugate 
to t, in agreement with the results of the preceding f The remaining onea of 
the quantum conditions (7) may be likewise obtained 
Let m be the rest mass of the system, so that me* is its proper energy Then 
m and me* are functions of the internal variables only, or, when the system 
consists of a single particle only, so that there are no internal variables, they are 
c-numbers We have 

W = (9) 

which is the Hamiltonian equation for tbc system The variables p lt p%, p t , 
W and X], x„ x„ t may be taken to be unitemising variables, as they satisfy 
all the conditions for this except the multiply periodic conditions for the x’s, 
which they obviously cannot be expected to satisfy The remaining umform- 
laing variables will be functions of the internal variables only. 

The theory maybe extended to systems acted upon by external fields of force, 
provided the classical equations of motion can be put in the Hamiltonian form. 
Suppose, for instance, that the system possesses a total charge e (a c-number), 
considered to be concentrated at its oentre of gravity, and is in an electro* 
magnetic field desonbable by the vector potential fa, «* «, and the scalar 


we must have 
which gives 
or 
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potential <£, these four quantities being given functions of x„ x*, r 3 and l 
Instead of ^ we may use the quantity 

*i =* 

analogous to the x t and p t introduced by equation (8), so that k v k 3 are 
the component* of a 4 vector On the classical theory the equations of motion 
of the centre of gravity of the system may be written, if one uses the summation 
convention of the tensor calculus, 


where « is the proper time defined by 

= c*<fx M dx„ 

Now define p„ by 

+ <|a- 1 4), (ID 

as c 

instead of simply by m dxjdt, which was its previous meaning The equations 
of motion (10) become 

|( 12 ) 

ds me V cl 

The Hamiltonian equation (9) now becomes, owing to the changed meaning of 
the p’s 

- ( p. * — mV (13) 




while the equations (LI) and (12) may be written 


Further, we have 

0F c 

Urn 


*.) (p, “ e * 
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with the help of the equation F = 0, so that if p, are a pair of oanomoally 
conjugate internal variables, the equations of internal motion are 
dg, _ 0mc* _ 0m . _ 3m 0F = 0F 
dt ~ "5^7 = $p, $p, 5m “ Up, 

dp, 3 me* _ 3st •_ 3m 3F 3F 

da = 3 q, 5^ 5y, Hm 15q, 

All the equations of motion ore thus of the Hamiltoman form (5) with the 
Hamiltonian function F The (act that the total differentiations are performed 
with respect to a instead of t is due to the Hamiltonian equation F « 0 not being 
in the standard form (4) 

It is thus established that the classical equations of motion take the oanomcal 
form when the variables conjugate to the x „ are defined by (11) * On tho 
quantum theory we must therefore still use this definition of p R , and can then 
proceed according to rule with the Hamiltonian equation (IS) 

The *’s on the classical theory must satisfy the conditions 



These equations may be written 

[*m. pj “ 0, [ [*„, p,), p,] * 0, (14) 

and can then be taken over into the quantum theory With the help of the 
first of these relations, the Hamiltonian equation (13) may be put in the forms 

-m ! e* - p,p, - 2 ? ps, 4- jjj K,*, = p,p, — 2~*,p, + ^ *,k, (15) 

J 4 RehUivtly Quantum Mechanics 

If we proceed to apply the method of § 2 to the systems considered in jj 3, the 
requirements of the restricted principle of relativity will still not be completely 
satisfied, owing to the singular part playod by tho time l as a umformismg 
variable To get over this difficulty we must again refer to the classical theory, 
The ordinary classical theorems connecting the intensities m various directions 
of components of the emitted radiation with the corresponding amplitudes in 
the Founer expansion of the total polarisation are valid only, if the distances 
moved through by the electrons during a period of the component of radiation 
considered are small compared with the wave length of this component, i e , if 
* It he» been shown by W Wilson that the momenta defined m this way must be 
used in the ordinary quantum conditions tp iq — n* (* Roy Soc. Proo,’ A, vtj 109, p 478 
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the velooitse* of the electrons are small compared with that of light. When this 
condition is not satisfied, in order to determine the intensities for a given direc¬ 
tion, say, that of the %\ axis, one must obtain the Fourier expansion of the total 
polarisation in the form 

12.C. exp {»(«to)« - xjc)} (16) 

where the (aw)’s are constants, and are the frequencies (multiplied by 2n) of 
the radiation emitted in this direction, and must use these amplitudes C. instead 
of the usual ones This is readily seen to be so from the fact that the interchange 
of energy between the system and a field of radiation moving in the direction of 
the Z| axis of frequency (ate), is governed entirely by the corresponding coefficient 
C. defined by (16) The z, in the expression (16) refers to the point at which 
the charge is supposed to be concentrated If there are several charges contri¬ 
buting to the total polarisation, the Founer expansion (16) of each must be 
obtained separately with its respective x v and their corresponding amplitudes 
can then be added In thiB case one can approximate, if the relative displace¬ 
ments of the charges are small, by taking the x t of (16) to be the x y of the centre 
of gravity of the system 

Further, if the total polarisation contains a part that increases uniformly in 
addition to a periodically varying part, which will occur when the whole system 
is charged and is moving uniformly, the non periodic term to be added to (16) 
must be of the form, a constant times (t — xjc), instead of a constant times 
t as in the elementary theory, m order that its contribution to the exchange of 
energy with the radiation field previously considered may vanish The approxi¬ 
mation of taking to refer to the centre of gravity of the system is not in 
general valid for this non-penodic term unless the velocity of the centre of 
gravity is small, and the theory would then reduce to the ordinary theory 

It should bo noted that the amplitudes C. determine directly the rate per 
unit area (I lt say) at which energy of the radiation passes a fixed point at a 
distance r (a c-number) from the emitting system m the direction of the x t axis, 


by moans of the formula 


(17) 


and determine the rate of emission of energy by the system in the z t direction 
only through formula involving the velocity of the centre of gravity of the 
system, which will be found later to be ambiguous on the quantum theory. 
The distinction is important because the intensity J t is an observable quantity, 
while the rate of emission of energy by the system is not 
To express the theory of this § in terms of oanomoal variables, we observe 
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that the only essential modification in the previous theory required is that 
our standard of a “ uniformly increasing variable ” must be changed from 
t to (< — JTj/c) This can be effected, on both the classical and quantum theories, 
simply by taking (t — xjc) to be a umformising variable instead of t in the 
second of the conditions to be satisfied by the umformising variables ($ 2) Of 
course this can be done only when one knows what to take for x„ and at present 
the only cases w which the /, of expression (10) has a definite meaning are 
those when there is only one charged particle, and when one is able to take the 
of the centre of gravity os a sufficient approximation The method of pro¬ 
cedure in the general case is not yet known. The frequencies given by the 
theory with (t — xjc) for a uniforraising variable are the (aw)'s of expression 
(16), which are thewave frequencies and not the frequencies of vibration of the 
system 

An example of the first of these esses in which aq has a definite meaning will 
be given in the next $, and an example of the second will now be considered 
Take the system considered m the previous § in the absence of an external 
field, when the Hamiltonian equation is (9), and apply the canonical trans¬ 
formation 

-W'= -W •) 

*i'-i rf-A-W/,/ (18) 

The Hamiltonian equation becomes 

- 2 pi W'/c - Pl '» - />,* - p,« - mV 

If we wish to consider the radiation emitted m the direction of the x t ana, 
we must take f to be a umformising variable, and may take for the other nm - 
formising variables — W', conjugate to t\ and p,', %{, p t , Xt and p t , x v together 
with certain J’s and vfs that are functions of the mtornal variables only. 

Now consider a particular component of the emitted radiation, say that corres¬ 
ponding to e‘" We know that v> commutes with p„ p, and p t ', so that 
Ps <> = e^p* p,e* « 

(pi — W/c) s'* = e*" (pi — W/c) 

Hence, according to the principles of f 1 , tha particular c-number values possessed 
Pt. Pa &n< i Pi ~ W/c before the transition are equal to those they possess 
after the transition, so that p t and p t are unohanged by the transition, while 
the change in p x equals 1/c tunes the change in the energy W, Hence, according 
to the present theory, the system experiences a rectal whan it emits radiation, 
in agreement with the light-quantum theory Each component of the emitted 
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radiation is associated with two momenta of the whole system as well us 
with two energies 

§ 5. Theory of Compton Scattmng 

Consider a free electron subjected to plane polarised monochromatic incident 
radiation The electron and incident radiation together may be considered 
to form a dynamical system whoBe emission sjtectrum can be determined by 
the methods of the precoding §§, although it is usually called not an emission 
spectrum but a scattered radiation 

Suppose the me ident radiation to be moving m the direction of the x x axis 
with its electric vector in the direction of the r t axis The electromagnetic 
field may then be desc nbed by the potentials 

— *4 = 0, *3 « a COS V (l5f — .!() (19) 

where v is 2it times the wavo number of the moident radiation, and a determines 
the intensity of the incident radiation lo through the formula 

I 0 c <iV/8tc (20) 

Smoe v and I 0 can be measured physically they are c-numbers, and therefore 
so also is a We shall suppose a to be small, and shall neglect second order 
effects The Hamiltonian equation is, if one puts — e for t in (13) and uses 
the values for the *’s given by (19), 

m s c* =. W*/r* - Vi ~ iVt + o'cos v (ct - *,)}* - p,* (21) 

where 

a'^ea/e (22) 

and is a o-number Since there ere no internal co-ordinates, mis now a c number, 
being the rest-mass of an electron 

We shall determine the frequency and intensity of the radiation emitted m 
the direction defined by the direc tion cosines l,, f* f* (c numbers) JThis 
requires that t' = t — (I 1 x 1 + + IjXjJ/c shall be a umformising variablo 

Apply the linear canonical transformation 

ft--ft' f'.w'H 
ft-ftMi. W> I 
p,=-p,' + I»W7c | 

W»-W' + epj' J 



f =» t - (Lx. + f«r, -1- W/c - 


(23) 
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which gives 

(1 — y Pi =■—?! + ijW/c 
(1 -1,) p,'« l<pi + (1 - y p, ~ I|W/c 
(i-yp/^^ l + (i-yp,-/,w/« 

(i-yw'-w-cp, 

The Hamiltonian equation (21) becomes, if one neglects a 3 , 

«W = (-W'-) cp^/c* - (- p/ + yv'/cy 

- (Pt f *. W'/c + a' cos <)» - (p/ + 1, W'/cp 

= -2W'/« A -B (2fi) 

where 

A =« (1 — y p/ + fiP*' f f*pj' +1, o' cos v®/ 

=a {jP, + i,p, + / 3 p 3 -- W/c + 1,0' COS V*,' 
and 

B — pj'* + p,'* (- 2a'pj' cos v*/ 

Equation (25) takes the standard form 

H — W' => 0 (26) 

where 

H= ~|c(mV + B)A“». (27) 

Since W' commutes with A, we could equally well have written (2ft) in the form 
m«c*« - 2AW'/o - B 
which would have given equation (26) with 

H=-lc\-i(7»«o» + B) (27') 

This does not agree with (27) smoe A does not commute with B More generally 
we could easily obtain the Hamiltonian 

H =» — lef t (mV + B)/„ (28) 

where/, and/, are any two functions of the single variable A suoh that fj t => A -1 
We are thus led to an inconsistency, as is always liable to happen when one is 
dealing with the Hamiltonian equation, or any other equation that does not 
correspond to an identity on the classical theory 
We can get over the difficulty in the present case by showing that all Hamil¬ 
tonians of the type (28) give the same values for the frequency and intensity 
of the emitted radiation Let 

H* - — ft* (m'c* + B)/,* 

be another such Hamiltonian, i e and/,* are functions of the single variable 
* Tbs notation «/* is used only when • and S commute, so then is no ambiguity. 
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A such that /,*/,* = A 1 and put fj* = bf l so that b must be a function of 
the single variable A and must commuto with the / s We must then have 
ft* 1 so that H* must be connected with the H of equation (28) by the 
relation 

If J, w, are the uniforming vanablis when the Hamiltonian is H then it 
is easily seen that J f * ™ bjjb 1 « ( * — hvjb 1 which are connected with tho J r 
te, by a contact transfonnation are tho umformining variables when the 
Hamiltonian is H* and that H* is the same function c f the l r * that H is of 
the J r It follows that the frequencies are the same with either Hamiltonian 
Further if X is any fum ti in of thi variables of the system then b X b 1 must 
be the same function of the T r * W * that X is of the T r w. Now take X to 
bo the polarisation in any direction perpendicular to the direction of emission 
(these bung the only compon nts of the polarisation that inatkT) so that 

\ =■ X^ + XjXj + XjXj 

where the X s are c numbers satisfying Xi/ l ( \l b X 3 /j — 0 We find 
LA Xj = X l f 1 | X,/, 1 X^-0 

so that X commutes with A and thirefore with b IV e now hase that X is 
the same function of the J r * u* os it is of the J r vy and heme its houner 
amplitudes are the same f >r cither Hamiltonian 

Having thus established that all Hamiltonians of the type (28) lead to tho 
same results we may proc id using the Hamiltonian (27) which is the most 
convenient one We see at once that p, and p 3 commute with H and they 
are therefore constants The action and angle variables are easily verified to be* 


j = zjr^Ti) ~ ll)Pl liFi + li?i + li ° C08V * 1 * 

_ mV I Vi ‘ + pa 1 

m , c i + p 1 !i + p, i + 2op£ 

1 . mV + Bp 

~ v(l - h) A nft* \- B 


where 

and 


*+?»'* 

- 3 H 


, 2o Pi sin v*i 

1 + ■-£* + bT’ 


VJl 


f23) 


(30) 


* Loc ol,p *17 
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since wo then have 


From (27) and (29) wc have 


_ _1_ f , 2« V [sin v x/. ;)/]) m V + B 0 _ . 
v \ v r mV + B« / mV + B ’ 

J>i'] =■ vcqs V*,'. 


ii ^ -i c !^-LaliL£i!. 
4 v(l-l,)J 


Smoe pi and pi commute with J and w, we may take them to be umformising 
variables, os we then have II a function of pi, p 3 ’ and J only We do not 
require to determine the umformising variable* conjugate to p,' and pi 
There ts only one component of radiation omitted, namely, that corresponding 
to e™ Since pi and pi commute with «*“, it follows from § 1 that their 
t-uumlxT values remain unchanged during a transition, while the value of J 
is reduced by h Thus, if we use the symbol A to denoto the increase in the 
c-number value of any constant of integration during a transition, we have 
A pi = 0, Ap,' =.0, AJ =* - A, 

while if v' is 2n times the wave number of the emitted radiation, we have from 
Bohr’s froquenoy condition 

AH = —oAv' ~ AW' 

If wo neglect small quantities proportional to a or o', the equation AJ =— A 
givos, from (29), 

AA - —Av (1 - /,) 


A pi = —Av 

We now find, using the transformation equations (29), 

A p t = Av—IiAv' 

Aft--Wv' 

- -w 

AW/o - Av—Av' 

If one neglects a, then p x , p p p, and W are the ordinary momenta and kinetic 
energy of the electron, and equations (32) are then the equations that express 
the conservation of momentum and energy on Compton’s light-quantum theory 
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of scattering * The present theory thus gives the same values for the frequency 
of the scattered radiation and the recoil momentum of the electron as the light- 
quantum thoory 


$ 6 Intensity oj the Scattered Radiation 
To obtain the intensity of the emitted radiation, we must determine the 
amplitudes of vibration m two mutually perpendicular directions that are both 
perpendicular to the direction of emission (/„ l„ l s ) We may take the direction 
cosines of these two directions to be 

I M M_ i Ms 


which are easily verified to satisfy all the necessary conditions, and put 

Wo have from (27) 

H] = tc (mV + B) A" 1 [*/, A] A" 1 =» \c (1 -1,) (mV + B) A"* 
[sin vaq', H] = \e (mV + B) A -1 [sin vx/, A] A -1 

-=> Jc(mV + B) A-»v (1 -1,) cos w,' . A* 1 
- -v(l - 1,) H cos v// A' 1 

[r,\ H] = -|c[V, B]A-‘ 4- M»V + B)A-»[x/, A] A" 1 
—> — Je 2p g 'A-» +- Jclj (mV + B) A“* 

=»Je(f, f cp„7H)(mV f B)A-« 

=1 (f» + cp,7H)/(l -1,) [V H] 

so that 

[(1 - It) (I, + fft'/H) X,', H] =r 0, 


(l - M fa' - (f a 1 ePs'/H) */ =* const (34) 

Also 

H]--Jo[as/, B] A -1 + Jc(mV + B)A‘ [x t \ A] A" 1 
-=> -H2 p,' f 2o' cos v*/) A-> + Jcf j (mV + B)A~ 2 
— — a'c cos vx,' A -1 -f \c (l t + cp*'/H) (wV -f B) Ar* 

= a'e/v (1 — !i) H [s.n H] + (l, + cp,7H)/(l - I.) [x,', H], 

so that 

(1 — liJz/— o'c/vH »m vx/— ((, -|- ep//H)x/ -= const (36) 

* Compton, ' f*hys. Revvoh 21, p. 483 (1923) 
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From equations (23) we find 

•c*=»si', * a = x i- (i-y *,=■«*'-*,' I W+W. 

so that the first of equations (33) may be written 

(1 - /,) X - /, (ct'~ x' + Ify' + W) - IM + (V - Ij-h f,*) x,' 

=■ Ijct' - f^r,' + (1 - !,)x,' 

= l s cl' + cp,'/H x,' const 

with the help of (34), and similarly the second of equations (33) may be 
written 

(1- h) Y - H W f W) + {«,*- h + f,‘) x,' - / a ^V 

i' f tt-M**' 

- ■ IjCt' -f rpi/H x,' |- o'c/vH sin vx,' -f- const 


with the hdp of (45) 

We arc interested only in the periodic parts of X and Y, and may omit the 
constant parts and the parts that increase uniformly with respect to (' or w 
To the first oriler in a equation (30) for w may be written 
vx,' -= w- 2a'p,7(mV + Bv) sin u>, 
and we now find for the periodic parts of x and y, with the help of (31), 


WP i 


(1 -/JH v(«A* + HJ 


(mV + Bo) 4 


(1 /,) II v (mV -f B 0 ) ‘ (l — ii) vH, 


- 2 «'(mV ~ Pt* 4- Pa' 2 ) J 

(mVfBof 


These equations may be written 

’‘--‘■'{rffSV' 

* - ** -} 


im c* r d 0 ) i 
(mV - 


The coefficients in front of e w and behind in the expansion of X or Y are 
not conjugate lmaguiaries, owing to the fact that J and w are not real All the 
aame, their product must still be a quarter of the aquaro of the amplitude of 
vibration, expressed as a function of the initial value of the action variable We 
thus obtain for the sum of the squares of the amplitudes of X and Y the value 
C* = 4 o'* {4 y.'V* + (mV - „*• + p,*) 1 } J (J - A)/(mV + B,)‘ 
4a'»J(J-» f _ 4mVp.'» 1 

(mV + p,' 1 -f p,*)* 1 (mV + p f '* + p,'*) e J ‘ 


(37) 
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If the electron is initially at rest, except for the small oscillations caused by the 
incident radiation, we must substitute for p/, p 3 and J their values determined 
by the relations 

W-me* 

which give, from (24) 

Pi =■ h™!( 1 - *i) Pi -> - l ,»«■/(! ~ K) Pi -> “ f 3 wo/(l - Ij) 
mV -f B 0 = mV + ps' J + p,'* = 2mV/(l - /,) 

J => A/v(l — I,) = — mc/v(l — I t ) 
with neglect of a The value of C 2 given by (37) now reduces to 




if we 


the Compton relation connecting v' with v, namely, 


I _ 1 , *(1—1,) 

v' " v m " 


The intensity of the emitted radiation at a distance r from the emitting 
electron is now given by equation (17) with rv' substituted for (aw), i r , 


I 


eVv' 4 o'* 
mVv* 


v' (1 


(38) 


with the help of (20) and (22) This is just (v'/v)* times its value according to 
the classical theory 

If the incident radiatiOD is unpolarised, one must average (38) for all directions 
of polarisation of the incident radiation, and the result that the actual intensity 
is (v'/v)* times its classical value still holds This result is not very different 
from Compton’s formula* for the intensity of the scattered radiation In 
particular, they agree when the angle of scattering is 0 or 180° 


j 7 Comparison with Exjienmenl 

The result obtained in the preceding § that the intensity of tho radial ion 
scattered by a free electron m any direction is (v'/v)* times its \ alue, according 
to the classical theory, where v'/v is the ratio of the wave number of the radiation 
scattered in that direction to the wave number of the incident radiation, admits 
of comparison with experiment Tins is the first physical result obtained from 
the new mechanics that had not bei n previously known t 

* Compton, too, at., equation (27) 

t Xott added, May, 1928 —This result for unpolarised incident radistkm has recently 
been obtained independently tay Breit from correspondence pnnojple arguments (‘ Phys 
Revvol 27, p 362, 1928). 
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The quantum formula for the intensity at distance r of the radiation scattered 
by N electrons with plane polarised incident radiation of intensity I 0 is 

■ |C, tl - li-m vLi ’ (») 


md 0 is the angle of scattenng and <j> the angle between the direction of the 
scattered radiation and the direction of the eloctnc vector of the meident radia¬ 
tion For unpolansed incident radiation tho formula is 

1 , Ne« _ 1+008*6 y y,,v 

° 2r 2 mV 4 {1 + #(1 — cos 0)}* 

The full curve in the figure shows the variation of the intensity of the scattered 


radiation with the angle of scattenng aecordmg to formula (40) for unpolansed 
inc ident radiation of wave length 0 022 A, which makes oc = 1 1 The lower 



Angle of Scattering 
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broken curve is the result given by Compton’s theory,* and the upper broken 
curve is given by the classical theory The crosses indicate experimental values 
obtained by Compton, which have been taken from Compton’s paper f It will 
be observed that the experimental values are all less than the values given by 
the present theory, m roughly the Bame ratio (76 per cent), which shows that 
the theory gives the correct law of variation of intensity with angle, and suggests 
that in absolute magnitude Compton’s values are 25 per cent too small 
One may easily obtain a formula for the total energy romoved from the 
primary beam by scattering, by integrating I (0) v/v' over all sohd angles The 
result is 




which for ordinary values of a lies very close to Compton's expression 
T 1 

0 3 m*c* 1 + 2a' 

(e g , for « =* I our formula gives a result 5 7 per cent greater than Compton’s), 
and is in very good agreement with experiment 
According to the present theory the state of polarisation of the scattered 
radiation is the same as on the classical theory, since the intensity of either 
polarised component of the scattered radiation m any direction is (v'/v)* times 
ita classical valiie The radiation scattered through 90° is thus plane polarised 
for unpolansed incident radiation This result might have been expected from 
the correspondence principle, since it holds on the classical theory for an electron 
moving with either the initial velocity (» e, zero) or the final velocity of the 
quantum process It does not hold for an electron recoiling with that velocity 
that gives the correct frequency distribution when the electron is scattering 
according to the classical theory, and for this reason previous theories have 
predicted a shift from 90° for the angle of scattering which gives plane polarisa¬ 
tion J Experiments have been performed by Jaunoey and Stauss to settle this 
question § They found no shift with incident radiation of 0 64A, and a shift 
of 2J°, less than half the value they expected, with incident radiation of 0 25A, 
these results are slightly in favour of the present theory which requires no shift 
Great accuracy was not attainable owing to the difficulties caused by stray 
radiation 

* Compton, foe cti., equation (27) Other formula have been obtained by Jaunoey, 

‘ Phy*. BevvoL 22, p. 233 (1923). 
t Compton, foe, eU., fig (7) 
j See Jaunoey ,' Phy*. RevvoL 23, p 313 (1944) 

| Jaunoey and Status, ‘ Fhy*. Rev vol 28, p, 762 (1924) 

2 r 
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Bakkrian Lecture, —Diffuse Matter m Interstellar Space 
By A S Eddington, F B 8 
(Rcoeived May 21, 1926 ) 

1 The title of this lecture naturally provokes the question, Is there any 
appreciable quantity of matter in ordinary regions of space between the stars ? 
I admit that it is rather an important question, and I should scarcely feel 
justified in devoting a Bakenan lecture to the subject if I did not think the 
answer was in the affirmative But from the narrower astronomical point of 
view it is not a question to be insisted on at the outset Astronomers are, in 
fact, so placed that they must presume the existence of such matter unless or 
until its absence is proved For many years interstellar matter has figured in 
astronomical investigations, but chiefly with a negative importance Three 
examples may be given— 

(1) Ill determining spectrosoopic parallaxes and m gauging the distances of 
dusters and spiral nebulsB by means of Cepheid variables it is assumed that 
there is no absorption or scattering of light by interstellar matter 

(2) Studies of stellar evolution on the hypothesis that the mass of a star 
diminishes at a rate corresponding to its radiation assume that there is no 
compensating accretion of mass by sweeping up interstellar matter 

(3) Investigations of the dynamics of the stellar system are vitally affected, 
if the controlling gravitational field is due not to the stars but to interstellar 
matter—distributed possibly in a way quite different from the observed distri¬ 
bution of the stars Moreover, in such problems it is usually assumed that 
there is no appreciable resisting medium 

In relation to these studies a consideration of diffuse matter in space is not a 
speculation but a precaution The precaution must extend to a discussion of 
its physical properties—-wo must work out as far as possible the properties of 
a thing before we can weigh the evidence for or against its existence. 

The evidence, to be considered in due course, will be found to fall mainly 
into two sections Firstly, we recognise in tie sky certain regions—nebulte— 
whioh undoubtedly contain diffuse matter, and theory indicates that the thinning 
out of matter at the edges of these is so slow that the density does not become 
entirely negligible in any part of the stellar system Secondly, it seems probable 
that the phenomenon of fixed calcium and sodium lines in certain stars is due 
to absorption by a diffuse cloud in space, 
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2 The first part of this investigation is occupied with estimates of the 
density, temperature and state of ionisation of the matter As the result* 
have been reached by a kind of successive approximation in which the final 
conclusions of each section mvolve reference to the results of other sections, 
we state these conclusions here — 

(1) The density at an average point in apace is about 10 _M gm /cm * 

(2) The temperature (defined by the mean molecular speed) is of the order 

10 , 000 ° 

(3) The atoms are ionised down to a potential 15-20 volts, so that most 
valency electrons are set free but the inner groups are intact 

The second part develops the consequences which might affect astronomical 
observation, and includes discussions of the “ fixed ” lines m stellar spectra, 
general absorption of light in space, and accretion of mass by the stars. 


Part I —Physical Condition of Interstkllak Matter 
Density of Matter in Space 

3 We derive an upper limit to the general density in space from dynamical 
considerations There must be some relation between tho average velocities 
of the stars and the gravitation potential in the stellar system Consider, for 
example, a density equivalent to 10 hydrogen atoms per cu cm or 1 60 10“** 
gm /cm * This gives a mass 128 X O in a Bphere of 5 parsecs radius. A 
sphere of 0 parsecs round the sun is believed to contain 30-40 lucid stars 
(reckoning double stars as one) and their average mass may be taken as 4 to 
lXO. Hence on this assumption the uncollected matter of the universe 
would amount to four or five times the mass aggregated into stars 
It is the opinion of investigators of stellar motions that the invisible matter 
(including dark stars, if any) cannot greatly exceed the mass of the recognised 
stars. Kapteyn,* for example, found an average mass of 1 0 X O per lucid 
star (This refers to the total mass m space ) From a different theory of the 
distribution of stellar motions the wnterf found the total density near the sun 
to be " not much greater than ” 10 x O in a sphere of 5 parsocs radius The 
reason for these conclusions can be seen by various rough arguments The 
penod of orbital revolution in any sphere of uniform density 16 10" w is 
93 million years, a star attaining the moderate distance of 500 parsecs from 

* • Ap JvoL 65, p 314 
t * Monthly Notices,’ voL 76, p. 378. 

2 r 2 
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the centre of gravity of the system must traverse at least 2,000 parsec* in the 
penod , this requires an average speed of at least 21 km per seo , which is 
not far short of the average stellar speed Again, taking our star-olond to 
correspond roughly to a uniform sphere of 1,000 parsecs radius, we find that a 
star would acquire a speed of 66 km per sec m falling from the boundary to the 
centre The above distances (500 and 1,000 parsecs) are at any rate of the 
order of magnitude that we must ascribe to the average stellar orbit, the 
actual galactic system thins out considerably in a distance of 500 parsecs towards 
the galactic poles, but has very much greater extension m the galactic plane 
Hence for a density about 10-** there is general agreement between the required 
orbital velocities and the observed velocities of the stars , for a tenfold increase 
the figures would show a serious misfit, whilst a density J0 -n would require 
stellar velocities on about ten times the observed scale 
It is perhaps unprofitable to define a calculation which can only be a rough 
estimate of order of magnitude, but one further point may be mentioned 
Stars of very high velocity seem to be sharply differentiated from stars of 
moderate velocity, inasmuch as the former move almost exclusively towards 
one hemisphere of the sky * It is reasonable to assume that theso are not 
permanent members of our local cluster and have dropped into it from other 
clusters lying on one side Clearly there could be no such asymmetry in the 
motion of permanent members which describe orbits in the comparatively short 
period of 10® years The limit dividing the intruders from the permanent 
members should be the velocity of escape— 60\/3 = 115 km per sec for the 
above data The observed division is at about 70 km, per sec,, so that not 
much modification of the assumed data is required. 

The dynamical method does not enable us to set a lower limit to the density 
of interstellar matter Although a total mass rather greater than that of the 
recognised stars seems to suit the stellar velocities best, we cannot say definitely 
that the mass of the luoid stars is insufficient Moreover, there is an unknown 
addition required for dark stars and recognised nebulae Methods to be con¬ 
sidered later suggest a density about I0~ M ; but as it is more profitable to 
work with an upper limit we shall here consider a standard density of 10 
hydrogen atoms per cu cm or 1 60 10~ n 
4 To obtain an idea of the nature of this gas we calculate the order of magni¬ 
tude of the free path. For average atomio weight 20 and atomic radius 10~* cm. 
it would be 1 1.10*° km —about the diameter of the orbit of Neptune. The 
temperature of the interstellar gas will later be estimated at 10,000°, this gives 
* J H Oort,‘Bull Aitr Inst. Netherlands,' No. 23, 
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an average atomic velocity 3 2 km per soc and a duration of free path 110 
years. 

But it will be shown later that the material is ionised and the free path is 
shortened by the electrical forces between the ions. It will be typical of the 
actual conditions to take the atoms (of weight 20) doubly ionised, so that there 
is one free electron per cu cm An encounter is taken to correspond to a 
deflection of 90° or more The results are— 

Free path for ions * Length 10* km Duration 1 year 
Free path for electrons Length 5 2 10* km Duration 10 days 
An ion encounters and deflects an electron about once in 5 days 
The collisions are sufficiently frequent to ensure that the material is a genuine 
gas with a Maxwellian distribution of velocities and not a collection of particles 
describing astronomical orbits The gas has a definite temperature corre¬ 
sponding to the average kinetic energy of its ions and electrons We use the 
term temperature of material exclusn ely with this meaning, and without reference 
to internal degrees of freedom 

5 Another mode of estimating tho density is based on the general extent of 
the condensations observed m tho medium A diffuse nebula (luminous or 
dark) is regarded as a local condensation of the general cloud Even m theso 
condensations the density must still be extremely low, and the argument by 
which we shall find a temperature of 10,000° for diffuse matter applies equally 
to the nebulas—to the bright nebula at any rate Wo can therefore assume 
that the equilibrium of the nebula is isothermal and adopt a temperature of 
10,000° throughout 

The condensations must be more or less in equilibrium and the distribution 
of density should therefore conform roughly to the theory of an isothermal 
gas-sphere Let p„ be the central density, p the density at distance r from the 
centre, and let 

P = Pp«* (1) 

Then it can be shown that u satisfies the differential equation 


the solution of which 
represents r measured i 


tabulated by Emden (Gaskugeln, p 136) Here t 
i particular unit given by 


• The result for Ion* Is only rough, u » strict calculation Is difficult. 
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where ft =8 26.10 7 , p is the average molecular weight in terms of hydrogen 
and G the constant of gravitation 6 66.10"® Taking p=10,* and converting 
r from centimetres to parsecs, this gives 

r = (lO^po)-* * parsecs, (3) 

The diffuse nebulas will (if they are not rapidly growing or dissipating) shado 
off indefinitely into the general interstellar distribution We have therefore 
to ask ourselves the question, Taking an average point of space not disturbed 
by unusual proximity to any nebula, what will be the order of magnitude of 
its distance from the nearest nebulte 1 Several diffuse nebulso are supposed to 
be within about' 200 parsecs from the son, and I should judge that the answer 
is about 100 parsecs (This, of course, refers to reasonably oentral parts of the 
galactic system, the density of interstellar matter will no doubt fade away at 
the confines of the system ) 

By Emden’a table giving e" as a function of * we can find the density p at 
distance r for any assumed value of p 0 


Table I 



It will be seen that the value of p is nearly independent of p 0 f Owing to 
this independence nebulae of widely different central density (and correspond¬ 
ingly different scale of extension) oould all be in approximate equilibrium with 
the same interstellar medium 

By interpolation the density at 160 parsecs from the nearest nebula is 10"* 4 , 
and we therefore adopt this as typical of BDy ordinary region of interstellar 
space 

• Kj,forNa t ,p.- n 5, forC» +t p = 18 3 

t Hie CDriooi unsteadiness of the figures In th* last column is not due to roughness of the 
calculation. Keeping r fixed and regarding pa* a function id pt, p hu a maximum near 
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The law of decrease of density in the nebula itself is as follows - 
* => 0 1 2 3 5 7 10 

p/p„=l 0 85 0 56 0 36 0-13 0 06 0 024 

The semi-diameters of typical diffuse nebul® are reckoned to be 5-10 parsecs, 
so that this law of fading will represent the actual extension of these nebul® if 
the unit or z is about 1 parsei By (3) this gives the central density of a nebula 

Po - I® - " 

The determination should be fairly trustworthy and it is consistent with 
other knowledge of the densities of nebule If p 0 were much higher the mass 
a nebula of 5 parsecs extension would be too great and would cause high 
velocities of the stars attracted by it The mass is in any case far greater than 
that of the stars contained in the nebul®, this justifies our neglect of the 
attraction of the stars in applying the theory of the isothermal gas-sphere * 

We can deduce from (3) that the masses of the diffuse nebul® are proportional 
to their linear dimensions, and hence that the gravitational potential at corre¬ 
sponding points is the same for all 

Temperature of Space 

6 The total light received by us from the stars is estimated to be equivalent 
to about 1,000 first magnitude stars t Allowing an average correction to 
reduce visual magnitude of stars other than types F and G to bolometru magni¬ 
tude, the heat of the stars is equivalent to about 2,000 stars of bolometnc 
magnitude 1" 0 

A star of absolute bolometnc magnitude l 0 radiates 36 times as much heat 
as the sun or 1 37 10** ergs per sec At the standard distance of 10 parsecs 
(3 08 10 la cm ) this gives a flow of 1 15 10 -s ergs per sq cm per sec The 
energy-density at this distance is obtained by dividing by the velocity of 
propagation , hence the energy-density due to a star of apparent bolometnc 
magnitude 1* 0 is 3 8 10 l * ergs/cm * Multiplying by 2,000, the euergy- 
density of starlight is 

7 7 10~ w ergs/cm * 

* For this and other reasons the method does not apply to planetary nebul®, in which 

the main - W probably that of the central star A nohula of central density 10~** 

contains a mass 21,000 y O within 3 pareecs radlua and 43,000 x O within 10 parsecs 
radius 

f See, for example, 8. Chapman, ‘ Monthly Notices,’ vol 74, p *30 
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The corresponding effective temperature calculated from Stepho Stefan’s law 


3° 2 absolute 

In a normal region of space away from the preponderating influence of any 
one star this constitutes the whole field of radiation, and a black body will there 
take up a temperature 3° 2 in order that its emission may balance the radiation 
falling on it and absorbed by it This is sometimes called the temperature of 
space, and is in fact the temperature as registered by a black-bulb thermometer 
If, however, our test object is not a black body but a highly diffuse gas the 
corresponding “ temperature of space ” is entirely different 
It was pointed out by C Faby* that matter with strong selective absorption 
can rise to much higher temperature The following table will help to fix 
ideas Instead of the whole density of the radiation, we calculate the density 
of radiation of given wave-length X, and equate it to the density ut the same 
wavo-length of eqtuhbnum (black body) radiation of temperature T A 

Tablo II —Equivalent Temperatures of Interstellar Radiation f 

X T» 

600 A 4,707° 

2,000 1,750 

4,000 967 

6,000 b90 

A substance capable of absorbing and radiating only in wave-length 4,000 
would rise to temperature 907°, because at this temperature it is in equilibrium 
with the external field of radiation so far as X 4,000 is concerned This illus¬ 
tration is too abstract to be much of a practical guide J In general a number 
of varieties of interchange of energy between radiation and matter will be 
oocumng, each tendency to bring the matter to the temperature T* corre¬ 
sponding to the X concerned in the process We have to discuss carefully 
* 1 A*trophy" Jour vol 48, p 258 

t In this calculation 5 per oent of the radiation was taken to come from stars at 18,000°, 
10 per oent 12,000°, 20 por oent 8,000°, 40 per oent 5,000°, 28 per oent. 3,000°, the total 
density being takon at the round figure 10 " erga/om • 

4 Conversion of energy of excitation Into translatory energy can oocur by radiatlonleM 
processs a (auperoUetlc oolllaiona) We hare to assume that thle radiationless Interohangs 
is occurring in the ideal substance, so as to i ule out the objection that the temperature 957’ 
refers only to a particular internal degree of freedom and does not oorreapond with the 
temperature aa here defined 
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which process will gain the upper hand in controlling the temperature of diffuse 
matter in spaoe 

7 Energy is transferred from radiation to interstellar matter by the following 
processes — 

(1) Ionisation of atoms (photo-clectnc effect) 

(2) Continuous absorption during encounters of electrons with atoms (orbit 

switches) 

(3) Excitation of atoms (line absorption) 

(4) Scattering of free electrons 

The four converse processes transfer energy from matter to radiation 

We first show that processes (3) and (4) are negligible i oinparod with (1) In 
(3) an atom absorbs a quantum of energy, holds it for about 10~ 8 sec , and then 
re-radiatos it in one or several steps There is no transfer to kinetic energy of 
molecular motion and therefore no effect on the temperature of the material 
Tn denser gas this process can raise the temperature in the following way 
Sometimes before the 10 8 set has elapsed the excited atom meets an electron 
and an explosive collision results, the energy of excitation being thrown into the 
energy of rebound But at the density under consideration the atom meets an 
electron only once in five days, so that only one excitation in 10“ can lead to 
further consequences , m the remainder nothing is done with the energy, which 
is merely handed back to the radiation field Evidently excitation ennnot 
eompete with ionisation, for in ionisation a considerable fraction of every 
quantum absorbed goes straight into hinetie energy of motion of electrons 

A minute fraction of the energy absorbed m line-absorption passes directly 
into energy of thermal agitation, since an atom which is continually excited and 
relapsing receives a senes of impulses of radiation pressure ThiB kinetic 
energy is to tho excitation energy m the ratio of the mass of the quantum to twice 
the mass of the atom, say, 10 10 * It is evidently inefficacious compared with 
ionisation, although if it were acting alone it would ultimately bring the 
temperature to T A 

Process (4) is interesting bwause it is the only one which endeavours to 
estabbsh the low black-body temperature of 3° 2 The coefficient of scattering 
by free electrons is the same for all wave-lengths (until we approach y-ray 
wave-lengths), so that the interstellar radiation will act equivalently to equili¬ 
brium radiation of the same density and tend to set up the corresponding low 

* The momentum As/e of the quantum Imports to an atom of mu* H a velocity hv/ue 
and Hnetio energy infAc/nc)' The ratio of thia to A* it A»/e« i 2 m 
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temperature For energy-density 10“ w ergs per cu cm the amount flowing 
through 1 sq cm m a year is 10* erg* An electron offers a scattering obstruc¬ 
tion equal to six times its cross-section or 6 7 10"** sq cm Thus each free 
electron scatters 6 10" 18 ergs or 2 10"** units of momentum per year Even if 
the whole of this momentum were opposed to the motion of the electron >t 
would retard it no more than a millimetre per sec per annum There is no 
cumulative effect because within the year the electron will have been captured 
and its place taken by a refreshed electron 
Accordingly wo have only to consider the processes (1) and (2) which produce 
effects on an incomparably greater Beale 

For those who do not wish to follow the detailed discussion of these two 
processes in §| 8-11, I will give here an elementary explanation of why they 
lead to a very high temperature By ionisation electrons are being shot out 
of the atoms in all directions with considerable speed If nothing very important 
happens to them before they are recapturod they will constitute an electron gas 
with temperature determined by the mean energy of expulsion Now it is well 
known that in the photo-electnc effect the velocity of the expelled electrons 
depends on the quality and not on the intensity of the radiation , for a given 
source of light the velocity is the same whatever the distance from the source. 
Hence the temperature of our electron gas will be the same in the depths of 
space as m a region close up to a star ; distance diminishes tho rate of production 
of tho electron gas but not its temperature The beat of the electrons is con¬ 
tinually renewed so that the atoms are ultimately warmed up to tho samo tem¬ 
perature The high temperature of the interstellar medium is thus a typical 
quantum effect, the stellar radiation is extremely attenuated and its rate of 
activity is low, hut the quantum concentration remains, so that what it does do 
is done with unabated vigour 

ThU argument is subject to reservations If pushed to extreme length it 
would seem to signify that a single star could maintain the whole diffuse matter 
of the universe at high temperature As the treatment u difficult, consideration 
of this limitation u deferred to § 14 It is perhaps the weakest part of our 
theory that we are not able to show more decisively that the limit u satisfied in 
actual interstellar conditions It is this limit (depending ultimately on process 
(2)) which decides that as interstellar matter condenses it ceases to have a high 
temperature and tends towards the black-body temperature of space, the fall 
will begin at low densities long before processes (3) and (4) become significant 
fl By ths process of ionisation electrons are shot out from the atoms with 
high velocities Our first step is to calculate the “ initial temperature ” of the 
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expelled electrons -that is to say the temperature corresponding to the mean 
kinetic energy of projection 

To simplify the conditions no suppose that the stars are black bodies all of 
the same effective temperature T The interstellar radiation is then evenly 
diluted equilibrium radiation the energy density between v and v + dv being 


Cv*dv 


(1) 


where C is a constant very much smaller than the constant m Planck s law 

Suppose also that we arc concerned only with one ionisation potential v 0 (in 

frequency units) The ordinary law of continuous absorption for X rays is 
l oc v 5 (v > v 0 ) 

But as a precaution in applying this to longer wave lengths we shall adopt the 
more general law 

i x v * ' (v > v 0 ) (2) 

By (1) and (2) the absorption between v and v + dv can be set equal to 
C*v 

✓ 1) W 

and the number of quanta absorbed is then 
f Jv 

K‘(^ ’1) (4) 

Hence the average value of Av/RT of an absorbed quantum is 

hi _ r _*_ / r —__ (•>) 

RT Js^-l)/ U* 1 V-l) 


where x 0 — Av 0 /RT We shall be concerned only with values of r 0 so large that 
(«■ — 1) can be replaced by e‘ Hence 

IK' •WC*"*'* 

)-s/r 0 + s(s+l)/V- _ (6) 

Iji — (s + !)/■*«* +■ (* + 1) (* H l) *a 


If E is the average energy of < xpulsion and T 0 the initial temperature of the 
electrons we have 

’RT 0 E«Av-Av, 

so that by (3) 

n T/. 1 — 2 (a + 1 )//q + 3 (« + 1) (« + A)/Xo*-_. 

3 T l-(» + l)/^ + (. + l)(* + 2)/V~ 


(7) 
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Hence for large values of x 0 , T 0 is approximately | T, the next approximation 
being 

T.-=|t((1-5±1) (8) 

We notice that this result is quite independent of the degree of dilution of 
the radiation When there is no dilution there is thermodynamic equilibrium 
and the electrons must have the equilibrium temperature T , hence they must 
after expulsion increase m temperature from T 0 to T The secret is that the 
slowest electrons are quickly weeded out by capture, so that the averago energy 
rises So long as we oonaider the process (1) to be acting alone there will bo the 
same proportionate weeding out, and the temperature T will be attained 
irrespective of the dilution of the radiation But when there is dilution the 
process (2) must be reckoned with,* so that we cannot at present say more than 
that the process (1) gives a continually renewed supply of electrons with 
temperature near JT, with a tendency to rise automatically to T 
For T = 15,000°, RT — 0 86 volts There are no ionisation potentials of 
importance below 5 volts, so that x 0 is at least 6 and the approximation of 
setting (e* — 1) equal to «* is amply justified We shall show later that inter¬ 
stellar material is likely to be ionised down to 15 volts, giving j■„ = 18 Hence 
by (8) we may woll be content with the approxioiation T 0 — f T 
9 By the process (2), olr rather by its converse, the electrons lose energy 
during their period of freedom li this loss were rapid the average temperature 
of the free electrons might well be much below the initial temperature of |T 
No appreciable part of this loss can be recovered by a corresponding absorption 
because the density of the radiation is far below that required for equilibrium 
at the temperature w 0 or T The amount of the loss may be estimated by 
Kramer’s theory, this, although explicitly concerned with X-ray frequencies, 
appears to apply m principle to the analogous phenomena at lower frequencies 
If electrons, all of lonetio energy Av,, encounter ions the calculated classical 
spectrum arranged according to v is of uniform intensity, as Bhown by the lino 
AB in the diagram The ordinate PM at frequency Vj divides the spectrum 
into two parts, whioh we shall call a and (3 Spectrum a is emitted by the 
converse'of process (2), spectrum £ by the converse of (1), t.e., by capture of 
electrons Actually for electrons of uniform initial energy spectrum p breaks 
up into a bne spectrum, but that scarcely concerns ns here , in any case the 

* Process (2) acts also when there t* no dilution but m that cate the principle of separate 
balancing permit* u* to derive the temperature from any one prooeia (with it* oonvei*«) 
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lines will be spread out again by the diverse initial energies Let QPQ' be a 
rectangular hyperbola drawn through P with the co-ordinate axes as asymptotes 



We call tho portion of the spectrum Q'PMX spectrum y The intensity at any 
point of spectrum y is to that of spectrum (1 in the ratio vj/v Now if any 
electron radiates a quantum Av (v > Vj) only the part Avj comes from its energy 
of motion (The rest is due to its fall to a low potential in the capturing atom ) 
Hence if hv i is the average energy of the electrons m the diffuse matter— 
Spectrum 3 represents radiation emitted by electrons at capture 
Spectrum y represents kinetic energy of electrons preserved until capture and 
then radiated (along with the remainder of spectrum (}) 

Spectrum a represents energy radiated by electrons during their free life 
The ratio of tho energy y to the energy * is 

| ,<Jv = lo * V */ Vl ' 

where v 2 is the limit at which spectrum (i is finally cut off As the logarithm is 
involved it is unnecessary to fix v, accurately, but it corresponds roughly to 
the deepest level of capture, say, 10-20 volts Since is about 1 volt,* 
log v ,/v, is about 3 It follows that on the average an electron preserves 
three-quarters of its original energy until oapture, and the average energy 
during its lifetime is only about 12 per cent below its initial energy 
We cannot lay stress on precise figures Our mam conclusion is that the 
* The frequency ri corresponds to tho average temperature of the electron gas which we 
M* trying to determine But if, as a Aret guess, we take » very low we find the loss of initial 
temperature very small, so that for the next approximation », is to bo taken aa nearly 
corresponding to ths initial temperature. The subsequent approximations then rapidly 



electrons tend by process (1) to take up a temperature comparable with the 
effective temperature of the stars, and although there is sensible cooling by 
procoss (2) this does not affect the order of magnitude of the temperature 

One rather abstract point may be of interest I think there is nothing in the 
laws of thermodynamics to prevent the stars from warming up the interstellar 
medium far beyond their own effective temperatures For simplicity let the 
material be hydrogen, for which hv„—13 5 volta, and suppose that the spectral 
lines in the stellar reversing layer absorb all frequencies betwoen 13 0 and 18 5 
volts, the star having some clear stretches of continuous spectrum beyond 
Such a condition is improbable, but is not forbidden by any physical laws 
Then the electrons expelled by ionisation will all have energy greater than 5 volts 
and the corresponding initial temperature is above 38,000° It might be urged 
that this is because the “ effective temperature ” of the stars becomes mis¬ 
leading when there is so large a deviation from black-body radiation, but it 
must be noted that the postulated deviation is a deficit not an excess of 
ultra-violet light 

10 An explanation must be added as to the temperature of the atoms At 
present the position is that if oool material were placed m interstellar regions 
the electrons would take up a temperature of 10,000®, but the atoms would be 
practically undisturbed by the radiation The temperature of the electrons 
and atoms must, however, be equalised by the usual proocss of collisions The 
important point to notice is that the atoms follow the lead of the electrons and 
not vtce versa This is because the supply of hot electrons is continually renewed, 
whilst the low temperaturo of the atoms is merely an initial condition which 
gradually disappears The electron after handing over some of its energy to 
the cooler atoms goes back for more, the atoms receive the energy and have 
nowhere to dump it Thus the atoms increase in energy until on balance they 
receive no more from the electrons 

11 The effective temperatures of the stars range ordinarily from 3,000°, to 

at least 15,000°, and a few gtars (of O type) may extend to 25,000° or 30,000° 
In determining the initial temperature of the electrons very much greater 
weight must be given to radiation from the hottest sources, since this 
liberates more electrons in proportion to its intensity The thooretical weights 
are easily calculated from the theory of { 8, they are proportional to 
loV** (1 — ZxT 1 4- 2x,f* + ) The table shows the weight to be attributed 

to equal quantities of radiation from sources at temperatures given in the 
first column, according as the active ionisation potential u at 5, 10 or 15 
volta Pfobably the last column is nearest to the actual conditions 
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Table III —Weighting of Effective Temperature 



3,000° km 10 >■ 10 « 

0,000 0 OS 0 003 nr* 

9,000 0 4 0 08 0 016 

13,000 1 1 1 

18,000 IS 8 45 

*4,000 1 3 20 190 

Strictly speaking, the hotter sources should be weighted even more highly 
because the fastest electrons hove the longest free life 
Giving, then, due weight to the hottest stars, wo should find a temperature of 
the interstellar medium in the neighbourhood of 10,000 to 20,000° 

The radiation concerned in establishing this temperature is exclusively of 
frequency greater than Vo If, as we believe, v 0 is 15 volts, this means wave¬ 
length loss than 820 Angstroms The question arises whether it is reasonable 
to assume a black-body law of stellar radiation for a region of the spectrum so 
far beyond observable limits The latest observations Beem to Bhow that the 
sun obeys the black-body law fairly satisfactorily down to the observable limit 
at 3,000 A , but the observational verdict is not unanimous, and in any case 
it loaves a big gap to extrapolate E A Milne showed theoretically that the 
block-body law will be followed very closely bv stars if the absorption coefficient 
is independent of wave-length, but this rosult is discouraging rather than 
otherwise, because we should expect large increase of the absorption coefficient 
for short wave-lengths But the uncertainty from this cause is not so serious 
as we might at first suppose Increased absorption in the ultra-violet means 
that we see less deeply into the star in short wave-lengths , but at the very 
worst—if there is complete opacity m a thin layer at the surface—wo shall 
receive radiation corresponding to the surface temperature * The surface 
temperature is only 19 per cent less than tho eflectivo temperature 
I adopt generally 10,000°, which is probably rather too low even after full 
allowance is made for the above reduction of 19 per cent and for the reduction 
of 12 per cent due to process (2) 

It u curious to note that the sun’s radiation will cool the interstellar gas 
m its neighbourhood It does this by flooding the gas with comparatively 
slow-moving electrons 

• This may, howevor, be modified by absorption lines. 
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12 The usual equations giving the amount of ionisation in terms of tempera¬ 
ture and density are clearly inapplicable to the interstellar medium since 
the equilibrium radiation corresponding to the temperature is not present 
The radiation differs from equilibrium radiation m two ways (1) It is enor¬ 
mously diluted , (2) it comes from a number of sources at different temperatures 
We shall for the present ignore the second point and show how to deal with 
the dilution 

Assume then that the stars are all of effective temperature T and that the 
density of radiation between v and v -f dv is 
I (v, T) dv/8 

where I (v, T) is Planck's distribution function and 8 is the constant “ factor 
of dilution ” As shown in the previous section the temperature of the diffuse 
material will be roughly the same as T 
The degree of ionisation is determined by equatmg the number of captures 
of electrons to the number of expulsions Tho former ib proportional to the 
distribution density of the electrons and the latter to the density of the radiation 
concerned Hence if wo multiply electron density and radiation density 
by the same factor the condition determining the ionisation ib unaltered 
Multiply by 8 ro os to bring the radiation up to its equilibrium density , the 
usual equilibrium formula will then apply Hence we have the rule— 

The degree of ionisation of the interstellar gas with density p is the same 
as that of a gas with density p8 in thermodynamical equilibrium 
This ignores “ stimulated captures ” proportional to the electron density 
and radiation density jointly , but these are negligible in the conditions pre¬ 
vailing It also ignores ionisation of excited atoms—which may occur in the 
comparison gas but not to any extent in the interstellar gas But this only 
means that the simplest form of the ionisation formula (which negleots excita¬ 
tion) is more accurate for tho interstellar gas than for its usnal applications 
Equilibrium radiation at 10,000° has a density 76 ergs/cm * as compared 
with the density of interstellar radiation 7 • 7.10~ u found m §6 Hence 8 =■ 10 1 *, 
We should, however, allow for the fact that a large part of the interstellar 
radiation comes from G and K stars of low weight in regard to ionisation , 
so that to conform to the assumed average temperature of 10,000° I have 
adopted 

8 ■= 10 16 

Hence adopting p => 10 -M (§ 5) wc have 

p8*10*». 
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13 The ionisation-level i|/ 0 18 calculated from the equation 

RT 8 l AH'.* J 
where mis the mass of an electron, h Planck's constant, R Boltzmann’s constant, 
and P, the pressure of the electron gas Weight-factors, symmetry numbers, 
and minor complications depending on the particular type of atom are neglected , 
excitation is also neglected, but thin is justifiable since tj/ 0 /RT turns out to be 
large The factor 8 is introduced as explained in § 12, the density of the materia 
being involved in P, 

Electrons at an energy level 4> 0 are half ionised and half not For electrons 
of ionisation potential iji, the fraction ionised (x) is given by 

x/(l - x) - (2) 

Allowing one free electron to every 20 units of atomic weight (eg, Na + , 
Ca ++ , or Fe., , t ) we find— 

<fo/RT = 18 2 ^ = 15 7 volts 

There is an increase of 1 98 volts for each factor of 10 by which p8 is decreased. 
Uncertainties as to density and dilution factor are therefore of minor importance 
Changes in T make a considerable difference, between 5,000° and 20,000° 
y # changes nearly proportionately to T Hence i|f 0 may well be in error by 
± 6 volts 

14 In the foregoing discussions we have implicitly assumed that the inter¬ 
stellar medium is sufficiently transparent to the Bbort wave length radiation 
effective in ionisation This radiation is, however, absorbed in the process 
of expelling electrons, and our assumption implies that the rate of rocapture 
of electrons is so slow that the ionising radiation i an do what is necessary 
without itself being appreciably weakened This requires justification because 
most discussions of the transparency of space refer to visual light which is not 
subject to this form of absorption 

If the absorptiou coefficient were very high so that all ionising radiation 
were removed from starlight in the first few parse os of its track, we should have 
to reconsider the dilution factor 8 Our value 10> 6 was baaed on the observed 
visual intensity of starlight (1,000 first magnitude stars), but if the light has 
been robbed of its high frequency constituents 8 may be almost infinite 
This, however, greatly exaggerates the possible modification because there is 
% compensation, the ionising radiation removed from the direct Btellar beam 
will be restored as diffuse radiation of the sky Its energy is passod.on to u 
free eleotron which must ultimately be captured, and the capture will release 

2 a 
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a quantum of ionising radiation It is true that such absorption and 
re-emission, if it oc< urn m the immediate neighbourhood of a star, checks the 
outward flow by turning back some of the radiation on to the star itself, 
but when it occurs in regions where the star no longer subtends a considerable 
solid angle, the double process makes no difference to the density of radiation 
in space 

Owing to this compensation the absorption would warmly concern us 
were it not for process (2) This makes the average speed of electrons lower 
at capture than at expulsion, so that the emitted quanta are of lower frequency 
than those absorbed, and they will tend to expel electrons with less energy 
The first electron may thus ha\e a succession of lineal descendants starting 
oil with smaller and smaller energy In fact the loss by process (2) is not 
limited to the life of one electron, though it is not passed on from one free 
life to the next, it is transmitted from parent to offspring Wo have 
hitherto recognised only the one primary source of interstellar radiation— 
the direct radiation of the stars, radiation which haa been once absorbed 
and remitted will form a secondary source, radiation twice absorbed and 
re-emitted a tertiary source, and so on Presumably each successive source 
has a lower equivalent temperature We have assumed that these subsidiary 
sources are comparatively weak 

According to Kramer's theory the emission per oubic centimetre per socond 
between frequencies v and v + <fv is* 




3 Ilf «V 


where n and > are the numbers of electrons and ions per cubic centimetre, 
e, m, v the charge mass and mean speed of an electron, c the velocity of light, 
and te the effective charge of the ion The formula should be valid up to 
frequencies of 15 volts if the atoms are mostly ionised to that level 
For density 10" w we have roughly as *> 0 002 Taking z = 3, T = 10,000% 
the emission is 


10 -<l dv ergs/cm * sec 


(1) 


As already explained, the absorption is not exactly equal to the emission, 
but it will be of the same order of magnitude By Planck’s law the energy- 
density due to the stellar source* for T =* 10,000°, 8 = 10“ Av =«■ 10 volta, 
is found to be 


10"*® dv erg s/cm *, 

Set ‘ Monthly Notios*,’ voL 84, pp. UKW. 


(2) 
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so that the average free path of tht radiation is 10 u seconds or "> 000 light 
years 

If this result is right thi transparency is high enough to justify the treutment 
adopted in §§4 It But constienng the large uncertainties both of theory 
and data the margin is net very ample This contingency really requires 
much fuller investigation than 1 ha\o been ablo to tarry out but we shall 
presently see that the conclusion is supported by the transport ucy of the. bright 
nebulae 

It should bt noticed that for frtqutncits between 5 and l r > volts the medium 
has no regular abs rption ro flit lent in the ordinary sense of the term The 
absorption in eachiul it t entnnetre is Limited to about 10 4 ‘ civ ergs per second 
irrespective of the quantity of radiation flowing through it Accordingly 
in the neighbourhoo I of a star the absorption will be very small in comparison 
with the large amount of ra Iiation transmitted that is to say the absorption 
coefficient will be decrease I 

The absorption is proportional to ns and therefore to the square of the 
density Hence in a nebula it would be 10* times larger than in interstellar 
space In a bright nebula this will not lead to an unduly high absorption 
coefficient because the hot stars m tht nebula pro vide extra intensity of radiation 
that is to say the quantity (2) is consi lerably increased as well as the quantity 
(1) In fact we tan see immediately that a bright ntbula must be fairly 
transparent to radiation of energy 12 volts this is required to exuto the 
Balmer series Conversely we can argue from the actual transparency of 
the nebula that our result for interstellar space is not too high 

Applying the same calculation to a dark nebula the absorption would bo 
the same as in a bright nebula but the absorption coefficient much higher 
(10* times greater than in interstellar space) It is possible therefore that most 
of the radiation within the dark nebula has been many times absorbed and 
re-emitted The extended operation of prooesa (2) then comes luto play and 
the temperature both of the radiation and of the material may be compara 
tively low The high absorption coefficient has no reference to visual light 
ao that it does not afford an immediate explanation of the well known obscuring 
power of dark nebulas, but the consequential low temperature may play a 
part in the visual opacity (see {19) 


2 a 2 
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Part II—Astronomical Consequences 
Absorption Spectrum of Interstellar Matter 

18 Since excited atoms will be exceedingly rare the only absorption lines 
of considerable strength will be principal lines, t e , hues absorbed by the 
unexcited atom or ion 

We consider first the abundant elements sodium and calcium Na, Ca and 
Ca + all have principal lines in the observed part of the spectrum , but the 
more highly ionised atoms of these elements have none, and will be undetectable 

We shall adopt i|>o =* 20 volte, since thin gives a rather more favourable 
comparison with observation than the value 15 7 reached in | 13 This 
corresponds to a temperature of the interstellar medium about 12,000°, which 
is perhaps the most likely 

The first two ionisation potentials of sodium are 6 1 volts, 30-35 volts 
With T = 12,000°, RT — 1 03 volts Hence by § 13 (2) 

xj{ 1 — x) = 2 10* for the first ionisation 
= 10~* for the second ionisation 

Thus the sodium is nearly all Na + (which is undetectable), but there is one 
part in 2,000,000 of Na 

The first two ionisation potentials of calcium are 6 1 volts, 11 8 volt*. 
Hence 

xj( 1 — x) = 7 10* for the first ionisation 

■= 3 10* for the seoond ionisation 

The calcium is nearly all Ca ++ , but there is one part in 3,000 of Ca + , and 
one part in 2,000,000,000 of Ca 

Wo notice that there is much less un-ionised oaloium than sodium Ordinarily 
m thermodynamic equilibrium wo expect lees sodium because it has the lower 
ionisation potential The reversal hero found is not due to the departure 
from thermodynamical equilibrium, but to the extreme conditions of 
temperature and density which make the second ionisation potentials take 
a hand in the results * 

The terrestrial abundance of calcium is a little more than 1 per cant Assuming 
that this applies also to interstellar material, we shall have 10 - ** gm of Ca ++ 

* This explanation of the ooourrenee of noutral »odlum without neutral calcium is essen- 
tially the •tune u hu been advanced by R H Fowler and other*, the detailed figures will 
perhaps halp to make it convincing 
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and 3 10“*° gm of Ca + per cubic centimetre A column of 1 square centi¬ 
metre section and length 100 parsecs (3 10*° centimetres) will contain 10“° gm 
of Ca + 

The monochromatic absorption coefficient of Ca + is found from E A 
Milne’s investigation of the equilibrium of the calcium i hromosphere The 
result is l — 9 10 s The chief uncertainty arises from the assumed width 
of the lines, Milne adopts one Angstrom for the combined width of the H and K 
lines which is perhaps rather excessive for the rarefied atmosphere As the 
method determines the total absorption in the lines, k may be rather larger if they 
are concentrated into small width However, with k =~- 10* and 10"* gm of Ca + 
per 100 parsecs, the H and K light will be reduced 1/e or about one magnitude 
per 100 parsecs These lines should therefore appear in the spectrum of light 
which hag traversed more than 100 parsecs 

The proportion of neutral sodium is 1/2,000,000 against 1/3,000 for Ca+, 
so that it is relatively 700 times less abundant Sodium atoms are about 
three times as numerous terrestrially as calcium atoms, so that the figure may 
bo reduced to 200 I understand from R H Fowler that the monochromatic 
absorption coefficient for the O lines is not likely to bo greater than for the 
H and K hues Our calculation therefore suggests that the sodium spectrum 
will be very much weaker than the ionised calcium spectrum, on the other 
hand we shall find that the observations indicate no great difference m the 
intensity 

The gap is not closed up by any likely modification of T or +o. but it may be 
somewhat diminished if we take account of the diverse temperatures of the 
stars In substituting an average temperature we diminish the quantity of 
high frequency radiation and increase the low frequency radiation Table III 
shows that radiation at 12,000° and 24,000° produces nearly the same ionisation 
at 5 2 volts (Na), but ionisation in the ratio of 1 to 20 at 10 3 volts (roughly 
Ca + ). Our ionisation formula, $ 13 (1), assumes evenly diluted black-body 
radiation, and if allowance were made for the greater abundance of high 
frequencies we should obtain more double ionisation of calcium and less single 
ionisation of sodium. This correction will make the H and K absorption 
somewhat lees than stated above 

Evidently the intensity of neutral Ca is very much weaker and the spectrum 
will be undetectable within the limits of the stellar system 

I am not qualified to discuss other elements in detail, but I think that physicists 
have satisfied themselves that none will rival calcium and sodium Either 
the elements are lese abundant terrestrially or those ions which have principal 
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lines m the observable spectrum are absent for the same reason as neutral 
calcium * 

Fued Calcium and Sodium Lines 

16 In some spectroscopic binaries the H and K absorption lines do not 
partake of the orbital motion shown by the other hues Clearly these “ fixed 
lmes ” are not formed in the reversing layers of either component The D line 
also is sometimes stationary , but no other stationary lines have been found 

This fixed absorption might be produced either in a special cloud surrounding 
the binary system not connected with either component in particular, or in the 
general interstellar medium If the cloud is a special one permanently attached 
to the star the H and K velocity must be the same as that of the centre of 
mass of the binary An extensive investigation by J 8 Plaskettf has shown 
that m general the velocity differs Plaskett measured the ordinary radial 
velocity and the calcium velocity of 40 stars of types 0 to B3, and found 
often large differences ranging up to 40 km per second or more The sodium 
velocity agreed fairly closely with the calcium velocity Moreover, after correct¬ 
ing for solar motion the caloium velocity was reduced nearly to sero, whilst the 
stars often had large individual velocities The results were therefore incon¬ 
sistent with the hypothesis of separate clouds moving with the individual stan, 
but were consistent with the view that the absorption of the calcium and 
sodium linos occurs in a continuous cloud pervading the galactic system, 
nearly at rest relative to the mean of the stars snd with little (but not necossanly 
zero) relative portion of its parts 

This would have seemed to settle the whole question but for one grave 
difficulty The fixed lmes have not been found in any stars of type later than 
B3 If they are formed w interstellar space they should, of course, be present 
in all stars as distant as those used in Plaskett's investigation 

17 Undoubtedly the detection of fixed lines in stars later than B3 would be 
diffioult In B5 and later types Ca + oocurs in the reversing layer or chromo¬ 
sphere, so that true stellar lmes are formed which will mask the fixed lines 
unless there is a large difference of radial velocity From types F to M the H 
and K lmes of the star itself are so intense and broad that Bearch for the fixed 
fines is hopeless It must be remembered also that not many stan attain the 
high intrinsic luminosity of type* 0—B3, so that most of them axe ruled out 

* In the dissuasion on the lecture Ur. was mentioned ss a possibility According to 
C H. Payne the terrestrial abundance of strontium is 0 0066 per oent, against 1 6 per cent, 
lor calcium, so that it Is heavily handicapped. 

f * Monthly Notices,' vot 84, p 80; ‘ Pub Dom Obe Victoria,’ vo) 1. pp. 163 and 387 
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by insufficient distance The average radial velocity of types B5—B9 is 
exceptionally low, and it would be difficult to find stars with sufficient speed 
to separate the stellar and fixed lines The blending of the two sources of 
absorption has been observed m some spectroscopic binaries, that is to say, the 
blended H and K lines oscillate with the Bame period and phase as the pure 
stellar lines but with reduced amplitude * 

The failure to detect the lines in types later than HI is therefore to be explained 
in one of the three ways (1) masking by broad stellar lines , (2) insufficient 
radial velocity, (3) insufficient distance. The most difficult case is one given 
by Frost and Struve | The star 66 Endani, type B9, mag 5 2, is a spectro- 
soopic binary with a maximum relative velocity of the components amounting 
to 220 km per second There is therefore plenty of room for the fixed K line 
to appear between the stellar lines, but none are detectable The distance is 
probably about 100 parsecs (an estimate based on the probable absolute 
magnitude of a star of typo B9) We must presume then that this distance 
is insufficient to give detectable absorption 

Mention must be made of an alternative attempt to accouut for the association 
of fixed calcium with the hottest stars only It is suggested that the absorption 
although occurring tn the interstellar cloud is controlled by the hot star, the 
stellar radiation being required to ionise the calcium This is, of course, 
directly contrary to our conclusion in J 15 as to the state of ionisation of the 
medium, proximity to a very hot star would decrease the amount of Ca + 
by causing more double ionisation But a more direct objection is that the 
explanation clearly does not apply to the fixed sodium lines which are absorbed 
by neutral excited sodium 

It might also be suggested that the genera) cloud consists mainly of elements 
more primitive than sodium and calcium, and that these elements only occur 
in proximity to hot stars from which they are expelled by radiation pressure 
I do not see how a star moving through the cloud at, say, 30 km per second, 
con prepare a stationary smoke-screen ahead of it The " smoke ” cannot be 
so dense as the cloud (otherwise the motion would be that of the star not the 
cloud), and it therefore seems impossible that there should be enough stationary 
sodium near the star to produce the required absorption In any cose the 

* It has sometimes been supposed that this lndiootm » cloud surrounding the system 
which sways with ths motion of the heavier oompenent in the same phase but with enfeebled 
amplitude, but I do not know of any suggestion as to how such t motion could be produoed 
Pressor* offsets of ths motion of ths star would be transmitted with a phsse-lsg of weeks or 
months 


t « Ap. J.,' vol 60, p 813 
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absorption should be much more intense for receding stars than (or approaching 
stars , I do not think that any such correlation is shown m the observation*. 

Tho simple theory that the lines are produced by regular absorption m the 
interstellar cloud is supported by the investigation of ( 15, which shows that 
it is fairly satisfactory quantitatively We there found an H and K absorption 
of about 1" per 100 parsecs, but later decided that the estimate ought 
probably to bo reduced (In any case the uncertainties of tho calculation 
allow some elasticity ) If we make it 1* per 500 parsocs we escape the difficulty 
of 66 Endam Many of Plaskett's stars are distant 500-1,000 parsecs Some 
of the Orion stars which show the fired hues are much nearer, but these are 
in the Orion nebula and thoir light passes through denser material There 
is no need for so great a distance when the star is in or behind a diffuse nebula 

It is also in accordance with our theory that fixed sodium is not so often 
observed as fixed calcium, though the observed difference is scarcely so great 
as we should expect 

Scattering cf Light in Space 

18, The line absorption already investigated has insignificant effect on the 
observed brightness of the stars Continuous absorption is caused by— 

(1) Ionisation —This only concerns the invisible ultra-violet region far 
beyond the observable limit 

(2) Smtohes of Electrons at encounter with Atoms —Since an atom only meets 
an electron about once in five days its absorbing power by tbs method 
is exceedingly small 

There is more hope of effects being produced by scattering—especially 
electron scattering But with density 10" M and one electron for every 20 units 
of atomic weight, we have one free electron m 30 onbio centimetres, or 10~ 1 ' 
electrons per square centimetre per 100 parsecs, these altogether obstruct 
6 7 10"' square centimetres, that is to say, the scattering coefficient is— 

0 0000067 per 100 parsecs 

Thus the dimming of even the most distant stars is negligible 

The Rayleigh scattering by atoms and ions is much smaller We can see 
this by the following comparison The scattering coefficient of electrons m 
fully ionised matter is j, that is to say, 5 gm per square centimetre will reduce 
the radiation in the ratio 1/e or 1 magnitude We have above us 1,000 gm 
per square centimetre of atmosphere, so that if the atmosphere were fully 
ionised the light of a star overhead would be reduced 200 magnitudes, if 
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singly ionised the reduction would be H magnitudes The Rayleigh scattering 
for lona is practically the same as for neutral atoms, i e , the actual atmospheric 
scattering, this is much less than 1 magnitude We see therefore that in 
ionised material (even if singly ionised) the electron scattering is much greater 
than the ion scattering 

Accordingly it appears that ordinary regions of space will have nearly 
perfect transparency, and the usual assumption made in deducing the distance 
of remote objects is justified So far as we can see the only possible pitfall 
is the possible existence of quantities of meteoric matter 

The assumption that interstellar spooe is nearly transparent has usually 
been based on Shapley’s observation that the light of the stars from the most 
distant globular clusters is not appreciably reddened It is held that dimming 
without reddening is impossible (unless the obstruction is by solid meteoric 
particles of considerable sire) In our opinion this argument is fallacious.'*' 
since it applies ouly to un-iomsed gas, whereas interstellar gas must necessarily 
be ionised Electron scattering affects all optical wave-lengths equally and 
docs not redden the light, and we have seen that in ionised material it far out¬ 
weighs the Rayleigh scattering t 

19 One grave difficulty remains how are we to account for the obscuring 
power of the dark nebul® * We have seen that the density at the centre 
of these nebul® is about 10'*°, and indeed, apart from the theory of isothermal 
equilibrium, we are unable to attribute muob higher density without arriving 
at so high a mass as to disturb stellar velocities in the neighbourhood For 
density lO" 50 the scattering coefficient is 0 067 per 100 parsecs, so that a nebula 
of diameter 10 parsecs cannot appreciably obscure the stars The observed 
dimming in a typical case amounts to 2 magnitudes^ , it Beems impossible to 
strain the theoretical calculation bo as to give anything like so large an amount 
The only way of obtaining the obscuration with the maBS at our disposal is 
by taking it to be m the form of fine solid particles I have great reluotance 
(which is perhaps a prejudice) to admit meteoric matters of this kind in inter¬ 
stellar regions, but I cannot suggest an alternative 

* It wu perhaps justified at one time when interstellar matUr w«* pictured as a dust 
cloud, but seeing that the forms of matter in space actually known to us are nebulous gases 
and meteorlo masses, it is difficult to understand why the intermediate form of dust should 
be specially (elected for consideration 

f This was pointed out to me in 1923 by S Roiseland. 

t A Pannekock, • Proc Akad Amsterdam,’ vd 23, p 730 Pannekook points out the 
difficulty as to the mass, but he assumes only Rayleigh scattering The difficulty is reduced 
bat not eliminated bv introducing electron scattering 



448 A. 8 Eddington. 

It should be noticed that if we admit meteoric matter m order to explain 
the dark nebulie there ie no safeguard that other regions of the sky will be 
as transparent as is generally assumed 

[I was rather glad to find that my prejudice against meteoric matter was 
Bhared by others in the discussion on the lecture One suggestion offered 
was molecular absorption Jt is difficult to admit the existence of mole¬ 
cules in interstellar space because when once a molecule becomes dissociated 
there seems no chance of the atoms joining up again The atoms will by 
ionisation lose their valency electrons and consequently lose their power of 
chemical combination , in fact the resulting positive charges will tend to hold 
them apart 

If this seemingly fatal objection is overruled the calculations are not un¬ 
favourable to molet nlar absorption as the cause of tho opacity of dark nebulas 
The energy density of radiation in space (§ 6) corresponds to about one visual 
quantum in 3 cubic centimetre* At the centre of a nebula the density 10 50 
would provide about 50 molecules in 3 cubic centimetres, so that by a concerted 
effort the molecules could absorb fifty times over all the starlight lying about 
It is sufficient that each molecule should function once in 600 years , tbs will 
give complete extinction of all light in transit across the nebula once id 10 years, 
that is to say light traverses an average thickness of ten light years (3 parsecs) 
before absorption—roughly the required opacity The molecular absorption, 
if any, corresponds to dissociation and not to band spectrum, since band 
absorption m the usual region would presumably have been detected 
spectroscopically Consequently it is necessary that the molecule should be 
disrupted and reformed once in 500 years—not an extravagant demand, since 
atomic collisions in the nebula are much more frequent than in interstellar 
space (j 4) We can, in fact, safely allow a large proportion of the molecules 
to be idle 

On this hypothesis the absorption per unit volume is proportional to p', 
since it depends on the number of recombinations of pairs of constituents, 
the nebula is thus 10 s times more opaque than an ordinary region of space 
Further, the bright nebulae will be more transparent than dark nebulie, because 
the bright stars in the former dissociate the molecules by their radiation 

Possibly the way out of the difficulty lies in the suggestion at the end of 
g 14 that the temperature may be comparatively low in dark nebulae. 
According to that discussion tho temperature may well be bo low that <|i« 
falls below 5 volts In that case tbe atoms ore mostly un-iomsed, and there 
is no obstacle to the formation of molecules and consequent molecular 
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absorption But ought we not in that case to find some traces of band spcctr 
m stars which are ] artially dimmed by the nebula *] 


Accretion of bhttar Mass 


20 A star moving through the interstellar medium will sweep up the matter 
near its track It is important to estimate the amount of this accretion 
It seems necessary to distinguish the cases in which the teiouty of the star 
is greater than or less that the velocity of sound in the medium which is 
about 4 km per second Taking the < rdinary case m whu h the velot lty V 
of the star relative to the n t hum is greater than the velocity of soun 1 there 
can be no oompreasu nal wave travelling in front of the star and the (nly force 
affecting the gas as it flows to meet the star is the gravitational attraction of 
the star The mutual coll sions of tho particles have then no important effect 
and we neglect them in the following analysis * 

Consider a particle which w ull if un listurbcd ha\ e passed the star at distance 
a so that it* angular momentum is aV Let it be deflected so as to pass 
actually at distance d its velocity at nearest approach being V Then onser 
vation of energy and angular momentum gives 


Hence 


|V * - JV» a GM Id 

\d-\o 


d» 


20M 

VV 


(1) 


If we take d equal to the radius of the star a will give the radius of the circular 
cylinder swept by the star Vote that d may not be the ordinary radius of the 
star it must include coronal appen lages sufficiently dense to entangle passing 
atoms 

In practical cases 2GM/V*d is large hence with sufficient accuracy— 

o« = 2GM d/V* (2) 

and the rate of accretion of mass is 


“Jl = iw»Vp = 2*GMpd/V (S) 

p being the density t f the cloud (10 *•) 

* The collision* are between particles having the same general velocity apart from the 
•mall Individual velocities averaging about 3 km persoooiiA. If there were a compresslonal 
wave travelling In front of the star there would be collisions cl particle* of widely different 
motion many of the on coming particles would be arrested in their motion and drop towards 
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For the sun M = 2 10 33 , V = 2 10», d = 7 lO 10 Hence 

^ — 3 10 T gm per second. 
at 

Here only the ordinary solar radius is allowed for. and we may perhaps 
multiply by a factor 5 to allow for the catching power of the corona, or even 
a factor 50 on account of the zodiacal light But in any case the accretion 
is very much smaller than the sun’s loss of mass by radiation which amounts 
to 4 2 10>* gm per second 

It is dear also that the resistance offered by the medium is small The 
momentum of 30 tons per second at a relative velocity of 20 km per second 
cannot cause much stoppage, and at the present rate the sun’s mass will have 
disappeared bv Tadiation before there is a retardation of anything like a kilo¬ 
metre per second 

I have examined other stars but in no case does the accretion approach the 
loss of mass by radiation 

The complete cleaning up of apace can never be accomplished in this way 
The mass to be swept is about the same as the mass of the stars, and since these 
lose mass faster than they sweep it they cannot live long enough to complete 
their task This disposes of a possible argument that a diffuse cloud in space 
is inconsistent with the cleaning activities of the stars 

21 In the thiokost part of a diffuse nebula the density is 10,000 times 
greater than in ordinary regions, and it is possible that accretion may counter¬ 
balance radiation of mass This balance is of no serious interest if it is merely 
a temporary arrest of evolution of a star whilst passing through the nebula, 
but it may be of great importance for stars which are permanently in the 
nebula The latter must necessarily be moving slowly relative to the nebulous 
material (the only motion being orbital motion under the attraction of the 
mass of the nebula) The slow velocity helps the accretion of mass m accordance 
with J 20 (3) I suppose that when the velocity is less than the velocity of 
sound the accretion changes (perhaps diaconttnuoualy) to a much greater rate , 
but I have not been able to tackle this problem analytically 

It seems likely therefore that for slow moving stare m nebula evolution 
by change of mass is arrested or even reversed A star so situated would 
perhaps grow m mass until it reached a determinate sue for which the rate of 
radiation of mass overtook the rate of accretion. I suggest that the association 
of the massive B stare with nebul® and with low individual velocity is due 
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to this cause * It will be seen that this inverts the usual idea that the high 
mass it somehow responsible for the low velocity, it is the low velocity 
(coupled with other conditions) which is responsible for the high mass 
The orbital velocity within a nebula is easily calculated from the theory 
of the isothermal gas-sphere (§5) If V is the velocity in a circular orbit at 
distance r from the centre, 



where t = P/p, P being the pressure | If V is the velocity of sound, we have 

U*-f- = $*, 

P 

so that 



The following values of - s dujdz arc found from Emden’s Table — 
z= l 2 3 4 5 

- * dujdz = U 304 0 946 1 55 1 98 2 24 

V/U - 0 33 0 75 0 99 1 08 1 16 

Referring to the corresponding table of densities in $ 6 we see that the circular 
velocity of a star is less than the velocity of sound in any part of the nebula 
where the density has not fallen below one-third of the central density The 
velocities of stars in the conspicuous part of the nebula should, therefore, 
not exceed 4 km per second 

It may be objected that the velocities of B-type stars, although small, 
average considerably more than 4 km per second But the average includes 
some accidental B stars which have no relation to nebulae Moreover, the 
4 km per second refers to motion relative to the nebula, and the nebula is 
not necessarily devoid of individual velocity 

Evolution of Nebulous Condensations 

The isothermal equilibrium of nebulous condensations has been considered 
m | 5 for tho purpose of estimating the density of mtcrsteJlar mattor The 
mathematical results ate so curious that I can scarcely refrain from following 
them a little further—if only as an abstract problem It is obvious that 
* This Is not intended to over rule another oause of association, viz., that the hot B-type 
stars cause the nebula to shine and so become recognisable 
t Acquaintance with Emden's discussion (foe o*C) is hers prssumed 
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an actual irregular nebula cvidtntlv distorted by conflicting aureate is very 
crudely Teprisented by a static syhmcal distribution and th< representation 
was only intended to furnish a rough estimate of the scale of the cowli nsations— 
it being pri sumc 1 that the prt ssures an 1 gravitation pot< ntials must be of 
the same order of magnitu le in irr gular as in symmetrical listnbution But 
it happens that the problem of sj hinetl ton lensations admits of untxpectodly 
definite levelopment I <oull scarcely justify an expectation that the more 
remote conclusions will be appli abl to thi actual universe howev r they 
will be given here as they follow from the idealise l premises 

In $ 0 we assumed an average separation of the nebula? such that a random 
point might be expected tf 1 e 150 parsecs fr >m the near*at m hula and then 
deluced a lonsil) 10 M at sui U a point A theory of evolution of the condensa 
tions should proceed in tht reverse hrtrtion Ateordingly we first assume 
a continuous medium of density 110 * and examine how it will begin to 
condense (1 his primitive density is chosen higher than 10 °* because the normal 
regions will be drained of matter m order to fi rm the condensations ) We 
assume as before T 10 0000° and p —10 this means that we do not go 
quite back to the beginning of things since some stars must already have been 
evolved in order to produce the high temperature and ionisation 

Nu finite isothermal mass can be m equilibrium it seeks ultimately to diffuse 
away to infinity We postulate that our medium as a whole hangs together 
whilst the condensations are proceeding either because the transfer of mass 
over great distances takes time or because the temperature falls off towards 
the boundary where no stars exist or because spaoe is ourved etc Obviously 
condensations will occur if they can because they dimmish the potential energy 
We suppose a number of condensations to start and these being on a compara 
tavely small scale will stme to settle down to an equilibrium isothermal 
distribution 

We might suppose that such a condensation if given the chance would draw 
in matter without limit and mcrease indefinitely but curiously enough this 
ib not so No mass is drawn in from outside a sphere of radius R where R 
cannot be greater than 158 parsecs or less than 136 parsecs If during the 
growth of the condensation matter has flowed m from beyond R it will be found 
out again when the equihbnum pressure is finally established Naturally 
it will then go to augment other condensations or form the nucleus of a fresh 
condensation We can picture a long process of trial and error' occurring 
before all the condensations are happily settled with no matter left homeless 
We can Readily understand how the nebule become distorted mto irregular forms 



Diffuse Matter m Interstellar Spacf 


453 


as the superfluous matter is bandied from one to another condensations will 
start only to find that other condensations havo mtersei te 1 their sphere and 
are draining awav the matter 

The limits 158 and 136 parsecs are found in Table IV 


Tabic IV 



3 10 •** 3 0 5t«2 5 8 in «* 0 024 2 00 10 « 12' 0 021 

10 1 o 07rwj | 4 o in ■ ii mi ) ns | irs o iso 

30 0 QOHM 4 3 in ■ 1 208 O 81 144 | 0 31A 


AO ill 00230 l)l)i 0 261 O N) 1 138 0 3211 

100 0 OOOAf J I 6 4 l) 0 73B 0 95 13C 0 215 

I 200 0 0000052 4 11 10 ” 2 14 1 00 140 0 252 

j 1 000 jo 00000613 | 4 9 1 M» | * 00 1 00 1 111 0 237 

The table is calculated as follows Since R is th< ra lius of the sphere such 
that no mass has entered or left the mean density p within R is the original 
density of the uniform medium If * and « correspon l to R it is easily shown 
that p/pn = I dujz dz and this quantity is accordingly computed from Lmden s 
table Hence for a sern s of assumed values of 2 we obtain the values of p 0 
tabulated-—indicating different digreea of condensation The actual density 
p* at distance R is given by p* = pot* As before * — (10®° p 0 )* r the factor 
depending only on the temperature and molecular weight r is measured in 
parsecs is nice the tabulated value of * refers to r — R wo can determine K 
The last column will be explained presently 
The fluctuations of R down the column are quite real and a more extended 
table shows that the maxima and minima occur very close to * = 10 100 
1 000* thus the hunts are 158 and 136 parsecs as stated (The first entry 
giving R less than 136 can scarcely be called a nebulous condensation since 
the density at the centre has only been increased twofold ) \\ e can thus fix 
very accurately the average separation of the condensations since matter 
lying outside the sphere of one must find its way into another condensation 
in the final equilibrium Of course some compromise must l>e effected in 
the packing together of the spheres of condensation 
The radius and mean density being given we can calculate the total mass 
M of the condensation The limits are 470 000 and 730 000 times the sun s 
mass Thu sets a limit to the number of stars which can form a star cluster 
If I am right in believing that the masses of the stars when first formed are 
* Prssumably the tenet oontmue* with rapidly decreeing amplitude of oscillation. 
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generally about 3x0, the number can scarcely exceed 100,000, for presumably 
only the denser oentral part of the nebula will tend to break up into stars * 
We ask next whether there is any preference for one degree of concentration 
rather than another Tho medium will tend to distribute itself so as to have 
the lowest possible potential energy Let fii be the negative potential energy 
of the mass M of the condensation (conaidered as isolated), and A, its original 
negative potential energy when m the form of a uniform sphere The mutual 
energy in respect of surrounding material will be the same for both The 
decrease of energy is then fl — Aj — Ag As the different forms of con¬ 
densation have different masses we must compare the values of fl/M 1 find 
that— 



The values (omitting the constant factor 3*) are tabulated in the last column 
of Table IV The maximum occurs very near to the value z — 60, and we 
suppose accordingly that this form of condensation will ultimately tend to 
prevail The unit of z is then 2 75 parsecs, and referring to the law of decrease 
of density already given in | 5, the density falls to one third of the oentral 
value in 8 parsecs and to uV in 20 parsecs This is more or less the typical 
extension of diffuse nebule, but 1 should judge that it rather exaggerates 
their size 

In applying these results to the actual universe we must allow for considerable 
dissimilarity from tho idealised conditions and not lay too much stress on small 
differences of fl/M The inference which I would draw is that condensations 
will have a strong tendency to deepen to a form corresponding to about * = 00, 
since this gives large reduction of ehergy, but they do not tend to deepen 
indefinitely There is limits which should be at * = 00 according to the idealised 
calculation but is probably nearer z — 100 in actual conditions—beyond which 
there is no advantage as regards energy 

We naturally proceed to discuss sub-condensations formed m the primary 
condensation Tho problem is the same except that we have to start with a 
density, say, 10* times greater This makes the linear scale 10* times smaller, 
so that the sub-condensations dram spheres of radius 1 38 parsecs and have a 
mass 4700 x 0 The distance would do well enough for the average separation 
of the stars, but the mass is altogether too high 

• If in accordance with later conclusions we take the form for t ■=■ 100, one-sixth of the 
whole mas* la oonoeotxated within a sphere of 18 parsec* radian 
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The failure w not surprising when wo romeraber that the predicted density 
at the centre of the sub-condensations would be about 10~ 17 , and the conditions 
have become altogether different from those of diffuse matter at density 10 24 
In particular the temperature will fall and the matter cease to be ionised as 
explained m § 14 It would not be extravagant to adopt T -= 500°, (i = 50 
Then * would be reduced to 1/100th, the linear Rcale reduced to 1 /10th, and 
the masses of the condensations rtduied to l/1000th We should thus have 
stars of mass 4 7x0 and average separation 0 14 parsecs , the separation 
is not too small for stars supposed to be formed in a dense cluster But these 
figures are of no real important e because the isothermal thoory has evidently 
collapsed for the sub-condensations I remain of the opinion that I have 
long advocated, namely, that it is radiation pressure which finally settles 
the masses of the stars 

The steps in the formation of a star would seem to bo somtwbat as follows 
As the density of the sub condensation increases, its centre becomes opnquo 
to ionising radiation and the temperature falls, probably to a very low value 
This brings about opacity to visual radiation, even if the theoretical reason 
is doubtful, we can refer to the observational evidence of the visual opacity 
of dark nebula) Consequently, although now of low temperature, the matter 
has the potentiality of ruing to high temperature because it can retain heat 
generated within it by contraction By the time it has again reachod 10,000° 
a great increase of density will have occurred and there is no danger of losing 
its opacity An important phase is reached when the density is great enough 
to intercept and scatter penetrating radiation from sub-atomio process,» and 
so secure an additional supply of heat We have deemed this source unimportant 
m the nebulae and in the general interstellar medium, since the sub-atomic 
energy hborated in them will escape in the unutilisable form of penetrating 
radiation Without attempting to follow the steps m detail we may note the 
following points — 

(1) The above development refers to a small area in the condensation and 
proceeds comparatively rapidly or perhaps catastrophically , its evolution 
breaks away from that of the condensation as a whole (It takes about 
200,000 years for a pressure wave to traverse the whole condensation ) 

(2) As soon os the opacity is sufficient to secure radiative equilibrium 
radiation pressure becomes important Owing to the high molecular weight 
this keeps the mass very low at first (well below the sun’s mass), but afterwards 
as the internal temperature rises and intense ionisation occurs more is allowed 
to accumulate 
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I can scarcely hope that in this study of diffuse interstellar matter all the 
essential elements have been recognised and taken into consideration So 
biff a subject can only be attacked piecemeal I hope that the lecture, 
however incomplete will help to fix ideas as to some of the features of the 
problem 


The Continuous Spectrum of Mercury Vapour in relation to the 
Resonance Line 2536 52 
By Lord Ravleioh, FRS 
(Received Maj 28,1926) 

[Plat* 8] 

In a former paper* it was shown that the continuous spectrum of mercury 
vapour started as nearly as could be observed from the resonance line 2536 52 
IS—lp„ and stretched without intermission from that point to the green region, 
where it is most conspicuous This spectrum was obtained by allowing the 
glowing mercury vapour distilled from the arc to mature by passing it through 
a long tube , or alternatively by the discharge of an induction coil through 
mercury vapour which was distilling continuously from the mercury surface, 
used as cathode of a wide discharge tube The effect is shown in No I, 
Plate 8, reproduced for convenience of reference from that paper 

It can hardly be doubted that the continuous spectrum is intimately 
associated m some way with the resonance line 18— lp t For instance, resonant 
excitation by the light of this line excites the continuous spectrum as well; 
m the distillation experiment this line and the continuous spectrum together 
become more prominent relative to all other lines as the luminous vapour 
matures, and the excitation potential appears to be nearly or exactly the 
same for each t 

To help in elucidating the nature and origin of the continuous speotrum, it 
is evidently important to determine, as exactly as possible, the position of its 
limit near the line 2536 52 This and other kmdred question* are discussed 
m the present paper 

* * Boy. Soc Proo A, vol 108, p *88 (11*25). 
t Grotrian, * Zslt. f Phjs vol 6, p. 148 (K21), 
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When the continuous spectrum was obtained in either of the ways mentioned, 
the line 2530 52 was exceedingly strong in comparison with the continuous 
spectrum and the other senes lines The blur of photographic over-exposure 
surrounding this line made it impossible to examine the exact position of the 
limit. A method was therefore sought for getting the continuous spectrum 
without the line, and it was found in fluorescent exutation of the vapour 
by the aluminium spark The spectrum got in this way has already been 
studied by Wood and others,* but these authors do not seem to have recognised 
that the strong patches of continuous spectrum around X 3340 and X 4550 were 
in reality only the most intense regions of a spectrum, reaching from the red 
to a point very near X 2536 52 Thus the connection of X 2530 52 with the 
visible continuous spectrum was not apparent, and their attention was not 
concentrated on the question here proposed The distribution of mtensity 
in this spectrum is in fact somewhat as in the figure, when heights above the 

C 

_L 

l 

base line roughly represent intensities With reduoed intensity (and in work 
of this kind, lack of mtensity is always the difficulty) the portions a b c appear 
detaohed, and c may itself simulate the line 2536 62, particularly if the experi¬ 
menter succumbs to the temptation to use a wide slit There is a further 
complication due to the band 2540 to be presently discussed 
Van der Lmgen and Wood (loo nt ) used a silica bulb containing mercury, 
but exhausted of air, and examined the fluorescence excited by the aluminium 
spark at various vapour densities lu accordance with the earlier observations 
of Wood, they found an emission line at X 2536 52 when the temperature and, 
consequently, the vapour density was low, but it faded out at higher tem¬ 
peratures My own experience was similar At low densities it is necessary 
to be very careful to avoid discharges m the exhausted bulb by electrostatic 
induction from the spark and its connecting wires, if the spectrum of the fluores¬ 
cence is to be examined I believe, however, that this was satisfactorily 
achieved, and that there is no doubt that the appearance of 2536 52 at low 

* For retersooea see a paper by V»a der Liageu and Wood, ‘ Astrophysioal Jvol 
54, p. 148 (1811). 
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densities under the aluminium spark was genuine, thus confirming the con¬ 
clusion of Van der Lingen and Wood 

The results of the present investigation will best be described by reference 
to Plate 8 The photographs II-V wi re obtained by means of a Hilger quarts 
spectrograph of medium size, giving a dispersion of 0 12 mm per Angstrbm 
m this region They are enlarged 8 times 

II is a photograph of the fluorescent light of mercury vapour in an exhausted 
silica bulb under the aluminium spark The temperature was raised to the 
point when the green fluorescent light was confined to a few nun thickness 
of the vapour representing the stratum in which the effective radiation was 
absorlied The spectrograph was pointed in a direction at right angles to the 
incident light, and the exposure was about 50 hours The comparison spectrum 
was from a mercury v apour discharge tube It shows the resonance line 2586 52 
IS -1 p t , and another senes line 2634 77 These lines, one or both 

of which appear on all the photographs II to V, have been used to place them m 
register by means of the ink lines ruled on the mount In the central strip 
of II we see a continuous band ended abruptly to the left at wave length 

2535 0, and shading off indefinitely to the right (longer wave-lengths) Accord¬ 
ing to tho view hero taken, this is the continuous spectrum shown in photograph 
I The complete range of spectrum of the fluorescent light of the aluminium 
spark (not shown) shows nearly the same distribution of intensity as the flguro 
already given with the characteristic feature of beginning near 2836 52 The 
comparison along the whole range of spectrum from this point is somewhat 
embarrassed by the unavoidable presence of aluminium lines due to stray 
light from the spark, and also probably to a little continuous spectrum from 
the same source, which seems to mako the fluorescent spectrum relatively 
more intense in the visual region But, upon the whole, the comparison 
seems clearly to bear out tho identity of the two spectra In particular, the 
characteristic broad maximum at about X 3340, symmetrically situated 
between the mercury lines 3132 and 3650, appears in each 

Accepting this identification, we have now to scrutinise closely the region 
of thia continuous spectrum near the resonance line 2536 52 as shown in 
photograph II There are two dark lines or bands seen by reversal on the 
continuous background One of these is the reversal of the resonance line itself 

2536 52 We should expect this since much of the light emerges through a 
layer of some thickness, and we know that 2636 52 appears as a strong ab¬ 
sorption lino of mercury vapour m its normal state If, therefore, this line ib 
not excited to emission, we should expect it to appear in absorption, as observed. 
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The second dark line is at wave length ‘2540. Absorption by mercury vapour 
at this point has alroody been noted by Stork and Wendt,* though their re¬ 
production does not show it bo clearly as the present photograph should do, 
if successfully reproduced 

This absorption band represents the reversal of the emission band known m 
the literature as 2539 or 2540 

The other bright lines seen to the right in photograph II ore due to stray 
light from the aluminium spark 

There is a point in connection with this photograph requiring further dis¬ 
cussion It refers to the last feature on the left, According to the inter¬ 
pretation adopted, this is merely a strip of continuous spectrum limited on the 
left by the end of this continuous spectrum at 2535 9, and on the nght by the 
absorption line 2536 52 But, alternatively, it might be suggested that this 
feature is itself an emission line Though it is difficult absolutely to disprove 
this suggestion, yet there is nothing to favour it No line can be detected at 
this position m the exciting spark, nor has it ever been suggested that such a 
line forms part of the spectrum of mercury or fits in with its senes relations 

Photograph III shows tile fluorescent spectrum of mercury vapour under the 
aluminium spark, the vapour being at lower density than m II Before taking 
it, tho flame which kept the silica bulb hot was considerably lowered The 
green fluorescence then expanded from the wall near the spark to fill the whole 
bulb, and became fainter, until only just visible Under those circumstances 
the line 2636 52 and tho band 2540, instead of being darken a bright ground, 
are seen bright on a dark ground No other mercury line came out Aluminium 
lines are seen to the right as m II 

IV shows much the same features as III, but in this case the excitation is 
by taking the induction cod discharge directly through somewhat dense mercury 
vapour, distdlmg up from a mercury surface The conditions are in fact tho 
same asm I, but the exposure is adjusted to bring out the details near 2535 52, 
and is not strong enough to bring out the continuous background to the nght 
of this line, which reaches over the whole spectrum, os in I The features 
brought out in IV are 2536 52, the band 2540, and the line 2534 77, all in 
emission 

V is the absorption spectrum of mercury vapour, taken through a layer 
6 cm in length The vapour was at atmospheric pressure, but it filled the 
vessel to the exclusion of air The source of light was a cadmium spark, and 
the strong line to the nght is the cadmium line 2573 This is a repetition of 

* *Phys. Zeit ,* vd. 14, p. 567 (IBIS) 
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one of R W Wood* early Experiment*,* It is introduced here to show that 
the continuous emission spectrum seen in I and II appears in absorption if 
the quantity of mercury vapour u large enough The sharp limit mi the short 
wave length side was measured as 2536 5 in the absorption spectrum (V) and 
2535 9 m the emission spectrum (II) and may be considered to be the same 
in each as nearly as it is possible to regard it os definite The exact hmit 
has of course no meaning without fuller definition which would require a 
consideration of the intensity as a function of wave length for it is not to be 
supposed that the apparent discontinuity of intensity would survive a close 
enough examination The apparent position of the limit doul ties* depends 
to some extent on intensity and length of photographic exposure 

It may be objected that the absorption does not extend throughout the 
spectrum into the visual region as does the continuous emission shown m I 
We must remember however that a feeble absorption is not bo easily brought 
into evidence as a feeble emission The former can only become apparent if 
we have a satisfactorily uniform bright background on which to observe it and 
even then it will not be very conspicuous unless we can bring up the absorption 
to at least 20 per cent of the incident light In the case of emission there 
is no limitation of this kind Long exposure can compensate for feeble intensity 

In some of Wood s absorption experiments with dense vapour the absorption 
is as a matter of fact brought to aa much as 420 Angstroms towards the visual 
region to wave length 2950 Photograph I it must be admitted would 
lead us to expect that absorption would be more conspicuous in the region 
near the mercury Une 3341 than it is observed to be if the absorption were 
an exact counterpart of the emission 

Another point to be noticed is that the emission of 2536 52 and 2540 shown 
m III and IV do not agree very closely m position with the absorption or 
reversal of these feature* shown in IT Indeed if we confine ourselves for the 
moment to II alone the absorption line which has been taken to represent the 
reversal of 2636 52 will be seen to be decidedly displaced to the less refrangible 
side of this line aa seen in the comparison spectrum Thu m»y be due to a 
slight development of the phenomenon seen in V Again the emission of 
2540 m m and IV may be apparently somewhat displaced to the left by super 
position cm a bright background shading off to the right, as m II In any 
case, these are residual phenomena which may be left few further investigation 


FhH Hag vat 18, p, M0 (1909} 
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Summary 

Thi* paper discusses the various features of the mercury spectrum in the 
neighbourhood (4 the tesonanoe line 2556 52 IS—lp* and in particular the 
relation of this hue to the continuous spectrum extending over the whole 
region from near this point to the green and even into the red 
The continuous spectrum can bo produced without the resonance line by 
fluorescent excitation with the aluminium spark as originally observed by 
Wood Under these conditions it is found that the continuous spectrum ends 
at 2635 0 thus about 0 6 Angstrdm on the short wave length side of the 
resonance line In this case the resonance line appears dark on the continuous 
background The band at 2540 also appears sharply reversed on this 
background 

The same continuous spectrum can be obtained in absorption In this case 
the measured limit was 2530 5 thus 1 Angstrom on the short wave length side 
of the resonance line But with a diminished quantity of absorbing vapour 
the limit would probably be at the same position as for the emission spectrum 
By lowering the density of the vapour the spectrum in this region with 
aluminium spark excitation is completely reversed the resonance line 2536 62 
and the band 2640 now appearing bright on a comparatively dark back 
ground The same effect is obtained by eleetno discharge m fairly dense 
vapour if the exposure is not too heavy Reproductions of the various 
spectra accompany the paper 

DESCRIPTION OF PLATE 8 

I Spectrum cl induction coil discharge In fairly dense mercury vapour Note the oon 

tmuous spectrum from near the line 2536 52 (marked 2537) 

II Enlarged speotrum of fairly dense mercury vapour exalted to fluorescence by aluminium 
spark Note continuous spectrum from 2535 5 on 2536 52 and the band 2640 appear 
dark upon it as a bright background 

III The same with lowered density of mercury vapour The line 2536 52 end the bend 
2540 now appeer in emission 

IV Dense mercury vapour under electrio discharge of induction ooii Same features as 

mill. 

V Absorption spectrum of 8 cm of mercury vapour at 760 tnm pressure Shows the 
same continuous spectrum as II m absorption. Cadmium spark used u source This 
is the origin at the strong line 2573 
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The Alkalt Perchlorate* and a New Principle concerning the 
Measurement of Space-lattice Cells 
BjA E H Tptton, M A, D Sc , F R 8 
(Rooeived April 29, 1926 ) 

The perchlorates ol potassium and ammonium, KC10 4 and NH 4 C10 4 , were 
investigated crystaliographically first by Mitscherlich* in the year 1832, then 
more extensively by Grothf in 1868, and later still more fully, m 1907, by 
T V Barker^ in Oxford, who also included the perchlorates of rubidium and 
csesium, Rb010 4 and CbC 10 4 in his investigations The scope of all this work, 
however, only extended to the morphological charactt rs, no optical properties 
or constants having been dealt with, except as regards some very roughly 
approximate data given by Grotb for the potassium and ammonium salts, 
which, moreover, in the case of the potassium salt, has proved to be erroneous 
The optical investigation of these salts is rendered exceptionally difficult by 
the fact that only very small crystals can be obtained , especially is this true 
of the three metallic salts, the largest obtainable crystals rarely reaching the 
size of a small pin’s head and the most perfectly developed ones being only 
half that size The author has long considered it a matter of special importance 
that the optics of these alkali perchlorates should, if possible, be thoroughly 
worked out, and recent developments of the X-ray study of crystals, connecting 
structure with refraction, have rendered this all the more desirable Such au 
investigation has, therefore, been attempted, and happily with complete 
success, although it has proved the most difficult one ever undertaken by the 
author For reasons which will be clear from what follows, a complete 
remeasurement of the crystals of all four salts has also been made, with most 
satisfactory confirmation of the results of Barker, and extension of them to 
further important angles and a new “ setting ” The densities of the crystals 
as determined by Barker required no revision, as they were obtained, 
obviously with particular care, by the author’s mode of carrying out the 
Retgers immersion method, using a mixture of methylene iodide and toluene 
as the immersion liquid 

• E Mitsoherlick, ‘ Pogg Ann. d Pbys,’ vol 25, pp 2m. 900 (ISM) 

t P von Groth, ‘ Pogg Ann. d, Phys roL ISS, p. 213 (1808), ' Ohwn Kryst\ol 2, 
pp. 1ST, 1,73 (1008). 

t T V Barker, 1 Zeitsohr fUr Krynt,’ vo! 49, p 529 (1907), and vol 45, p 17 (1008) 
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Three outstanding results arose from the work of Barker Firstly it was 
shown that potassium rubidium and emsium perchlorates form a eutroj ically 
laomorphous senes of orthorhombic salts resembling in this n spect the sulphates 
and selenates of these same three metals studied by the author and the alkali 
permanganates studied by Muthmann * Secondly ammonium perchlorate 
proved to be closely isostructural with rubidium perchlorate just as the sulphates 
and selenates of the same two bases had been found to be by the author 
Thirdly Barker showel that these perchlorates and the corresponding per 
manganates are lBomorphous with the barytes group of orthorhombic minerals 
barytes BaS0 4 eelestme SrS0 4 and anglcsite PbS0 4 and that the morpho 
logical constants (unit cell dimensions as indicated relatively by the topic 
axial ratios) in the cases < f barytes and potassium perchlorate and perman 
ganate are so dose that overgrowths and parallel growths of the two latter 
salts are readily formed from their solutions on the crystals of barytes 
The following tabic will render these results of Barker dear the figures 
are oompilcd from his 1908 j aper and a more reoent one an 1 include the three 
principal angles the molecular volume and the topic axial ratios for both 
the perchlorates and permanganates and the barytes group — 



Now it is highly interesting in this connection that the structure of barytes 
has recently been worked out independently by X ray analysis by three different 
sets oi investigators namely by Rmnc Hcntschel and Scluebold f by Wyckofl 
and Merwin $ and by James and Wood } and all agree that the apace group 
• W Muthmann uUm vol 22 p 527 (ISM) 
t Zeitschr ittr Kr>-»t vol 64 p 164 (1926) 

t Idem vol 64 p 403 (1825) and Amor Journ Sol vol 9 p 280 (1925) 

| Roy 800, Proc A vol 100 p 598 (1925) 
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is the orthorhombic holohedral {class 8 di digonal equatorial) one V„ J< of 
Schoenflies The absolute dimensions of the unit cell which is the rectangular 
p&rallelepipedal one of the simple orthorhombic space lattice, No 10, and 
contains four molecules of BaS0 4 have been obtained m Angstrom unite, 
the mean of the closely agreeing values being a = 8 87, 6=5 44, and 
e = 7 15 Moreover, as large transparent and very perfect crystals of barytes 
are available particularly suitable for X ray reflection intensity determinations, 
the arrangement and positions of the atoms m the structure have also been 
determined by James and Wood The 80 4 group appears to be of tetrahedral 
character, with the sulphur atom at the centre of the tetrahedron, to which 
the oxygen atoms are strongly attracted , both the banum atoms and the 
sulphur atoms lie in the symmetry pianos parallel to (010) the axial plane ac 
Precisely analogous results were obtained for celestine SrSO, and anglestte, 
PbS0 4 good crystals being also available but the cell dimensions are, of 
course very slightly different For celestine a = 8 36 A, 6 = 5 36 A, and 
r = b 84 A For anglcsito the values afforded were a =8 45 A, 6 = 5 38 A, 
and c -=6 93A 

Further James and Wood earned out a number of observations with 
potassium perchlorate KC10 4 , and all agreed in indicating that its structure 
is essentially similar to that of barytes, celestine and anglesite and the main 
spacing#, corresponding to the dimensions of the cell edges were found to be 
o = 8 84A, 6 = 5 68A and c = 7 22A But the technical difficulties of 
making accurate intensity measurements with crystals so small as the hugest 
obtainable of any of the alkali metal perchlorate# are insuperable 

Now it is an important fart not hitherto noticed, that in the oases of Btnctly 
analogous lsomorphous structures, such as barytes and the perchlorates we 
have in the crystallographic constants known as topic axial ratios” the 
means of calculating the absolute cell edge dimensions, given one thoroughly 
measured (by X rays) member of the senes, obtainable in large perfect crystals, 
such as barytes in the case of the lsomorphous senes under consideration 
And it will be shown as one of the results of the present investigation that, 
for instance, the absolute lengths of the edges of the unit cells of potassium 
perchlorate, as thus calculated from the topic axes and the knowledge of the 
edge lengths of the barytes cells, are within one to four unit* in the second 
place of decimals of the values of James and Wood just quoted as obtained 
by X-ray analysis, namely, o = 8 85A, 6 = 6 67A, and e = 7 26A With 
the confidence given by this remarkably good agreement, the absolute dimen¬ 
sions df the cells of the perchlorates of rubidium, cwmm and ammonium 
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have also been calculated, from the author’s topic anal ratios, and will be given 
in the course of this communication The author’s topic axial ratios thus 
used are quite different from those of Barker, being calculated for the rectangular 
orthorhombic cell indicated by the X-ray work of all three sets of investigators 
referred to, which not only differs in not being that corresponding to the 
rhombic prismatic lattice assumed by Barker, but also has an axis a of double 
the length, this being clearly indicated to be the “ correct setting ” by the 
X-ray analysis 

Before giving the detailed results of this investigation it should be mentioned 
that the method of Grothand Rarker was strictly followed, for the preparation 
of the perchlorates of rubidium and caesium, by decomposing the sulphates 
of these alkali metals (in solution) with barium perchlorate solution The 
latter salt was specially prepared in pure state for the author by Messrs Hopkin 
and Williams 

The difficulty, as regards the optical part of the investigation, of the very 
small size of the crystals obtainable of the three metallic perchlorates was 
overcome by the use of natural plates and pnsms, which was rendered possible 
by the two facts that the crystals aro orthorhombic and that the faces of the 
forms e{001}, >*{110} and r{102} (Groth indices) were extraordinarily 
perfect on an adequate number of crystals, affording perfect, single, and very 
brilliant images of the goniometer signal-slit For a pair of m-faccs (with 
intervening 6-face strip), and a pair of r-faces (with intervening a-stnp), each form 
a prism affording two of the refractive indices directly and together all three 
refractive indices, with one in duplicate, and, in spite of the very minute size, 
With the author’s arrangement for powerful monochromatic light the refracted 
images of the signal were often quite bnlhant and always trustworthy The 
somewhat larger crystals of the ammonium salt were partly investigated in 
the same way, and partly by grinding 60° pngms with the cuttmg-and-grindmg 
goniometer, the results being identical For the optio axial angle deter¬ 
minations with the metallic salts crystals with the pairs of parallel c-faces 
best developed were used, their normal being one of the bisectrices, and the 
optic axial angle was measured by immersing the crystal m a liquid of the 
same mean refractive index Refined spirits of turpentine, toluene, and para- 
xylene, the latter most kindly supplied by Sir William Pope and Mr Stoakley 
of the Cambridge University Laboratory, proved very suitable liquids, their 
refractive indices were determined with great care, with a small hollow prism 
on the same gonioraeter-re/ractometer (Fuoss, No 1 a) as was used for the 
crystal pnsms In the oase of the ammonium salt, sections perpendicular to 
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the two bisectrices were ground as usual, the crystals being just large enough 
to permit of this being done 

As regards the “ correct setting ” of the crystals for the descriptive purposes, 
now so very important a matter, that indicated unanimously by all the three 
parties of X-ray investigators, is adopted m this memoir It is that of a 
rectangular rhombic parallelepipedal cell, the edges corresponding to the 
crystallographic ares a, b, and e, and with the ana a twice as long aa in the 
hitherto accepted Mitsoherhch-Groth-Barkor setting The indices (A, k, I) of 
the latter become now (2A, A, f) in consequence Moreover, the topic axial 
ratios given in the descriptions are those corresponding to the edges of this 
rectangular coll, and represent the relative lengths of the edges Those corre¬ 
sponding to the Barker rhombic prismatic coll are also given, however, as are 
the Groth indices in the descriptions, for convenience of reference The Uroth 
lettering of the faces is retamed 

Potassium Perchlorate KC10 t 

A particularly pure preparation of the salt was supplied by Messrs Hopkm 
and Williams, and several times rccrystallised The crystals eventually 
obtained for the research after many attempts with less success, were always 
small, even as understood by the crystallographer for gomometneal purposes, 
rarely attaining the size of an ordinary pin's head , but they were remarkably 
perfect, the faces of all the selected ones being truly plane, affording 
exceptionally sharp single and brilliant images of the Websky signal-slit 
The gomometneal measurements were consequently unusually ooncordant 

Crystal-System, Class, and Space-Group —Orthorhombic , holohedral class 8, 
rhombic bipyramidal, di-digonal equatorial, space-group of Schoenflies V» l ‘ 

Forms Observed —c {001}, m{210} the (110) of the old setting, r (101} 
the former (102), these three always well developed, {010}, a {100}, 
q {Oil}, and o {211} theformer {111} 

Habit —The most extensively developed of all the forms were always the 
basal pinakoid c(001}, the faces of which wore usually the larger, and the 
rhombic prism m (210}, these two forms determining the habit, which was 
thus thickly tabular parallel c{001}, the pnam being usually short vertically, 
as indicated m fig 1, which is very typioal of the majority of the crystals 
obtained 

The next best developed form was the primary macrodomal pnam r {101}, 
the faces of which were somewhat squat isosoeles triangles, with base parallel 
to axis b. The faces of the maoropmakoid a {100} were not always present, 
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and were never larger than narrow strip* joining the apices of the triangular 
r face* But the faces of the brachypinakoid b (010} were often quite well 



Kio 1 —A Typical Crystal of Potassium Perchlorati 

developed blunting the sharper edges of the primary prism at the cn Is of 
the b axis The face* of the primary brachydomal prism 7(011} and of 
the rhombic biiyramid o (211} were not always developed and the lutttr 
were particularly rare and always relatively very small the former firm was 
however not infrequently repissmted by good little fauts sometimes strips 
and sometimes triangles blunting the edges betweeu 6 {010} and c {001} 
Numerous attempts to obtain good larger crystals were never successful 
Whenever the size exceeded that of a pins head by permitting prolonged 
evaporation at the ordinary temperature or crystallising from large quantities 
of saturated solution the perfeition was destroyed the crystals being thus 
untrustworthy for accurate measurement or determination of optical constants 
/fetal Ratio a b c 1 562b (or 0 7813 for old setting) 1 1 2807 
The axial ratio given by Grcth was 0 7817 1 1 27 92 and by Barker as 
0 7816 1 1 2806 The authors values are remarkably close to those of 
Barker and agree also quite well with those of Groth 
Crystal Angles —A table of the angular measurements with ten very perfect 
crystals follows 

Cleavage—Perfect parallel c {001} and m{210} common to the whole 
senes 

Density—2 624 mean of the values of Muthmann and of Barker andaiopted 
by the latter 

Molecular Volume Barker s value V =64 91 is adopted 
Topic Axial Ratios The calculated values are given below using Barker s 
V and the author s crystallographic axial ratios both for the Barker Groth 
setting and for the true setting indicated by X rays For the former the 

X=> \/^r ^ w== \/~* ctirreB P OI1<lm g 


formula used 
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Morphological Angles of Potassium Perchlorate 



to the rhombio prismatic lattice No. 8 For the latter the formula employed 
were f = => Y-, to = ^Xcorrespondmgtotherectangular 

orthorhombic lattice No 10, the axial ratio a/6 used for this setting also had 
the true double value 1 6626 

For the true setting by X-rays y => 4 7130, i|i = 3 0161, w =■ 3 8628 
For the Groth-Barkcr setting y =3 7408, <(/ =■ 4 7878, to m 6 1318 
Barker's values were 3 7360, 4 7878, and 6 1307, the agreement being thus 
very satisfactory 

Optical Characters and Optic Ami Angle—The only data hitherto givon 
are the following, by Groth (‘ Chem Kryst,’ vol 2, p 168) —Double refraction 
positive, feeble, plane of optic axes c{001}, first median line axis 6, 
2V = 70°-80 e , one axis visible through m{110} 

A very thorough investigation, fully confirmed by the refractive index 
determinations, has shown that the plane of the optic axes is not o{001} 
but a{100}, the second median line being the axis c, and not the axis a, 
as it would be if the optao axial plane were e {001}, The fiat median line 
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is the axis b as correctly given by Groth When a tabular < rystal parallel 
c {001} is immersed (its plane being vertical and axis b horizontal anl its 
normal parallel to tho axis of the polanscopo) tn turpentine the refracmc 
index of which is practically identical with the mean crystal index the optic 
figure is not only seen at its ol tuse angle but on rotation of the crystal for a 
complete circle the optic brushes are seen at both tho obtuse and the acute 
angles of the optic axis and duplicate determinations of each angle can readily 
be obtained Owing to the feebleness of the positive double refractic n an 1 
to the fact that the largest and thickest obtainable crystal tabular parallel 
o {001} is scarcely half a millimetre thick the brushes are somewhat diffuse 
but in the cases of thre xrcllent little crystals employed for the purpose 
gave the following results for the value of the true angle 2V, between the optic 
axes The approximate value mentioned by Groth will be seen to be much 
too large 


Optic Axial Angle of Potassium Perchlorate 



Refractive Indices Four perfect little uatural prisms each formed by two 
m faces at their 76° angle (the refracting edge being a 6-face strip) and four 
others formed similarly by two r faoes at their 78° angle afforded an excellent 
senes of refractive index determinations m spite of their extremely small size 
The former (m prisms) each yielded tho refractive indices « and y corresponding 
to vibrations parallel to the axes c (parallel pnsm edge) and 6 respectively 
and the latter (r prisms) each afforded y and (1 the vibrations being parallel to 
axes b (edge) and a respectively The accompanying table embodies the 
moan results 
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Refractive Indices of Potassium Perchlorate 


« Vil ration* 0 Vibration* y Vibration* 
I ght parcel aim r parallel wi a parallel an ■ 6 



Mean Refract ivi Index ffi P ^ Y f ( r sodium light l 4740 

Double Refraction Positive and weak y * for sodium light 0 0038 
Gourd torm da f r Intermediate Index fl —The refractive index p corrected 
to a vacuum the correction being |- 0 0004 is expressed by the following 
formula 

„ . , 560 560 4 049 400 000 000, 

? - 1 4016 + — - -- -I 

The a indites are also reproduced by this formula if the constant 1 4616 
be decreased by 0 0006 and the y indices if it be mcreosed by 0 0032 
Molecular Optical Constant* The Specific and Molecular R< fractions and 
Dispersions calculated by the Iorent formula arc 



pot l Light 0 1108 0 UO0 0 Ulfi 18 35 18 37 15 46 

Refraction^ fl Ught 0 , lag 0 , I29 0 n8fi 15 M 15 M lg 73 

D 1 .ppn. 10 n 0 0020 O 0020 0 0020 0 28 0 27 0 27 

The Molecular Refractions for C light calculated by thi Gladstone formula 
are a — 25 88 p -= 25 91 y — 26 08 Mean Molecular Refraction 
(Gladstone) iiJLil, for C light, 25 96 

Rubidium Perchlorate, RbCIO* 

The crystals of this salt were the smallest of all four alkah perchlorates 
and afforded greatest difficulty in the optical investigation But they were 
remarkably perfect as regards planeness and brilliancy of their faces enabhng 
excellent gowometneal measurements to be earned out 
Crtfttal Syttem, Clast and Space-Group —Same as for potaamum perchlorate 
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Form Observed - o {001} m {210} the {110} of tho old setting o {211} 
the {111} of old setting these three well developed 6 {010}, and r{101} 
the former {102} both fairly levclopcd a{100} rare and minute and not 
observed by Barker 

Habit -Great diversity of habit was exhibited by the crystals of the 
numerous crops prepaml some of which were quite peculiar to this salt of tho 
senes The relatively large lcvclopmcnt of the faces of the rhombic bipyramid 
o {ill was largely responsible and the fact that the faces of this form were 
alternately large anel small III the most evenly developed type found in 
comparative ly few < rops the trystals are of thick tabular character rest mbling 
fig 2 with the o {211} an 1 mi {210} faces both well dcvclopc 1 m somewhat 
predominatingly anl c{001} as the table laces But numerous other crops- 
showed crystal-i like fig I in which the m and o-faccs arc d< vtlopc l alternately 
the larger so that the m faces wire rarely opposite to ono another and it 
was only after examining a very large number of crystals of different crops 
that specimens liko hg 2 coul I be found suitable for use of a pair of acutely 
inclined w fa-ea as a prism f r refractive index determinations The (c o mj 
eones were so prominmtly developed m other irops especially the o facts 
as to produce house roof shape 1 blocks like fig 4 Still another type is shown 
in fig 5 which is cbamctuisel by v« rtically long »»{210} faces capped by 
roof lik< pairs of o{211} faces the latter alternately arranged at the uppei 
and lower ends of the vertical axis as in hcmimorphic crystals This type 


Fio 2 iio 3 



Typical Cr) state of Rubidium Perchlorate 
VOL 0X1—A 2 I 
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was only found ui one crop, one of the last prepared, and happily solved the 
Beareh for m-faced prisms suitable for refractive index measurements, affording 
two brilliant sportra, corresponding to the a and y indices, in spite of their 
minute size 

Good 6(010} faces were the rule, more or less strip-like, but a {100} 
was very rare, and only found twice, and then only measurable in the [o t e] 
zone The g {Oil} fares were never observed developed The faces of 
r {101} were relatively very small, smaller than in the other saltB of the sonos 

Anal Ratio a b r - 1 5028 1 1 2884. Or 0 70fl4 1 1 2884 for 
the old setting Barker obtained 0 7R86 1 1 2878 the agreement being 
thus excellent 

Crystal Angles —A table of the miasured angles follows 


Angles of Rubidium Perihlorate 



Cleavage— Parallel c (001} and m (210}, both very good 
Bffirtty —S 014 (Barker) 

Molecular Volume —V ■= 61*33 (Barker) 
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Topic Axial Ratios —For true setting, by X-rays, y =■ 4 9429, <Ji = 3 1033, 
w = 3 9982 For old setting (Groth-Barker), y = 3 9232, + => 4 9262, 
o» = 6 3469 

Barker's values were 3 9244, 4 9264, C 3447, the agreement thus being 
good 

Optical Characters and Optic Anal Angle Closely resembling those of 
potassium perchlorate A crystal tabular parallel c {(Mil) shows the optic 
figure symmetrical to the centre, but the optic axes are just outside the widest 
polanscopual field, the normal to the plate, axis c, being the second median 
line Axis b is the first median line, and the plane of the optic axes is thus 
a {100} The double refraction is feeble and positive In turpentine, of 
like refractive index to the crystal, the optic axial brushes are well seen 
although somewhat diffuse and both the acute and obtuse angles between 
the optic axes can be readily measured The results with three such plates, 
the thickest tubles parallel e{(K)l} obtainable, are as follows - 


Optic Axial Angk of Rubidium Perchlorate 





I 



Refractive Indices Eight natural prisms formed by perfect little fans 
were found, after much searching among many crops of crystals, suitable for 
refractive index determinations Three were formed by m faces with 6-facc 
strip modifying the refracting edge and afforded a and y , one was formed by 
a pair of r-faces, and yielded (S and y two were formed by o faceB with c-faee 
as strip edge between them and afforded the minimum index a, and two 
others were also formed by o faces, but with a Mace as strip edge in each 
case, and afforded the maximum index y The following are the mean residts 
of the very concordant individual ones 


2 i 2 
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Refractive Indices of Rubidium Perchlorate 


Mean Refractive Index (or sodium light , 1 ^ P -. ^~ - V — I 4708 
Double Refraction Na y . — 0 0010 
General Formula lor p (in vacuo) — 


The formula also senes for « if the <oustant 1 4010 be diminished bv 
0 0010, and for y if it bo increased by 0 0011 


Molecular Optical Constanta — 




Lortni Retraction 


{ For 11 igbt 
0 Light 




■ 5 > 

0 0021 0 0054 0 0028 
0 0037 0 0030 0 0044 
0 001 fl 0 001(1 0 001(1 



• 0 7 

17 03 17 00 r 16 

17 44 17 37 17 45 

0 20 0 40 0 40 


f• . 28 07 B 


CcBstum Perchlorate Cs(.10 4 

The crystals obtained of this salt wert exceedingly small, although somewhat 
larger than those of the rubidium salt but they were very perfect 

Crystal System, ( lass, and Space Croup -Same as for potassium and rubidium 
perchlorates 

Forms Observed—c j001}, «{210} the (110) of the old setting always 
predominating, b {010}, r {101} the (102) of old setting, and o {211), 
the former {111}, less prominent, a {100} and q {011} only occasionally 
developed 

Habit —The crystals were either tabular parallel the basal pinakoul c {001}, 
as drawn m fig 0, or parallelepipeds! blocks formed by c and m faces like fig 7 
The brachypinakoid b {010} was usually present, and often one of its two 
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face* was much more largely developed than the other The macropinnkoid 
a {100} was relatively rare and exceedingly small it was not observed by 
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Barker The rhumba In pyramid o {211} wag ubiquitous generally occurring 
as strip faces modifying the edges between the c and m-faces The fates of 
the primary mat rodoraal prism r { 101 j were generally relatively small, 
often only like points, but m several of the crystals measured were proportion¬ 
ally larger, and pairs of them on three such crystals served as excellent prisms 
for the tit termiuation of refractive indices The primary brachydomal prism 
q {011} was but rarely th\ eloped, and exeessively small as a rule when 
present, but exceptionally good faces of this form were present on several 
of the measured crystals 

Asial Ratio-a b ul (.‘140 1 l 2970 Or 0 8170 1 1 2970 for the 
old (< froth Barker) setting Barktrs values were 0 8173 1 1 2976, the 
agreement being thus excellent 
Crystal Angles —As given in the accompanying table (p 476) 

Cleavage — Parallel c {001} and m {210}, perfect 
Density -3 327 (Barker, 1907 paper, p 534) 

Molecular Volume —69 84 in Barker’s 1907 paper, p 535, but 70 05 in 
the 1908 paper this lster value was also used in subsequent publications by 
Barker, so is adopted here in calculating the topic axial ratios 
Topic Anal Ratios —For true setting by X-rays, 7 = 6 2440, <}/ = 3 2093, 
w => 4 lb25 For old setting (Barker), 7 = 4 1621, tj; ^ 0944, to -=. 0 6074 

Barker's numbers (1908 memoir) were 4 1625, 5 0929, 6 6086, with which 
the above agree well 

Optical Characters and Optic Anal Angle —Ciesium perchlorate differs 
optically from potassium and rubidium perchlorates m exhibiting negative 
double refraction While the plane of the optic axes is Btill a {100), and 
the crystal-axes b and c are still the two median lines, vibrations parallel to 
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Angles of C»suim Perchlorate 



them afford the refractive indices y and * rcsputmly is now the acute 
buectnx of the iptic anal angle (first median line) and b the obtuse one the 
second median line Hence through a trystal tabular parallel to c {001} 
the optic axial figure is visible with the optic axi s themselves in the held even 
in air so that 2F as well aa 2V, are both measurable the latter m an immersion 
liquid of like refractive indtx The amount of dispersion of the optic axes 
for light of different wave lengths is so small that uo t lear hfference could 
be accurately determmod < spioiaUy as even the thickest crystal with good 
c faces is stall less than a small pin s bead in sis* and the louble refraction 
is very weak 

Five crystals gavi for 2V, for all wave lengths of light and as the mean 
of immersions m turpentine toluene and para xylene the carefully determined 
refractive indices of the first of which were just lower, and those of the other 
two liquids shgbtly higher than the indices of the crystals, values ranging from 
62° to 63J®, the exaot mean value of all being 62° 30 Only the thickest 
and largest of the five crystals gave sharp axial brushes when the observations 
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were conducted in air and the mean value of >h afforded wan 101 J 43 fir 
sodium light and all other wave lengths from red Li light to F hydrogen 
light 

Refraettte Indices natural prisms wire used three being formed ly 

pairs of m faces (i lgi a b frn stnp) and three by r faces (edge containing a 
minute a fa<e point) aeh of the former yielded a and y and each of the 
latter J) and y 1 he accompanying table gives the mean results 


Htfractive In lice« of l sesium Perchlorate 



I 

g V j In at h i 
parallel aim 


y 1M1 
V brut O0» 
j art.) Jr I ax s ( 


4 JO 
4 34 

47*1 



4K24 

4*37 


Mian Rtf radioi Indtx ft r so hum light —T , / -J — 1 47 

Double Rif faction \a, . 0 00)2 

(general formula for i in iu o 

. 407 117 , ns 100 pop 000 


1 - 1 4701 4 - 


- I : 


X 4 


rhefoimulaalsorepnelue sxifth instant 1 4701 be lummshidly 0 0036 
and y if it bo increased by 0 001l> lh< latter number be ing the smaller elc vrly 
indicates the nogatn e sign of the double refraction 
Molecular Opt leal Constants 


on / toe e I gl l 
1 \ 'll Kit 


toreni K» fraction y 
L) »prrm 
GlaeJatueiu Molecul er Ke fia 


fa J3 (W 0 

:bt |cfca, ;—L_ 


hnnoMum PerehhraUt 

4he crystals obtained of this salt were a little larger than those of the three 
pMceding p* rchloratcs so that it was just possible to grind section plates and 
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prisms for the optical work The perfection was not no complete as with tho 
smaller crystals oi those other salts, but it was excellent in the cases of tho 
crystals measured 

Crystal-System, Clans and Space-Group -The same as for potassium per¬ 
chlorate and the other two salts of the gronp 
Forms observed —c{001}, mi {210} or {110} of old setting, r{101} the 
{102} of old setting all three well de\eloped , a {100}, b {010}, 5 {01J}, 
and 0 {211} the {111} of old setting, small. Usually strips or spots 
Habit — The most largely developed form was usuallv m {210} Next 
came e{001}, and indeed this basal plane form sometimes predominated 
and conferred a tabular habit The next was mianably r {101}, and usually 
ns triangular tittle facts The primary puuahoids a {100} and b {010} |were 
never more than narrow strips 7{011} and o{211} were always small but 
several good, brilliantly reflecting little faces of these forma were present on 
some of the crystals measured Fig 8 represents a typical crystal, 



tic 8 —A Tiplial ( rmtsl of Ammonium Perchlorate 

Anal Ratio—a be-- 1-0862 l J 2807, or 0 7931 1 1-2807 for the 
old setting Barker s values were 0 7932 1 1 2808, an excellent agreement. 

Crystal Angles -—Given in the accompanying table (p 479) 

Cleavage — Perfect parallel t» {210} and very good parallel r{001} 

Density —1 952 (Barker) 

Molecular Volume - V = 60 19 (Barker) 

Topic Anal Ratios —For true setting, by X-rays, y = 4 9083, tj< => 3 0944, 
to — 3 9630 For old setting (Groth-Barker). / = 3 8957 eje = 4 9120, 
<0 - 0 2909 

Barker’s values wore 3 8959, 4 9117, 6 2909, tho agreement being thus very 
satisfactory 

Optical Characters and Optic Aruil Angle —Oroth (for rtf, p 222) gives some 
approximate data , that the sign of the double refraction is positive, the plane 
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Angles of Ammonium Pen hlorate 



of the optic axis is r {001and the acute bisectrix in the axis b This 
statement is the same as was made for potassium perchlorate, and is correct 
for ammonium perchlorate whereas it was incorrect for the potassium salt 
Also that 2H is LIT 41' for red light and 113° 23' for blue that 2Vn 08', 
and the intermediate rpfrmtive index (i1 486 These statements are 
correct as far as the approximate value of (i is concerned, hut the apparent 
optio axial angle in air is much larger than that stated 
Three pairs of section plates were ground, perpendicular to the acute and 
obtuse bisectrices, and the final mean values of 2E, the optic axial angle in air, 
and 2V„, the true angle within the < rystei, afforded with them are given below, 
for the determination of 2Y„ by measurement of 2H a and 2H, thf apparent 
acute and obtuse angles in n highly refractive liquid, #-monobromonnphthnlenc 
was used as the immersion liquid, as usual in the author’s work 
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Optic Axial Annie ol Ammonium Perchlorate 



The true angle wan confirmed by determinations during immersion in tint 
turpentine and then toluene, the refraction of which is slightly lower and 
slightly high* r than that of the crystals Tho mean of the two determinations 
was 69° 10' for sodium bght 

Rcfradux. Indian Six prisms were used, four being bO°-pnsms each ground 
to give two indices directly, with refracting edge parallel to one crystal-axis 
and tho bisecting plane paralbl to this and another crystal axis, the othor 
two Were formed by excellent little natural m faces, and yielded each both 
and y The mean results are embodied m the table 


Refractive Indices of Ammonium Perchlorate 


• IVt ,i Vibrations 

Vibrations j parallel axis > 
IwinlleUxis a 


y l M I 
Vibrations 
parallel axis b 


Mean Rtfradive Index for sodium light, ? - ~t~ ft -= J 4844 
Double Refraction, Na T _. — 0 0063 
General Bjrmula tor % m vacuo — 

Q , , 364 781 128 900 000 000 , 

P=sl 4733 d - - 5? - |- 

Tho formula also serves for x and y, provided tho constant is dimimshed and 
mcreased respectively by 0-0015 and 0 0048 
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Molecular Optical Constants 


Loren* Retraction 7 For C Ijghl 0 1411 
Constants/ „ d Light 0 1482 
„ Dispersion o 0027 

Clads tone Mulctular Kefiaition tor < 


npeiilio Mold ular 

a » y 

17 09 17 U 17 28 

17 41 17 40 17 01 

0 32 0 32 0 33 

28 07, 7 - 29 23, 

1 - 29 0.1 


B y 

0 1439 0 1471 

0 1486 0 1409 

0 0027 0 0028 



Companion of the Results for the Four Ralls 
These four perchlorates, of potassium, rubidium, ctesium, and ammonium 
all crystallise m the holohedral, rhombic bipyranudal, class (No 8 of the J2 
classes of crystals) of the orthorhombic system, and in accordance with the 
detail arrangements of the Space Group V* 1 * of Hi hoenflies They eidubit 
the same forms, and the faces, other than those rectangularly arranged, are 
inclined at angles so nearly alike that all four substances are represent*! by 
the same steroographic projection, shown in hg a 



The Crystal-Ajual Ratio* Tht sc are compared below for the two settings 


For true setting 
as determine!! by 
\ ray analysis 

KC10, 9 7813 1 1 1ml 

RbCIO, 0 7064 1 1 2884 

OsClO, 0 8170 i 1 1 2970 

SH,CIO, 0 7931 1 1 2897 


For 12d setting a t 

(Orotb and Fotold setting 

Barker) (tor new setting 

/ . *— -, double these \ allies) 

1 3626 l s 1 2807 0 6191 

1 3928 l 1 2884 0 6181 

1 6340 11 1 2970 0 0299 

1 3862 1 t 1 2807 0 6163 
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The axial ratios of the crystals of the rubidium salt, for both settings, are 
thus intermediate between those of the crystals of the potassium and ceesium 
salts as already pointed out by Barker for the old setting 

The ratios of the ammonium salt are such as bring it into the senes w ithout 
doubt, being within the limiting values for the three metallic salts 
Thi Cn/ula! Angles These are compared in the Accompanying table 


Comparison of the Crystal Angh s 



The whole of the < rvstal angles of rubidium penhlorate lie between those of 
potassium and csesium perchlorates The angles of ammonium perchlorate 
crystals are very close to those of rubidium perchlorate These two facts 
were stated by Barker, and are now fully confirmed by more extended measure- 
menta The throe metallic salts thus form an excellent example of a ent Topically 
isomorphoufl senes, like the alkali sulphates and selcnates 
The next table summarises the angular differences in an interesting and very 
concise manner, by showing the average and maximum changes for each replace¬ 
ment To obtain the average change all the differences for the 18 angles 
recorded in the table, and for the same replacement, have been added together, 
irrespective of sign, and divided by 18 The maximum change is the largest 
of the angular changes brought about by the replacement in question, 
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Table of Average and Maximum Angular Changes 


Replacement j 

Vverage C hange 

| Maximum Change 

K by Rb 

»2‘ 1 

U4 (l' 4') 

KbyC. 

74' (1* 14') 

150' (2° 30') 

K by NH, 

47' 

82' 


The average (hange of angle on replacing potassium by caesium is rather 
more than double that produced by replacing potassium by rubidium, and the 
introduction of ammonium instead of potassium causes a change which is 
only just slightly less than that brought about by tho interchange of rubidium 
for potassium Exactly the same conclusions apply to the relations of the 
maximum chaugcs, the absolute values of which arc practically precisely 
double those of the average changes 

Thus m every respect, as regards the changes in the crystal angles brought 
about by the interchange of one metallic family analogue for another, the 
changes are very nearly directly proportional to the change in the atomic 
weight or atomic number of the metal, that is, tho angles of the three salts show 
a regular progression in the order of the atomic weight .or atomic number of 
the alkali metal present * 

Cleavage ■ -Cleavages parallel to the basal plane c{001) and rbombio prism 
m {210} are common to all four salts of the series 

Molecular Volume and Topic Axuil Halm -These are compared in the next 
table 


Volume and Relative Cell Dimensions of Alkali Perchlorates 


Salt 

| VfoJrt ular 
Volume 

Topic Axial lUtio* 

Old betting (Barker) 

Topic 4xlal Ratios N<w 
Setting by \ lay Anal}ms 

KCIO, 

RbCIO, 

CsCIO, 

NH.CIO, 

84 01 

81 33 

70 08 

00 10 

i 

X + » 

J 7408 4 7878 8 1318 

3 9232 4 9262 6 3489 

4 1821 8 0944 . 6 6074 

5 8987 4 9120 6 2909 

4 7^30 3 0161 3 8628 

4 9426 3 1033 : 3 9982 

8 244 0 3 2093 4 1638 

4 9083 3 0944 3 8630 


The values of the topic axial ratios for the old setting are very dose to those 
obtained by Barker, given in the table on p 463 Again there is a regular 

* The atomic numbers of K, Rb, ami Os are 10, 37, 3S, the difference in each case being 
18, oorreeponding to the number of electrons added to the atom, on passing from one 
dement to the next of this famdy gioup of alkali metals 
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progression in cell-volume and cell-edge dimensions when one alkali metal u 
replaced by another, both the molecular volume and the topic axial ratios 
(the latter also for both settings) of the rubidium salt being intermediate 
between the corresponding constants of the potassium and camum salts 
Both molecular volume and topic axial ratios for the ammonium salt are close 
to the corresponding values for rubidium perchlorate indicating lsostnuture 
of the same close character as was observed with the sulphates, selenates and 
double sulphates and selenates of rubidium and ammonium 
Conversion of the Relative Cell Dimensions into Absolute Dimensions —The 
facts just mentioned were equally observed by Barker, to whom the molecular 
volumes are due as the results derived from his topic axial ratios for the old 
setting, based on an assumed rhombic prismatic space-lattice For they 
represented the dimensions of the unit (ell of this lattice, in the axial directions, 
as already explained on p 4(14 

Now it was shown on p 463 that the structure and absolute cell dimensions 
of batytes have been unanimously agreed upon, by three parties of observers, 
in Germany, America, and this country, from detailed X-ray analysis, and 
the fact (onfirmed that potassium perchlorate is constructed on an analogous 
plan to barytes, as supposed by Barker, who regarded the whole group of 
alkali perchlorates and permanganates as isomorphous with the barytes group 
of minerals, as stated on p 463 

As the topic axial ratios are stnctlv relative measures of the similar unit cells 
of the space-lattices of the whole isomorphous senes, assuming the type of 
space lattice und nature of its unit cell to have been correctly diagnosed (as 
has been achieved m this case by X-ray analysis), given the absolute dimensions 
of the cells of any one member it should be possible by use of the topic axial 
ratios for the correit setting to calculate the absolute cell-dimensions of all 
the other members of the senes This will now be done for the perchlorates, 
knowing both the relative and the absolute dimensions of the rectangular 
orthorhombic space lattice cells of barytes 
Axial ratio of barytes - 

given by Groth (‘('hem Kryst,’II, 388), a b e — 0-8152 1 1 3136, 

on same setting found bv Wyckoff and 
Merwm by X-ray analysis, a b c = 0 8148 1 ] 3131, 

for tme setting found by X-rays by W 
and M , a b c = 1-633 1 1 316, 

for true setting found by X-rays by James 
and Wood o b (« 1 6304 1 1-3136 
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Minimum Spacing of primary planes, Wyrkoif and Merwin, for (100), 4 440 A, 
for (010), 2-724 A, for (001), 1*685 A 

Cell-edge dimensions for correct rectangular parallelepipedal cell (having 
double a)— 

W andM, n = 8 89 A 6 — 5 40 A, c — 7 17 A 

James and Wood, « = 8 85A /» —5 43A,c —7 13A 

♦Mean of all observers, a -= 8 87 A, b ■= 5 44 A, o — 7 15 A 

Corresponding mean crystal axial ratios a b r = 1 012 1 ] 315 
•Topic axial ratios of barytes calculated for these mean axial ratios and using 
Barker’s molecular volume 52 0, / = 4 7225, iji - 2 8937, to -= 3 8052 

•Corresponding topic axial ratios of potassium 
perchlorate KC10 4 (Tutton) / — 4 7130, ^ — 3 0101, w — 3 8628 

Cell edge dimensions of— 

KCIO4 taleulated from above starred 
data, 0-8 85A,6 = 5 G7 A, r = 7 20 A 

RbC10 4 similarly calculated from outhors 
topic axial ratios, « = 9 28 A. 6 — 5 83 A, c = 7 51 A 

Csf'10 4 do do « = 9 84 A, 6 = G 03 A, c — 7 81 A 

NH/’IO, do do o = 9 22 A, 5 = 5 82 A, c = 7 45A 

We have thus obtained the true absolute dimensions of the unit-cells of all 
the four alkali perchlorate* Moreover, it is possible to apply a critical test 
of their accuracy in one of the cases, potassium perchlorate, which will art as 
a test for the whole of them For although owing to the smallness of the 
crystals James and Wood were unable to obtain intensity measurements of 
the X-ray reflections adequate to locate the positions of the atoms with certaint j, 
they were able to measure the spacings without ambiguity, and to ascertain 
that the structure was tnil) analogous to that of barytes The cell edge 
lengths thus found were, n = 8 81 A, 6 = 5 68 A, c = 7 22 A These values 
only differ from the author’s calculated ones by 0 01 for a and for 6, and 0 04 
for c, an agreement which is highly satisfactory, and shows that this new 
method of obtaining the absolute cell dimensions for all the other members of 
an isomorphou* senes, when the dimensions for one member of the senes aro 
known, is both trustworthy and highly accurate Indeed it is comparable to 
the use of the anharmomc ratio of four poles m a zone, for calculating the 
position of any fourth face in a zone, given the position of the other three, 
and should prove equally useful, especially as only one member of the senes 
is required to have been measured by X-rays 
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The unit colls mg thus scon progressively to increase in sue in all three axial 
directions as potassium is replaced by rubidium and the latter in turn by 
ciesium This is doubtless due, as pointed out (or the sulphates of these alkali 
metals, to the increase m the size of the atoms of the alkali metal, eighteen 
electrons being added, either one or two whole shells of them (Langmuir or 
Bohr), when we pass from potassium to rubidium, and from the latter to 
caesium The cells of the ainmoiuum salt are almost exactly of the same size 
as thoso of rubidium perchlorate 

Opttcal Characters and Optic Axial Angles —The three metallic salts have tho 
same optio axial plane, parallel a {100}, but the sign of the double refraction 
is positive for the potassium and rubidium salts and negative for caesium 
perchlorate The hrst median line (acute bisectrix) is the axis b m the 
potassium and rubidium salts, but the axis c in the caesium salt The measure¬ 
ments of optic axial angle afforded tho following comparative results — 



The double refraction is feeble and the dispersion of the optic axeB slight, so 
very small when tho caesium salt is reached that none at all could be measured, 
erven with the thickest crystal plate obtained Both the amount of dispersion 
of the optio axis and tho size of the optic axial angle show a progression in 
the order of tho atomic weights and atomic numbers of tho thnwj metals, the 
former diminishing and the latter increasing on passing from potassium 
perchlorate through tho rubidium salt to the caesium salt. 

The ammonium salt differs in having o{001} for the optic axial plane, 
its optio axes being separated at an angle 2V, varying from 69° 31' for Li light 
to 70° 46' for greenish blue F hydrogen-light, the axis 6 being the acute 
bisectrix Tho dispersion is intermediate between that for the potassium 
and rubidium salts, but opposite in direction. 

Refractive Indices —The refractive indices are compared m the next table. 
For all three metallic salts the a index corresponds to vibrations parallel to 
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the crystal axis c the fi index to vibrations along axis a and the y index to 
vibrations along axis b The ammonium salt has the a and (J vibrations 
reversod namely parallel respectively to the axes a and c 


Refractive Indues of Alkali Perchlorates 



The refractive indices of the three metallic salts are remarkably close to one 
another the differences only occurring in the third place of decimals and do 
not show the progression according to atomic number of alkali metal which 
is exhibited fcy the alkali sulphates where the differences are ton times as 
great In all the senes of salts of these metals and double salts containing 
them investigated by the author the r« tractive indices of the potassium and 
rubidium salts have been very close sometimes overlapping It is only when 
the molecular refraction is considered that the real progression m refractive 
power becomes clearly revealed The rndices of the ammonium salt are slightly 
higher than those of the cresium salt 

Molecular Optical Constants —The following tables show comparatively the 
results for the four salts 

2 x 


VOL 0X1 
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Molecular Refractions #, (5, y, and Dispersions, Loreni, 


Halt. 

Ught 

a Dapemoo 

g Dupemoo 

y Uiapamon 

KCIO, 

{ 

G 

SJS>* 

1« 37V, £7 

1# 84/ 27 

n sax- „ 

15 73/ 17 

RbCIO, 

{ 

r 

G 


17 MV, « 

17 36/° 29 

I? iS> « 

CWIO, 

{ 

t 

G 

SS>* 

19 73\- «. 

20 08/ 30 


NH,CJO, 

{ 

C 

n>» 

IT 14\o „ 

17 «B/° 32 

!?£>» 


Molecular Refraction Gladstone, ——■ M, for C Light 


Salt 

• 

S ' 

~n 

| Mean, 1+4+7 

KCIO. 

25 88 

25 91 

28 OS 

25 98 

RbCIO, 

28 87 

28 73 

28 92 

28 77 

NH,cfo. 

28 88 

28 97 

29 25 

29 03 


Salt 

Light 

a DUjwnicn 

8 Dupenloa 

j y IXaperaion 

KCIO, 

{ 

C 

G 

$!!£>«*> 

o i!»> 0920 


RbCIO, 

{ 

U 


0 S82> W1 « 


C.C10, 

{ 

G 


S 8S>-» 


NH,010, 

{ 

C 

G 

oltw) 0 00 * 7 

:ia>« 



From these tables it will be obvious that both the molecular refractions and 
dispersions, calculated either by the formula of Loren* or that of Gladstone and 
Dale, and whether the individual «, {} and y values or their means are con- 
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wdered, exhibit a clear progression, following the order of the atomic numbers 
and atomic weight* of the alkali metals The specific refractions and dispersions 
follow the same rule The molecular refraction of the ammonium salt is 
almost identical with that of the rubidium salt, a fact doubtless connected 
with their very close iso-structure The specific refraction and dispersion of 
the ammonium salt, like the refractive indices, are the highest m the senes 

Summary of Condunons 

An investigation of the crystals of the perchlorates of potassium, rubidium, 
csesium and ammonium as regards their optical properties has been earned 
out for the first time, the difficulty of their very small size having been success¬ 
fully overcome, and all the constants determined in detail for all parts of the 
spectrum The optical characters are similar, and both they and the optio 
axial angles, molecular and specific refractions and dispersions, of the three 
metallic salts, all show a regular progression, following the order of the atomic 
numbers (and atomic weights), similar to that observed with the alkali sulphates 
The refractive indices themselves are almost identical, being quite exceptionally 
close m this senes (only diflenng m the third place of deoimals), and do not 
show the progression It is brought out very clearly, however, in the molecular 
refractions 

The ammonium salt differs ss regards the position of the optic axial plane, 
which is c {001} instead of a {100}, and it* optic axial angle is larger than 
for the metallic salts The refractivo index and the specific refraction are 
also larger The molecular refraction of ammonium perchlorate is nearly 
the same as that of rubidium perchlorate 

A complete gumometnc&l measurement of the crystals has also been earned 
out, on a new “ setting up,” that indicated by the X-ray analysis of James 
and Wood, and the conclusions of Barker confirmed and amplified, while 
recorded both on the basis of his setting and on that of the true one determined 
by X-rays The whole of the crystal angles of rubidium perchlorate lie between 
those of potassium and csesium perchlorates, these three salts forming a eutropic 
isomorphous senes of the closest character, the angles following the order of 
progression of the atomic numbers of the alkali metals Tho maximum amount 
of angular change observed was 2° 30', which occurred in the case of the rhombic 
pnsm angle between the potassium and csesium salts The average change 
of angle between these two salte was slightly more than double the average 
change introduced by the replacement of potassium by rubidium The angles of 
Sjnmomum perchlorate are very close to those of rubidium perchlorate, the 

2x2 
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average and maximum change on replacing potassium by the ammonium 
radicle being slightly legs than when rubidium replaces jiotassmm 

The topic axial ratios have been calculated not only on the same assumption 
as Barker, of a rhombic prismatic space lattice, but on that indicated by X-ray 
analysis to be the correct one, the unit cell of whioh is a rectangular parallclopiped, 
the edges of which are parallel to the crystal axes and with the axis a of double 
the length of that for the old Groth Barker setting The same fact is clear, 
as given by Barker, that there is a regular progression, following the order of 
the metallic atomic numbers, in the topic axial ratios, and that these ratios 
for the ammonium salt are very < lose to those for the rubidium salt, indicating 
nearly complete iso-structure for the crystals of these two salts 

Finally, a new principle has been used, to convert these relative cell-measures, 
the topic axial ratios, into absolute lengths, in Angstrom units, of the cell- 
edges It may be stated thus — 

“ In a well established isomorphous senes, if any one member be thoroughly 
worked out hy X-ray analyse, the crystals being large and perfect enough to 
permit not only of spacing determinations but of intensity measurements, 
so that the space-lattice unit-cell dimensions and character are fixed with 
oertitude, then the absolute cell-dimensions of all the other members of the 
senes may bo obtained by calculation, from the topic axial ratios, w hich express 
the relative measures exactly, the crystal structure being Btnctly analogous 
throughout the senes ” 

Now the barytes group of minerals and the perchlorates and permanganates 
of the alkalis have been shown to form a stnctly structurally analogous 
isomorphous senes and the structure of barytes, which forms excellent large 
transparent crystals eminently suitable for X-ray analysis aDd intensity 
measurements, has been thoroughly worked out and unanimously agreed upon 
by three independent parties of investigators, the structure being that of the 
Schoonflies space-group V* 1 ' of the holohedral orthorhombic crystal-class 8, 
Its cell-edge dimensions m Angstrom units are thus known with certainty, 
and the moan values of the closely agreeing values given by Wyokoff and 
Merwin, and by James and Wood, have been used by the author to calculate 
the absolute cell dimensions of the alkali perchlorates, the crystals of which are 
very minute, unsuitable for thorough X-ray analysis These absolute cell- 
edge lengths show very clearly the progression with the atomio number of the 
alkah metal, and the iso-structure of the rubidium and ammonium salts 

That the lengths of the cell-edges thus obtained are correct is oapable of 
proof In one case, that of potassium perchlorate, of which James and Wood 
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just succeeded in obtaining the spacing by X-ray analysis Their values 
agree most satisfactorily with the author's calculated ones The principle 
can therefore be accepted with confidence as remarkably trustworthy For 
it will often happen that one member of an isomorphous senes may be eminently 
suitable for X-ray analysis, while the others, or some of them, are not 


The Theory of Ship Waves * 

By E T Hanson, BA 

(Communicated bv F E Smith, F RS—Received March 2, 1926 ) 

1 Summary 

The theory of ship wa\cs, when the sea is considered to be of infinite depth, 
has been the subject of many researches When the sea is of finite depth the 
integrals involved are more <omphcated but in this case also the theory has 
been worked out in considerable detail The roam object of the present 
communication is to add to the number of cases whirh have been solved, or, to 
be more precise, which have been exactly formulated, a certain senes m which 
the depth is variable 

Of subsidiary interest, but coming under the title of the paper, are some 
considerations relating to the wave disturbance when the depth is finite These 
are dealt with briefly in section 5 

Finally, in sex turn C, the problem of the wave disturbance at the surface of 
separation of two fluids of different density is briefly considered This problem 
it of much interest on account of observations made by fikman Attention is 
here drawn to the similarity which exists between it and that of ship waves 
on a sea of finite depth 

Reference should be made hero to two very interesting papers by Lamb, m 
volume 31 of the ' Philosophical Magazine ’ (1916) p 386, on “ Waves due to 
a Travelling Disturbance, with an application to Waves in Sujierposed Fluids ," 
p 539, on “ Wave Patterns due to a Travelling Disturbance ” 


The author is indebted to the Admiralty for pmniseion to publish this paper 
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Introduction 

The precise mode of disturbance o{ the water in the immediate neighbourhood 
of a ship is probably complicated It has not, hitherto, been possible to subject 
it to mathematical analysis, so that for the theoretical investigation of the 
disturbed motion of the water m the wake of the ship, some simpler cause of 
disturbance must be substituted for the ship itself 
The simplest cause of disturbance, from the point of view of theory, is a 
pressure distribution acting on a small portion of the surface of the sea This 
pressure distribution is supposed to take the place of the ship, and to move 
with a velocity equal to that of the ship The actual functional representation 
of the distribution is, of necessity, somewhat ideal 
Furthermore, after a sufficient lapse of time, all the phenomena which 
accompany the ship become steady In other words they are reproduced, 
without change, in each fresh part of the sea over which the ship advances 
Thus, if to both the sea and the ship is given a velocity equal and opposite to 
that of the ship, a state of steady motion throughout a uniformly flowing 
stream of great extent will be obtained 
The most satisfactory method of treating problems dealing with surface waves 
on water would appear to consist in reducing the state to ono of steady motion, 
whenever the nature of the problem allows of such treatment 

2 Preliminary Theory 

When an arbitrary distribution of pressure is apphod to the surface of a 
stream, which, in the absence of the pressure, would flow with steady and 
uniform velocity, the flow becomes one of steady motion, but is indeterminate 
unless frictional forces between the particles of the fluid are introduced in 
order to damp out the free waves which may oo-exist upon such a stream 
The steady motion, which will finally be established, is that which is being 
sought, so that ultimately, when the general nature of the motion has been 
discovered, the effect of making these forces approach a vanishingly small 
value may be investigated It is thus not important that the law of the foroes 
should be an absolutely natural one, and if it is one such as to simplify the 
analysis, these considerations are sufficient justification for adopting it Ray¬ 
leigh assumed for the law of resistance that the departure of a particle from the 
state of steady motion was resisted by a force proportional to the relative 
velocity The simplification which this law introduces into the analysis ans«* 
from tiie foot that it does not destroy the irrotational nature of the motion. 
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The components of the force system acting upon a particle of the fluid, and the 
velocity components, are then denvable from potential functions It is 
proposed in this section to oonsider the preliminary theory for the case of finite 
depth The transition to the case of infinite depth, which is required m some 
of the problems, is readily made Let the undisturbed motion of the stream 
be one of uniform horizontal velocity o m a direction parallel to the positive 
direction of the axis of x, and let both the axes of x and y lie upon the undisturbed 
surface The axis of x is drawn vertically upwards The potential of the 
force system is denoted by SI, the velocity potential by <f>, and the frictional 
coefficient by t It follows at once that fl is expressed by the equation, 

Sl=gx--c(cx M) 0) 

Let H be the depth of the stream, and let F be a function of x and y For 
the velocity potential the function assumed is 

- r f Bg?coshX(* + H) (2) 



The equation for the pressure at any point may be written 
p/p =>conat -gz f t (cr + ^) - 

where p is the density of the fluid and q the resultant velocity at the point 
Since only small departures from the state of steady motion are under con¬ 
sideration, the squares of the velocities of the particles relatively to the un¬ 
disturbed stream may be neglected Thus the pressure equation becomes 



0*F\ 

5?) 
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Whence 

- = y£ -f TT coth XII d- ^ coth XH |jjj, (5) 

at the surf arc, wheie A p represents the variable part of the pressure at the 
surface 

It is now assumed that dF/dr can be expanded in an infinite senes of terms, 
each term consisting of products of the form 


A., cos (*x + a) cos (py -f p) 

It then follows from equation (2) that, in order to satisfy the equation of con¬ 
tinuity, 

*‘+p*--X‘ 

The pressure distnbution at the surface may be very generally expressed by a 
corresponding senes in the form of the double integral 


Ap = j /(«, |i)cos**cos py<f«dp, (6) 

The particular integral solution of (6) is obtained by assuming for £ the function 
4 ££/(*, |tK A e‘** + B «-‘* 1 } cos pydxdp, 


where A and B are constants to be determined 
It follows without difficulty that, corresponding to the pressure distribution 
on the surface given by (5), there is produced the surface form given by 


p! 




X' — ?) cos kx — («t o/X’) sm xg l 

(cV/X' — y)* + (ktc/XT J 


cospy is dp, (7) 


where X' — X tanh XH 

The pressure distnbution, which it is proposed to eonaider, is symmetneal 
about the ongm, and is denved from the function 


in which r* = Z* -t-y 1 
A mutable expression for the pressure 
is given by 

-3(Ap)/3A 


distnbution, localised about a point, 

(9) 


The equation (8) is equivalent to 


Ap = P J" e - ** Jo (f X) «IX, 


where .l 4 is Bessel’s function of aero order 
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But __ _ 

J 0 (,X) - 008 «* «>»(» V* 2 - **> 

n Jo V X* — ** 

Hence 

Aji = — | J f —- cog kx cob py dU dp, (lit) 

so that/(«r, ji) of (li) ti equal to 2Ve~^htX m this case 
Writing now-- 

* =» A cog <f>, n x sm x = r cos 0, y -> r sin 6, 

equation (10) becomes 

A p = P/» j* | * dX(1<f> cob {Xr cos (<f> — 0)} e ** (11) 

This is most easily seen by considering that a and p are rectangular co¬ 
ordinates in a plane and X, <f> their corresponding polar co-ordinates 
For convenience later write, 

r cos (^ - 0) — R 

Considering an element of the integral (11) with respect to there is obtained 
8 (Aj>) = tyP/w £ dX cos (XR) «-** 

-•M-PTW" < 1! > 

and it is readily verified that the integral of (12) with respect to ^ is equal to 
the right hand side of (8) 

The function PA/(A* -f- R 2 ) is a valid representation of a pressure localised 
along a line 

Construct a figure and draw a line passing through the origin and making an 
angle <f> with OX 

Let ON bo perpendicular to this line Let Q be the point r, 0 Then, if N 
be the foot of the perpendicular from Q on ON, 

QN-rcos (^ — 0) -= R (Id) 

It will be assumed hereafter that H is unity The problem of ship waves on a 
sea of infinite depth has boon more or less completely investigated, and it is 
therefore mainly intended to discuss here in detail the cases of finite and of 
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variable depth The whole problem, including that of infinite depth, m all 
its features is, of course, reproduced by varying c 
Let 

?/c 8 to»»^ = L and t/oos ^ = N (14) 


Corresponding, then, to the pressure distribution given by (8), the equation (7) 
for the surface form oan bo expressed by 




(Xcoth X —L) cos RX—N noth X sin RX1 
(X coth X — L)“ -f N 1 coth* X J 


Considering, as before, a line element, it follows that 


pngdX, 

P cty 


the real part of 


LdXe"*-** 

X coth X — I, — tN coth X 


(16) 


On introducing the complex variable to => u -f- tv and writing 


where 


W 


W = U + .V, 

Liter*-*- 

u coth to - L — »N coth w ’ 


(17) 


then the function (16) under consideration is the value of U when the path of 
integration in (17) is the positive half of the real axis of to, 

U having been written for ® ^ 

The singularities of the integrand in (17) are given by 


to « L tanh to -f- «N, 

(18) 

whence 

L ainh 2a 

(19) 

cosh 2tt + cos 2o’ 

L Bin 2r „ 

cosh 2u + oos 2» 

(20) 

From these equations it follows that 


2 (v — N) smh 2u =■ 2w sin 2v 

(21) 


Now, in accordance with the remarks made at the beginning, N is considered 
to be very small Under these circumstances 
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unless v is small, and therefore equation (21) cannot be satisfied for any real 
finite value of u unless v is small Hence a must be zero except when v is 
small But, if v be small, (19) may be written 

« = L tanh u, (22) 

and this equation will be satisfied by u a 0 only if L < 1 Hence m determining 
the roots, when L < 1, a must be zero, and equation (20) becomes 

V^LtancfN (23) 

When L > 1, i> being small, (20) may be written in the form 


so that 


v ■= Lc/cosh* « + N, 
i»=aN/(l — L sech*u) 


But, from (22), considering the function 


(24) 


it follows that 


J—u — Ltanh «, 
dfjdu = l — L sech e u 


It is obvious that, at the zero of this function, 0//3« is positive Hence v, 
as given by (24), is posittve It has lieen proved, then, that when a complex root 
exists, e being small, v is positive The indetermmatcness in the problem is 
now removed and N may be diminished to zero The real root, which exists 
when L>1, must then be taken to he in that quadrant in the plane of the 
complex variable w for which u and t> axe both positive 
It is evident that, when N is zero, and L > 1, the lowest imaginary root 
disappears When L is unity exai tly, it is necessary to retain N in the whole 
investigation, a circumstance which will be referred to again 
When N is zero, (17) becomes 


W = 


Ldwc HB M ** 
v> coth u> — L 


(») 


If, fox the moment, the integrand be written in the form 

I «F (•)//(*), 

and, if w. be a root of / (w), the theory of functions shows that the value of 
JI dw, when the path of integration is a small circle, whose centre is w„ in the 
counter-clockwise direction, is 


2n.F(wJ //>.) <») 

In the present case 

/'(«,.) - i{t(l -L) + «.*} 


(27) 
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L < l Consider first the ease when L< 1 The roots of f(w) are then 
all purely imaginary If R be positive m (25) the path of integration is taken 
along the imaginary axis from tot toO and along the real axis from 0 to ao 
and round an arc of a quadrant of a circle of infinite radius If the path along 
the imaginary axis just excludes the singular points from the quadrant, 

(° Idw + j”lrfw = 0 (28) 

But, if the closed path containing the singular points be considered, 

j 1 " I dtv = £ F (»«„)//' (»!>„), (29) 

whence 

j” I du> = ** L F (»»„)//' (n„) (30) 


If R be negative, the path of integration must be taken to be round the quadrant 
for which u is positive and v negative It is easy to show, however, that 
equation (50) holds in this case also if only - tv, be written for w, in P (tv,) 
On this understanding, only the positive imaginary roots need be considered 
L > 1 Consider now the case when L > 1 If R be positive the path of 
integration must he round the quadrant in which u and v are both positive This 
quadrant, in accordance with the previous theory, is considered to contain the 
real singular point, and there u obtained, instead of (30), 

j" 1 4m - 2j»F («)//' («) + m 2 V (tv,)//' (tv,), (31) 

where u is the real root, and £ denotes summation of the imaginary roots 
except the first which is non-existent If R be negative, the integral becomes 
j’ld«v-*tiF(.v.)//'K) (32) 

The discussion of these integrals is reserved for the fifth section It may be 
noted, however, that, when r is small, the solution corresponds to that of great 
depth In this case the denominator of the integrand in (25) may be written 
ic—L 


3 The Theory op Waves on a Sea Bounded by a Sloping Shore 
Very few cases of wave motion, when the depth is variable, appear to have 
been solved The theory of the two-dimensional oscillations of water, contained 
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m a canal with sloping sides, was given by Kirchhofi in two particular cases 
In one case the sides of the canal are inclined at angles of 45° to the horizontal, 
and in the other case they are inclined at 10° 

Two particular cases of the three-dimensional problem have been treated by 
Kelland and Macdonald* respectively The former found a solution for the 
propagation of waves along a canal whose sides are inclined at angles of 45° 
to the horizontal The latter has dealt with the problem of a canal whose sides 
are inclined at 30° 

When the width of the canal is great the theory is simplified by considering 
the phenomena to take place on a sea bounded by a sloping shore It will be 
shown hero that a much more general solution can always be obtained when the 
inclination of the Bhore to the horizontal is a submultiple of jr/2 Thus when 
the inclination is 46°, 30", 22i°, 18', etc , the problem can be completely solved 
The solution includes the two-dimensional and the three-dimensional problems, 
referred to above when the canul is wide, us particular cases 
The origin of co-ordinatcH is taken on the line in which the undisturbed 
water surface intersects the sloping shore This line is the axis of r The axis 
of z is drawn vertically upwards, and the axis of y is horizontal with its positive 
half lying upon the undisturbed water surface, forming a system of rectangular 

The analytical problem involved is simple (see Lamb’s ‘ Hydrodynamu s,’ 
page 438), and it can be shown that the velocity potential for a system of 
progressive waves may be expressed by the formula 
^ — P cos (<r ± at), 

in which, if } be the wave length, * = 2it/\ , and if t be the period, a 2rr/r 
Further P is independent of r and t Thus a condition of steady motion is 
possible by giving the water a steady uniform velocity in a direction parallel 
to its edge It is found that, for this partnular type of waves, the requisite 
velocity is that of waves, of the prescribed wave length, on doep wat n r 
But another system of waves may become apparent when the shore is sloping 
The amplitude of these waves dies out exponentially from the edge, and becomes 
inappreciable at a distance whose projection on the slope exceeds a wave length 
A general formula for these edge waves was given by Stokes They are not 
concerned in the following problems Their velocity is given by the formula 



where p is the slope of the shore to the horizontal 

• - Waves m Canals,” • Proc Lond Math Soo ,’ vol XXV, p. 101 (1894) 
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The difficulty of the problems lies m the determination of the function P, 
which can, however, be effected in the cases to be now considered 
The inclination of the shore to the horizontal is denoted by — 6 0 
It is assumed that the velocity potential when the motion is simple harmonic 
is given by 

/ (y, z) cos xx cos [at + t) 
or 

/(y. r) sin xx cos (at -f tj) 

Progressive waves are thus poemble and the theory can be developed by 
employing the artifice of steady motion Considering the first form, the factors 
cos xx cos [at + t) are, for brevity, omitted, and the function /(y, z) is 
investigated 

Consider the complex expression 

4 , + *<|a = A« ta+( e>»+ '«+«>•+«• (33) 

The real or the imaginary part of this expression represents the function 
f (y, *) The equation of continuity is satisfied if 

(X + .,*)*+(«+ »(!)* = at* (34) 


This condition is satisfied if 

X = xp cos 81 or X 
« = xp sm 81 a 

p =j —xq sm 81 (1 

(J = *g cos 8i P 

For then Xp + «P => 0 
Further, on writing 

p =»coeh cu 
q =■ sinh 00, 

tho real part of (34), viz 


sp 00s 

— «p sin 8, 

— xq sin 81 

— xq cos 8i 


is satisfied 

Now, if for y is written r cos 0 and for z r sm 6, the condition to be satisfiod 
at the sloping bank is 

3#-80=O when 0=o 8(>, 
where <j> is the velocity potential of the motion 
The surface condition is satisfied if 

^=.g3^/rae. 


when 8 =»0 
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Alternatively, if be the velocity potential, similar conditions must be 
fulfilled The equation (33) may be written in the forms 
<f> + vjt = A exp [*r cosh to cos (0, ~ 0) — i*r smh to sm (0 t — 0) + tt), (36a) 

^ + *iji = A exp [«r cosh to coa (0j + 0) — i*r mnh to sin (0 t + 0) + »*] (36s) 
On differentiating these equations it follows that 
0(^ + nJi)/#rcoshto00 — + [sin(0! —0) + »tanh tocos (0i — 0)](^ + ti|t), (36 a) 


3(^ + tt}i)/*rooshto30 = —[810(0! + 0)+ *tanh to cos (0 X 4-0)](^+ *'[') (36 b) 


The surface condition requires that 

tr* (^ + »i|() = eg cosh to 3 (^ + «<|;)/*r cosh to 38 
Hence, if o 8 a <g cosh to, the surface condition will bo satishcd if 


^ + t(J( n=3 3 (^ + Iij<)/«r cosh to 00, when 0 =• 0 (37) 


If 0j = Jit m (S5 a) and its derivative (36a), it is obvious that (37) is satisfied 
Consider, therefore, the senes obtained as follows, m which (35a) with 0i = Jw 
constitutes the first term 


(^ + »iji)i — Ai exp [*r cosh to sin 0 — t*r sinh to cos 0J, 

(<£ + »^)i ■** A s exp L«t cosh to am (20 o — 0) 

— i*r sinh to cob (20 o — 0)], 

{<f> + = A» exp [*r cosh to sin (20 o +■ 0) 

— »»r sinh to cos (20„ + 6)], 


(38) 


(<f> + njt) ta = A 2 , exp [*r cosh to sin (2»0 O — 8) 

- »*r smh to cos (2»0 o — 0)] 

(^ + *tjt)8, + i = As , + 1 exp [ttr cosh to am (2»0 O + 0) 

— t*r smh to cos (2n0o + 0)] 

The solution consists of the sum of these terms, and the A’s are, in general, 
complex coefficients 
For an even term 


a Jf+ . »Wft * - Aatcos^Oo - 0) + i tanh to'sm(2 j9„ - 0)]< i±A , 
*rcoin co do Aj, 

(39a) 
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and for an odd term 


dJtorii'ffae 1 T As * +l [oos (2,0 ° ■* 0) + ’ tonh “ “ (*®» + ®)] (f+ A - ^f ±> 

(39b) 


When *=0 (39b) represents the first term, and this term, as already specified, 
satisfies the surface condition If (2n + 1) 6 0 => — and if the coefficient 
Ao, +1 be purely real, the last term will satisfy the condition at the sloping 
boundary if tj> be the velocity potential 
The first aud second terms together satisfy the boundary condition if Ai — A* 
The third and fourth if A s — At, and so on 
The surface condition is fully satsified if 

At, -4- A”,f i = (- - Aj, -f- Ai,t i) (cos 2*0o 4* t tanh to sin 2»0 O ), 


so that there are in equations to determine the 2» necessary coefficients 
If 2«0 O = — in, the last term is omitted It is only necessary, therefore, to 
find the condition that the penultimate term should satisfy the surface condition 
Let 


When 0 = 0, 
and 


As, =■ Bj, + *C*, 

(4> + *+)*. - (B». + •C fc )«-" M,h -, 

d Jtl So =(B * +,Cto) ‘ tenh w 


Hence, if <f> be the velocity potential, it is necessary to write 
B 2 , — — C*„ tanh to 

Some special cases of these equations will be given now for future referenoe 
Ttvo-Dimcnmonal WW» If to be increased indefinitely while k is corre 
spondingly diminished, so that ultimately 

k cosh to -=> k sinh to =» p, say, 

and 

tanh to =* 1, 


the solution is obtained of two-dimensional standing waves upon a sloping 
bank 

If 20„ = - 1* 

(*4 t+), = A(1 


(* + •+). = A(1 - Of*-er—.ter-n.} 

The rcqmred solution is fa -f fa, obtained by taking the sum of the real parte 
of the right hand sides 
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If 30o -=» — J7t, then, when 0 -= 0 

(4 + »*), - Ate-*", 

(4 + "10 - Ate *» «*■>', 

(* + t^), - — ky/Se 

Hence the expression for the surface elec ation in this case become 


AJ sin (ty |- if' 1 - '"sin Jpy — 3)] 

Three dimensional ( i*< v wh n t > — 0 W hen 0<, — — 30° 

* = A|>" *1 -»• »_ L±J2Si&e—^+«'| 

When U 0 » — 18" th< valut of 6 wh 11 0 -=0 is given by 

4 4m e> 1 ' | 

I 1 cos 20 o 

1 I 10 s 2U , 1 4 cos 2Op 1 + cos 40> «, 

1 — cos 20„ 1 1 — cos 20 1 1 cos 400 


If the expression on the nght hand side of (fl) vanishes for one or more 
values of y thert will hi longitudiml nodes parallel to the edge of the shore 
To find thesi longitudinal nod«s the equation to be solved is 
__£iosJ0_ Id cos 20, 2 cos 40 q . 

1 - cos 20 P ’ 1 cos 20o cos M, P 
where p -= e" *» 

In these problems it may In observed that if the motion be made steady by 
imparting a uniform velocity to the watt r parallel to its bank then at some 
distance from tht edge the steady motiou is sensibly the same as that of a 
current flowing in a deep anal of rataugular section With 6 0 —* — 18° 
equation (41) becomes 

^ — A {l ~ 8 48p + 8 33p 161 }. 

with p => « " 10 * M 

4 has a maximum (ncgativi) valut when p => 0 45 and this males 
4 m, = ~ A (0 86) 

The reros of 41 1 are found to b< given bv p ==■ 0 19 and p => 0 7b 
A graph of the wave section by a plane at nght angles to tht edge of the 
bank, passing through a crest of the sensibly undisturbed waves at a distance 
from the edge, and showing the two nodes with the inversion betwoen them, 
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ia represented in fig 1 by the broken curve The full curve represents a section 
through a trough of the distant waves 



Fio I 


The distances of the nodes from the edge are 0 07 X and 0 45 X respectively 
General Case when 0# == — 10 1 —For this case the hrst three terms of (38) are 
required Let 

Aj = A* =» Ae*, 


and let A s 

where 


i AB, where A and B are real It is then found that 

Be-<‘-£±! 

C = cos 20o + * tanh w sm 20 o 


The function requited is if>, and when 0 = 0, putting r = y, 

$ A [cos (icy sinh <o — c) + e"*'“ * hl “*» cos (icy emh u cos 20 o — e) 

+ 00,11 * ^ **• cos (try sinh w cos 20 o )] (42) 

General ease when 0« ^ - 45° —For this case the first two terms of (38) are 
required Let 

A, a A* =i Ae u 

It is found, then, that 


cot * =■ — tanh w. 


The function required is <f>, and, when 0 *=> 0, putting r =>ij, 
<(> — A [cos t -f cos (icy sinh u — *)] 


(43) 
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4 Ship Waves ok a Sea Bounded bv a Sloping Shore 
The first problem to be considered is that of ship waves near the shore of a 
beach which slopes at an angle of 30° to the horizontal The undisturbed water 
has a uniform steady flow parallel to the edge of the shore and m the positive 
direction of the axis of 3 An approximately concentrated pressure distribution 
u applied at, and m the neighbourhood of, a point near the shore The result¬ 
ing disturbed motion of the water surface is investigated 
For this purpose it is necessary to employ equation (42) It is readily found, 
from the expressions for B and C, that 

1 -f- » tanh t>i (cot 0 O tan — tanh 2 to , A M 
tan* 0 O + tanh* <a (4) 

From this it follows that 


sin 20 o = — sin it/3 

By giving all possible values to to it is seen that c lies between — {r. and Jir. 
Since tanh to is always less than unity it follows from (44) that B must be negative 
It is not difficult to show that, writing for the moment p ==>{*y sluh to, 
cos (p — t) + B cos p =-» D cos (p — y), 


D sin y = sin c 

It follows that D* =» 4, and that, since B is negative, D must be also negative 
Hence 


Further c and y must he opposite in Bign 
The equation (42) now reduces to 
^ = A [cos (*y smh to - t) - ‘Je'^ 

where 

tan t — 2/\/3 smh 2tu 


i (J tey sinh to — v)]> (45) 


It is convenient to write 

* smh w =» (A, tc cosh to => >, 
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For the moment write 

M = 2e-^« 

then it can be shown without difficulty that tf> is expressible in a iorm suitable 
for the problem under consideration Multiply by the factor 2 cos pa, then 
2 cos pa A can be expressed as the sum of the eight terms — 

1 cos p {y — a) cos e 2 cos p (y + a) cos t 

3 sin p (»/ — a) sin e 4 sin p (y +- a) sin t 

3 - M cos p ({y - a) < os y h - M cos p (hj + <») oos y 

7 -M sin p(Jy — «)sm y 8 — M sw p (\y + o)suiy J 

The factor 2 cos pa is immaterial, and it may be said that the sum of these 
eight terms, multiplied by Borne constant A, represents tho surface value of 
for a possible mode of motion when the shore is inclined at 30 c to the hori¬ 
zontal There is a doubly infinite number of possible inodes obtained by giving 
different values to oi and to X 
It is advantageous to write now, 

p = X sin if>, 

whence 

cosh to =■ sec <j>, 

and 

suih to ^=> tan <f> 

Here <f> is an angle and will cause no confusion with the potential function, 
which no longer appears explicitly in the present problem The possible modes 
of motion are determined by X and <f> 

Multiply the first term of (47) by 

~~oos/« ^e -u , (48) 

and consider the double integral 

I, = dXd^cos{Xrco«(^ —0)}coet «"**, (49) 

where (r, 6) are the polar co-ordinates of a point referred to (0, a) as ongin, 
0 being measured in the counterclockwise direction from the positive direction 
of the axis of x 

If the third, fifth, and seventh terms of (47) be treated in the same way, it 
is not difficult to show that — 8I a /dA is the only term which gives a finite 
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pressure anywhere namely at the point (0 a) when h is reduced without 

If the even terms of (47) bo multiplied by the factor (48) similar results 
obtain In fact the point (0 a) is the exact image for the whole surface 
motion of the point (0 a) in the line y =j 0 It is only necessary to consider 
therefore the odd terms the even terms being a simple reflection 
It has been provod then that the function — Sl/dA where 

1 - f [f‘ ** cos *r cos {p (y - «) - .}J" K “ rfp 

- 2 j dx cos xx M cos {p (y — 2 a) - y}j |e (60) 

is very small when A is small at all points of the water surface except near 
the point (0 o) Some steps in the theory ore here omitted but it may be 
stated that Lord Rayleigh s artifice of introducing a small frictional resistance 
between the particles of the fluid is employed in order to make the pit blem 
determinate The process bv which the surface form is obtained when the 
surface pressure distribution is given is a simple raodifkation of that outlined 
in the second sution where th< complete treatment of finite depth will be 
found The reason for putting the pressure distribution in the form (60) will 
then be appareut As in that section the coefbcient of the fnctional resistanc 
which is proportional to the relative velocity of a partic le with respect to the 
state of steady motion is denoted by t The prtssure distribution (50) will 
be denoted by Api — Ap* and the wove form due to A/>i will be considered 
first If Ci be the surfaci devotion due to Ap t when the problem has been 
reduced to one of stea ly motion it follows that pCi ~> the real part of 
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The roal part of (82), when the integral is taken* along the positive half of 
the roal axis of v>, represents Ki This is in reality the disturbance produced 
by a line of pressure athwart (he stream The frictional coefficient t serves 
its purpose by showing that p lies m the quadrant for which both u and t aw 
positive, since cos 4> is positive between the limits of integration Consider 
m the first place that R is positive, or in other words that <f >—6 lies between 0 and 
+ (rt/2) oi 0 and — (ir/2) In this i ase both « and v must be positive, m order 
to ensure the vahdity of tho ensuing contour integration 
Denoting tho integrand in (52) by wF, and observing that wF vanishes round 
that portion of an infinite circle which lies in the quadrant for which u and t) 
are positive, it follows that 

j^ 1 itF dw 1-J it'Fdw — 2’Mp*** _w * — 0 (63) 


In the second place let R he nogut ice 
In this case 


j wF dv> 1 j wF dui — 0, 


corresponding to the event of <f>- 8 lying between it and +(n/2) or n 
and — (it/2) 

A Presture Line athwart the Stream— Beforo prooccding further with ths 
theory of ship waves due to a pressure point, some progress can be made with 
the somewhat simpler theory of a pressure line 
Reducing t to zero and assuming, in the first place, that R is positive, the 
expression to be considered is 

I, + tj, = _ j° Ydic 


re-*-* 

-Lt?** 


(M) 


ftp 

When R is negative, the expression to be considered is 
I 2 f »J t = j"'’Fdw 

-is? 

The integral (54) ib of some celebrity in the history of mathematics. Writing 
for the moment R + »A = a. 
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which can be expanded in the form 

l l +Kr 1 -=e''“j- Y -log(.p«)+tp« + || 2 -||-’- |, (56) 

Y being Euler’s constant 0 5772 This expansion is suitable when both R and 
h are small, m which case, < onsidcnng only the real part, the following ex¬ 
pression results — 

Writing, for brevity, -e = Up, y --= h$, 


Ii ^=i—CV _ *cosx+ (^ — s)c - *sinjr, (57) 

m which 

t* — r 1 y H 5 Iok (•*- + »/) — l* 1 f }>/* , 

and 

>s - Jf t- key — tan" 1 yjj , 


When y a 0, C = the known function Ct, and 8 = the known function Si 
When R is large a suitable senn-convergeut senes can be obtained for the 
integral, but it is advantageous to proceed aa follows 
It can be shown that 


where 


and 


1, _ ~M + N, 
U - 

to (- (5* 
0N/a (Ap) = M 


(58) 

(59) 


The process wbttli follows setB out to hnd, if possible, a simple expression for 
the value of the integral when R is nnthor very large nor very small When 
h =« 0, the value can be calculated by means of the tabulated functions 0» and 
St Hence, in this case, it is possible to test the nature of the approximation 
involved by substituting sui li a simple expression for the accurate ono 
Consider the function 

and compare it with the function 

/» - w-^ M /2p* 

Both of these functions are zero at the origin and tend to zero aa v -- oo 
Both have a maximum when o =» p, and the common value at this point u 1/2{J 
The function ft increases, however, a little more rapidly than fi before the 
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maximum is reached, and decreases more rapidly than /) after the maximum 
u passed 
Let 

M' — | /*e~’ a coei>A(fo 


If A is small compared with R, the effect of cos vh upon either integral M or 
M' is very small For small values of R that part of the integral M, for which 
v is large, will predominate , consequently M' will be somewhat smaller than 
the true value For large values of R that part of the integral M', which lies 
between tt = 0 and v =* (3, will predominate , consequently M' will he somewhat 
larger than the true value 
There is, therefore, a value of R for which M —■ M' 

Now, when A is neglected, the function M can be expressed in terms of the 
irreducible transcendental functions Ot and St which have been tabulated 
The value of the function M' is 


(1 + Rfr) 8 - A a f> 

{TTTrpFTw’ 


which, when A is neglected, reduces to 


M ~ 2 (1 + R(l)* 

Under these circumstances it is found that the value of R (3, which makes M = M', 
lies in the viomity of umty A further comparison shows that, so long as 
Rj3>J, M may bo replaced by M' to a sufficiently high degree of approximation, 
Bince, for large values of R(3, both integrals rapidly become evanescent 
It will be noted that the neglect of A in (60) involves only the square of A, 
so that, retaining the first power of A, which is small compared with R, it may 
be concluded from (50) and (60) that, very approximately, 


and 


when 

Whence 


c M 
2 (l + Rp) 5 ’ 
Rf»>l 


I, 


e 1 - Aft 
2 (1 + Rfi)* 


when R{i > i 


(61) 
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An approximation for the real part of (52) may now be written down but 
the most interesting cav is that m which <f> and therefore t is zero that is 
when the line of pressure is at right angles to the shore Ihe consult ration of 
the effect of Apt follows the same lines and it can be shown that tht resulting 
disturbance decreases rapidly as the distance from the edgt of the shore increases 

It will be noted that Ap is now not everywhire negligible when h is eery 
small but becomes comparable with Ap\ when both i and y are very small 
buppose that a small obstruction is plactd around tht origin then the lint of 
pressurt on the fluid may be consult rtd at nsiblyumfomi Thus tht disturbances 
at some distance from tht origin dut to both Ap\ and Ap exist and in ad 
dition, a local disturbanci due to the obstruction \t a moderate distance 
from the origin the latter disturbance is negligible tlint< the motion at 
points not too close to the origin may be considered as proelue i d by a uniform 
pressure Ime 

Neglecting for the momiut the effect of Apt the disturbamc is effectively 
that due to a pressure line on the surface of u deep stream flowing with other 
wise uniform velrx ity the pressure line being at right angles to the dircctirn of 
flow of the stre am 

It must be noted that the integral (54) has so far been ce nsidered and that it 
is valid for positive values of R hor negative values of R tin integral (55) 
must be evaluated The treatment of the latter lutcgral proceeds in precisely 
the same manner and need not here be considered further except to mention 
that when R -=• 0 the slope of the wave profile is continuous 

The slope is in fact equal to — jr(3c ** when R = 0 fts value and continuity 
are easily proved bv means of the integrals 



In Lambs H) drodynainics an interesting drawmg is given of the wave 
profile due to a uniform pressure distributed over a band of finite breadth but 
the discontinuities at the celges make this mode of repri scntation a little 
unnatural 

In fig 2 a diagram is shown of the wave profile due to a diffused pressure 
taking Ap = 0 1 in formula) (55) (57) and (61) The line 0\ lies on the un 
disturbed surface and in the direction of the flow of the stream It is legitimate 
to employ either (57) or (61) to the point given by R|3 =» \ but it must be noted 
that the approximation given by the latter formula cannot be used with reason 
able accuracy for values less than this 
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Notwithstanding the discrepancy due to using the one formula for the other 
does not am unt even at this point to more than three per cent of the approxi 
mate val te 



Flo 2 


The line IT is the lint, of tr ughs at i Bufhcient distance 
It will be seen then that at a short distant e down stream the sine term only 
is sensible 

In the case f i line ol pressure at right angles to the shore the total effect 
at a sh rt diet iiicl 1 wn stream is barring a constant factor given by 

-bn *unBpU 

There is accordingly i m dal line parallel to the shore at a distance given by 

V3/2 yp=*log.2 
or 

y=0 127 X 

(See Lamb s Hydrodynamn s 4th Ed p 443) 

A Pressure Fount —When the applied pressure is symmetrical about • point 
it is neoessary to return to equations (52) and (53) Remembering that 
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R =» r cos (^ — 0), where r ig the distance from this point the most important 
part of la given by 


Ci- -~ 


(62) 

<f> it an tie hhowu easily that the integral la 


Since tan t -= 4 am ^/V1 
convergent 

The moat important part of this integral is obtained from the group i f values 
of the integrand lying in the neighbourhood of that value of the harmonic 
argument for which the phase remains stationary Write therefore 


F 2 21JjLlJQ * «*) 

*■ «« i 

and put tan t => A am ^/cos 6 (4- bung written for ijy/Vj 
rhe condition for stationary phase is 3F/30 =» 0 which leads to 


in which 
and 


[*wH y«(2u ! I 1)]|T 1 4V (-AV] = 2u J | 1 
i — t in 0 
-= r/ cos 6/Ac- 
y v - n "in 6/Ac 2 


(04) 


Along the curves of cusps 3 F/3^ 2 must vanish 
This condition leads to the equation 


{®o i yo 4«}{1 + A*« t AV} ■+- {j u + y 0 (l« H l)){2u s + 1}2A ! « — 4w 

(69) 


Write for brevity 

B - 1 y *V + A* u‘ 


r 2AV(2«* + l) 2 

° 2u* - 1 


then from (04) and (65) 


to 




£ 2«* + i 

B* u 



} 


When u eo, both x 0 and y 0 are zero 

When u •= 0, *o »=» 0 and y 0 = 1 

When u = ± 1/V2 both Xo and y Q are infinite 


(66) 



514 


E T Hanson 



an i the asymptotes U the cutvrt of ousps are given by putting n =» ± 1 jy/l 
m (07) Thus the equations of the asymptotes are 


The scale of r 0 and y 0 i* to bo nterpreted from the relation 
A e l lg = AXo/2n 

where Xfl is the length of the free waves upon a stream of infinite depth flowing 
with velxnty r 

It hg 3 is present* 1 a iiagram of the cusp curves OC 0 B showing the 
asymptotes AB and AC The curves ar derived tr mi equations (fib) 



In order to letermme the positions of the cusps themselves it is necessary 
to equate (63) to a constant phase At a not very great distance along the 
cusp curves the latter practically coincide with the asymptotes Hence, at 
points not too close to the origin of the disturbance and lying on the cusp 
curves the conditions to be satisfied are 
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Azp cop j -4- Ay„nm <f> _ t==2 nn'\ 

Also ** 1 

corresponding to 

tan <f, - ± 1/V 2 
II * be the distani e along the asymptotes from A (hg 3), 

y, !/■>_= =F* 1 

x =>2 a/2y/3 

corresponding to t in ^ ^ £ I/Vi 

Taking first tan <f> — I 1 V- it follows that along the asyniptott A ( 


Similarly, along the asymptote 4B 

2* — 2 "5 tan 1 2 —> 2m r 

Along the axis OX * is appro'timauly iqual to nit Tn fag 3 the 

curve TT represents a nodal line of the transverse wavt system obtained by 
means of the first of equations (68) i orabincd with the first of (64) 

The effect of dps may bt treated in the same way but the following observe 
tions will suffice 

Instead of (03) the required phas* function is 

*-?■-£ r 1 ^ «"> 

in which 2sm , j -=>sinc 

It will be observed from ( j 0) that y a is replaced by y - 2a llu initial 
disturbance exists at the point x =0 y = 2u and the asymptotes to the (tisp 
curves make angles ± 0 o with the axis of i where again tan 0, 1/2\/2 

Owing to the presente of the factor M dp, produces a sensible < fleet only 
dose to the edge of the shore In ordt r to investigate the nature of the motion 
dose to th< shore, the positions of the cusps may be determined For it t an be 
shown that 

_ i _ 1 _ §a 
d<(> i 2 ^ + 1 

The asymptotes pass through the point P (0, 2a) (fag 3) and make the angle 
stated with the axis of / 
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The transverse waves, which of course exist only near the shore, oan be 
drawn in as before It is sufficient to remark that, since y is opposite m sign to 
c, the orientation of these waves with respect to the central line is opposite to 
that of the transverse waves of which a member is depicted m fig 3. 

The Case 6 0 =» — 45° —This problem will lie considered briefly for the* analysis 
is m many respeota, similar to tho foregoing 

From equation (43) for tho velocity potential of simple harmonic motion there 
is denvid 

= A[(ost e'*> 4- cos {jay - «)] (70) 

Equation (70) shows that, in contradistinction to the previous case when 
6 0 = — 30°, no motion is possible in which there is a single nodal line parallel 
to the edge of the shore For when p -=» 0, * ■=> — it/2, so that f a0 For 
other values of p or c the nodal lines, after the first, are practically determined 
by the equation 

cos(py-.)~0 

Multiply fa by the factor 2 cos pa Then 

^*.-1 ooH{p(y-«)_.} | 

*2 | cos{p(y f a) - «} | ( 71) 

3 f cos{— pa — c}e *» | 

4 -f cos (pa — «}«'** | 

The term (1) of (71) gives rise to an equation similar to (51), with the only 
difference that now 

cot e — sm <j> 

The wave pattern due to the first term of (71) is derived from a consideration 
of the phase function 



x a =■ rg cos 0/c 2 , yo rj sin 0/c*, 

tt-tanf B=l + 2«* 

Then it can be shown that the cusp curves are obtained from the equations 
*V>« 1 SfoB = 1/B 
At + y« 4i» =i — 4u/B* 

from which it appears that the asymptotes to these curves again make angles 
± tan" 1 1/2V2 with the axis of r 
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The interest ol these problems lies largely m the contrast which they present 
to the problem of uniform finite depth 
Consider now the third term of (71) On referring to equation (51) the only 
modifications required are that h should be replaced by h + y, and that y —a 
should be replaced by —o Hence r and 0 must be interpreted as 

r cos 0 - » x, 
r biu 0—3 — a 


The asymptotes are given by the same values of 0, und it is obvious that the 
effective disturbance due to this term exists beyond the point where the 
near asymptote cute the edge of the shore, and is, along the edge of the shore, 
of the same magnitude and sign as pertain to that due to the first term 
It is of interest to treat this problem somewhat further 
Wnte itirt C, where n is an integer, and let 


Let 


l , __ c 

c 4 cos <j> cr cos 4 <f> 

A - cos {(’ - cot" 1 (sin if>)} 


It is, then, not difficult to show that the crest curve, corresponding to some 
constant value of n, is given bv the equations 


. 1 1 ‘2u- _u_ 

F l-i (1 f u 4 )(I 4-2U-) 1 

? a + «*) (!+M) ~ r+7* Ai 


where u = tan if> 

When u is small and C moderately large 


t = 

x 


A 


- u approximately 


Hence, for small values of « and integral values of n, 0 is small It thus follows 
that, for small values of 0, the principal wave groups which contribute to the 
transverse wave system are determined by small values of < j> 

The potential function 

cos* e x " + cos(py — c) 


may be treated in the same manner os that adopted for the case of a shore 
inclined at 30° to the horizontal It is unnecessary to go through the work in 
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detail but it i-au be shown that, if gjtr con ^~a, the surface elevation required 
is projxirtional to C, where 

- S =| 1 ^ »mL< {j. cos <j> 1- (y - «) siu <f>] - c], (a) 

+ a similar term obtained by substitution y 4 « tor y — a, (b) 

+ | * ** sin [* {r cos ^ « sm — t] (c) 

-+■ a similar term obtained by substituting - - a for (-a (i>) 

The group method is now used to determine the most important part of the 
integral (A) Denoting the argument of the sine term in (A), by F, it is found 
that, for small valm s of A 


F-*M1 + J*-H <y -«)*} 1 J - * 


The condition 0F/3^ 0 leads to 


whence 


<c\x<l, f-(y a)) - 1 - 0, 




-‘ ..l* i- it 


At points close to the axis of x, the chief difference between this case and the 
case of infinite depth lies in the fart that in the former 
C « cos {its + in), 

and in the latter 

S * cos (a*-Jit) 


The difference between the forms found for the crest curves near the axis may 
also be noted 

The diminution of amplitude in proportion to is practically unaltered 
At points on the surface of the stream, below that at which the cusp curve 
due to (A) ruts the edge of the shore, an approximation to the four integrals 
(A, B, C, D) can now be written down At points close to the shore all four 
integrals are sensible, but at a short distance from the shore the two last be¬ 
come negligible The phenomenon is easily observed when navigating a motor 
boat in shallow seas On steering close up to a sloping shore the transverse 
waves on the port side rapidly increase in height The explanation is, of oouiae, 
readily given in general terms, but the working out of an actual caae m 
which the problem can be rigidly formulated has been of interest since the 
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opportunity offered itself of observing the phenomenon on several occasions 
while on holiday last summer 


5 Ship Waves on a Sea of Uniform Finite Dfpth 


In the first place consideration must be given to the integrals obtained in 
the second section 


In equation (32) since 2 is common to all cases it will have first treatment 


When considering the lowest imaginary root the suffix n will be dropped 
as has been done in the case of the real root since no oonf isiOn i an be caused 
now 
Now 


F (to,) nv,U «*» a *» 

‘/(*«.) {«„* — L(1 — L)} 


(73) 


and the sum required is 




a Tie **« cos Ac, 
v./L + L/v. - 1/e, 


(74) 


The senes (74) has some properties which should be noted The lowest 
possible value of v, is 7i anl whatever the values of L and t. the mini mum 
value of v,/L + L/v, is 2 It oan be easily shown that if A is finite however 
small the aenes is convergent for all values of R In the present discussion 
A is considered to be small tor given values of R and A the sum will depend 
upon the magnitude of L The maximum value of the sum will occur when 
L lies m the neighbourhood of the lowest value of v, and complying also with 
the condition 


Thus the sum of the series will be a maximum when L lies between n and 
5 n/ 4 When L is either very great or very small the sum of the senes approaches 
zero 

For values of L which are lees than umty it is possible to find a dose approxi 
mataon to the sum of the senes From the foregoing observations it is legiti 
mate to omit l/v, from the denominator of (74) If this be done the n** 
term of the series may be written approximately — 


Now 


von. cxi —i 


ine *’ cos Ac, sin 2v, 
v, =» (2» + 1) Jn c 


(75) 
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in which, for all integral values of n, t may be considered small. Thus 
sin 2c. is approximately equal to 2L/(2»-f- J)$w Thus the n* term may 
be written approximately 

ne ~** « cos hv' % L/c' BI 


where 

It follows that 


(2»+ Di* 

3S./3R - the real part of 


= the real part of — nL- --j 

1 — 


When R is small (h being assumed small throughout) 

3S./3R — — j approximately 


If * be written for e~*'“ cos h\rt, whore ft is small, an approximation to 
S c , for values of L< 1, is gi\en by 

bjiog (76) 


The vahdity of this expression for small values of R will be discussed presently 
The contribution which the series just considered makes to £ is very small 
except for very small values of R and produces no wave pattern It is con¬ 
venient, henceforth, to denote y/o* by * 

The important integrals, which remain, have now to be considered. These 
are involved in the equation 


P 3^ 




(77) 


£ being that part of the surface elevation due to these terms, and it being 
understood that only the real parts are retained The first part of the right 
hand mde of (77) applies to those values of ^ for which L > 1 and R positive 
The second part apphes to those values for which L < 1, and, remembering the 
statement made in the second section, it applies whether R be positive or 
negative 

Consider, in the first place, the second part, vis — 


P 3^ tan v 4- oot« — 1 jv 


(78) 


The nght hand side of (78)is infinite when v =»0, so that, in the oase of the two- 
dimensional problem when is zero, the solution is indeterminate when * 
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is exactly equal to unity It u, of course, then necessary to take account of a 
finite frictional resistance between the particles of the fluid This was referred 
to above 

A pressure Line when k <1 —Before proceeding further.it may be noted that 
equations (76) and (78) contain the solution of the two-dimensional problem 
in which k is less than unity, * being written for L 
The validity of the expression (76) for small values of B must, however, be 
considered It will be notod that 0S../0R => 0 when R = 0, but the derivative 
of (78) with respect to R is not zero when R=0 The sum of these expressions 
does not, therefore, satisfy the condition that the slope ib zero when R — 0 
In fact the senes from which 0S./3R is obtamed bocomes indeterminate 
when R = 0 

The whole expression may, however, be transformed by (28) into the 
integral 

I _ r. i^ l os (Ru)e~*» 

J 0 ucothu — K 

which shows that 0I/0R = 0 when R « 0 
Transform the equation for 0S./0R, when R is small, into 

3£, (R+«)* 

UR (R + «)* + A*’ 

in which « may be considered as very small 
When R is zero this becomes 

T§f'-.TT Tf m 

The denvative of the real part of (78) with rospect to R, when R = 0, is 

_ ftp COS hv 

tanv-f cot»--l/«’ 

which has a given value, A aay, when * is given 
Hence it is necessary to equate 

or, since * is very small, 

*=■ — AA*/* 

Now, for small values of R, 

S'.»log{(R + «)* + A*}-‘. 


2 u 2 


(81) 
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which shows that S', may be substituted for S B when R => 0, and when R> A, 
since a is small compared with A Between these values of R, S’,, and (78) 
together aro a valid representative of the profile as far as the seoond power of 
R, for the first power disappears If, therefore, R — AA*/* be substituted for 
R m (76), the latter, together with (78), may be used to delineate the whole 
profile 

In fig 4 is depicted the profile for a value of * = Jt/4, and oos (AJrc) =<0 9 
In this case v *=■ * and 

tan v -)- cote— 1 /« = 2 — 4/it 
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A Pressure Poutf —The most important part of the wave disturbance is 
due to the first term on the right hand side of (77), when modified to suit the 
pressure distribution given by (9) 

This term may then be written 


m at _ 9 „ tfu* 

P 0* {L(l-L) + «»}' 


where u =■ L tanh u 

The damping factor A has been omitted, for it is unnecessary to retain it m 
the subsequent investigations In the remainder of this problem £ denotes that 
part of the surface elevation due to the term under consideration 
Let the factor 

u*L/{L(l—L) + u*}, = «/{tanhu —cothu -f 1 /m}, 
be denoted by B 
Then 

^ ~ 2nB sin (Ru), (83) 

The value of £ at any pomt may now be considered as due to the superposition 
of an infinite number of elements S</> At a given point the most important 
part of the integral with respect of $ arises from those values of <f> which ha in 
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the neighbourhood oi fa where w *uoh as to nuke the argument of the cir¬ 
cular function stationary For a given value of <j>, e&y fail the applied 
pressure be confined to the neighbourhood of the line fa the motion is practically 
two-dimensional, and, at a moderate distance along the perpendicular to the 
line, m the direction of the reeolved flow of the stream, the form of the free 
surface is given by the right hand side of (83) Except, therefore, at points 
close to the origin, each element 8^ produces a stationary wave form whose 
wave length depends upon Now, by an application of the group method, 
to each value of 0 corresponds a value of ^ Lines may be drawn parallel 
to this value of <f> at perpendicular distances given by 
Ru =a(2n + l)n +Jit, 

where u corresponds to the said value of ^ Where these lines out 0, the pre¬ 
dominant elevations will be situated 

The Wave Profile 

With regard to the amplitudes of the wave pattern the group method can be 
used, but sinoe the harmonic wave form produced by an clement i<f> is not 
established very near this element, the theory does not apply to points close 
to the origin 
From (83) it follows that 

(; = — J‘2*B gin (r cos(^ — 0)«) d<f> (84) 

Denote r cos (^—0)ubyF, and consider F as a function of <j>, r and 0 being given 
The moet important part of the integral (84) comes from a small range of values 
of <f> lying in the neighbourhood of some value fa which is given by the 
equation 3F/3^ ==> 0 

In the neighbourhood of <f>, the function F is given approximately by a few 
terms of the senes 

F = F 0 -H - A.) + i ^ + (86) 

It is easily shown that an approximation to C u then given by 

B[||] o ''cos{P 0 Tiw}, (86) 

the upper sign being taken when [3*F/3^*]o is positive and the lower sign 
when it is negative. If [d'F/d^ja is also icro, it u necessary to proceed to 
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the third term in the development of P m order to find the approximate value 
of the integral. 

Considering now the application of (86) it is not difficult to show that 

2sec*^ = (a-l)i^ + (i^)(l-|5 + «*), (87) 

cos* <f> — k tanh «/« => *p, say , 

2u/sinh 2« = a 

The derivatives of F obviously become rather complicated in their general 
form The most important case is concerned with the transverse waves along 
the hne 0 =• 0 When 9 => 0, ^ = 0, and from (87) it follows that 

3*F 1-f q 

Sf 1 -q’ 

the required value of u being given by 

tanh «/u = l/* 

It may bo noted that, when * = 1, u -» 0, and 3*F/0^* is then infinite Also 
when k is large, u —• *, and 3*F/3^*—»r* The oomplete expression for the 
vertical section of the transverse wave system, along the line 0 = 0, is now 
given by 

P C ~“?(7 )‘» , («- W . ( 88 ) 

where 



When * is moderately large 

C — the value u~* or 

When k is nearly equal to unity, so that u is small, 

C —* the value 2 

When * is equal to unity, the failure of the solution is due to the neglect of ■ 
the frictional resistance between the particles of the fluid, and the solution 
is indeterminate, therefore, unless some such resistance is assumed to be present 
It may be pointed out here that, when * < 1, the boundary lines of the wave 
pattern coincide with those values of ^ given by ± oos' 1 («*) Since these 


where 

and 
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lines are themselves the origins of the chief dispersive wave groups at points 
lying in their own vicinity, no quantitative conclusion concerning the disturb¬ 
ance at the boundaries can be drawn by an application of the group method 
A general expression for the surface form along the lmes of cusps can be 
obtained for vaues of * > 1, but it is complicated When k < 1 the boundary 
Unea of the wave pattern are not cuspidal lines, and the determination of the 
surface form along these boundary lines is not possible by the preceding methods 
for the reasons already stated At points well within the boundary lines these 
methods may, however, be used It may be noted that, when * > 1, as passage 
tt made from any one of the crests of the transverse wave system through a cusp 
to the corresponding crest of the diverging wave system, since [S'F/d^*], is 
zero at the cusp, ltuhanges sign, and therefore the phase changes sign on passing 
through a cusp When * is large the wave form along the lwea of cusps is 
readily obtained For in this case 

* -=v cos* B — u*. (89 a) 

and 

F cob* 4 «*r cos (< f > — 0) (89b) 

Since 9F fit ==> 0 and 0 ! F/cty ! =» 0, successive differentiation of (89 b) give* 


1 tan (^ — 0) =» 2 tan 
an equation already obtained , 

2 acosV^U, whence B = (3*/2)*, 

3 0 s F/a^=i-3«rVi 

It follows that 

*r}-‘rU)«n*-n(^2 *r) 


(90) 


(91) 


The amplitude along the cuspidal lmes decreases, therefore, reciprocally as the 
cube root of r 


6 Two Fluids of Different Density 
There are some interesting phenomena connected with the wave formation 
due to a ship moving on the upper surface of two fluids of different density 
whioh are superposed upon one another with, in the undisturbed state, a hori¬ 
zontal surface of separation * Let the depth of the upper fluid be taken as 
unity, and let that of the lower fluid be very great Then (see Lamb’s ' Hydro- 

• See Bkmsn, “ On Dead Water,” ■ Sdentiflo Remits of the Norwegian North Polar 
Expedition,’ Part XV, Christiania, 1804 
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dynamics,” 4th Ed , p 408), a paftsure line, at right angles to the flow of the 
stream, will produce two wave systems 
The wave lengths of the two systems are, respectively, given by 


*i = 5/«* 
and 

_ P^P' 

o® p coth *i + p' ’ 


(92) 

(93) 


in which the accented letters refer to the upper fluid 
The ratio of the amplitude at the upper surface to that at the surface of separa¬ 
tion is, in the case of the first system, e*‘ In the oase of the seoond system this 
ratio is 

(94) 

9 

The ship waves of the first system, which are formed at the upper surfaces 
are identioal with those formed upon the surface of a deep sea of uniform density 
At the surface of separation very much tho more important Bystem is that cor¬ 
responding to (93) and this system may be of considerable amplitude The wave 
pattern of this system is, however, somewhat restricted For the three dimen¬ 
sional case of ship waves the equation (98) is written in the form 


9 . 9 ~ 9 ' 

0* COS* <f> p coth ** -f p' 

(96) 

and the phase function to be considered 


cos (l — 9) », 

(9«) 


The difference m density will be assumed to be small, and will be denoted 
by Ap 

In accordance with the previous notation let = u and let k =3jrAp/c*p. 
Then (95) becomes 

cos 8 => k/u (1 f coth u) 

= * (I — «~*“)/2ts 
= say 

Let F => cos (^ — 8) u 
The required stationary condition is satisfied if c*F ld<f> = 0, whenoe 

tan (<f> - 0) a Su/wty => q, say (98) 



From this equation it follows at once that 

tan 6 ^ .— i-T -J f . 
I + ytan <(> 


(99) 
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Denote ^ by a, then the differentials of the equation, oos* <f> => *p, 
leada to the equation 

-2 tan 4*=(*-l)q (100) 

For the moment write 2/(1 — a) = x 

The elimination of q from (09) and (100) results in the equation 
1 + * tan 1 <)> 

which is readily transformed into 

cos* 6 =» --i 2 (101) 

4-(l+«)(3-«)p* ' 


The Wave Pattern 

^Far a given value of ti the limiting value of 0 is found by obtaining the 
differential coefficient of the nght hand side of (101) with respect to r and 
equating it to rero 

Thu leada to the equation 

p*^2/(3~x) (102) 


Hence, from (101) at the limiting value 


cos* 0 - 


80 _«) 

(3 “ «)* 


(103) 


* > 1 —Since the greatest posable value of (3—a) P u 2 it follows from (102) 
that k must be greater than unity when a real limiting value exists There u 
only one real limiting value, as an inspection of the functions panda in (102) 
will show, and its existence indicates that, for given values of 0 and k in 
equation (101) there must be two values of j>, so that there ale two sets of 
waves given by those values of <j> which produce the predominant group values 
along the line 0 =>= const 

k < 1 —There is no real limiting value in the above sense, and one of the 
groups disappears The limit of 6 occurs m this case always when u =>0 If 0 
be made soro in (101), that equation reduces to p* =* 1 
Now p is always less than 1, so that, when 0 is sero, k must be greater than 
1 Hence the transverse waves disappear when *<1 When *< 1, those 
indues of ^ which produce the diverging waves within tho boundary lines, he 
between ±Jn and ± cos -1 ** Those value* of lying between 0 and ± 
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coa' 1 k*, are responsible for the approximate elevation given by (81) The 
reason for the disappearance of the transverse waves is now dear 

The deduction of the preceding results is made clearer by the following 
considerations 

Write / for cos* 0 in equation (101) Construct two rectangular axes Of and 
On, / being a function of u, and let AB be a line parallel to the positive 
half of the axis of u, at distance unity from it, and cutting Of in A Then the 
whole available part of the function / must be contained within tiOAB If 
f = 1, then *(3 => 1, as has been seen 

*>1 —When u is infinite, / is unity When u is given by *(} = 1,/is again 
unity Between these values of a the function/has a minimum, which has been 
denoted above as the real limiting value Any line/ = const, which lies between 
unity and this minimum value cuts the curve connecting / and u m two real 
points These two real points determine the values of w, and therefore of <f’> 
corresponding to the given value of 8 

* <1 —The curves connecting / and « have each a minimum ordinate at 
u = 0, and the value of / there is given by 
/-1 - * 

The boundary lines, which are the loci of the cusps of the wave pattern when 
*> 1, are given by (108) When « is large,« —* zero, so that the angle contained 
between the two lines of cusps cannot bo less than 20o, where 

cos* 8 0 - 8/9 (104) 

As * decreases to unity, the angle 20 o increases to 7t, but for further decrease of k 
the angle between the boundary lines decreases to zero as * — zero 

The similarity between this problem and that of ship waves on a sea of 
uniform finite depth may be noted The latter has been dealt with in a different 
manner by Havelock (‘ Roy 8oc Proc Series A, vol 81, p 398). 

Unless c be very small, k will be less than unity and there will be no transverse 
wave system The divergent wave system will be contained within two lines 
radiating from the origin to the rear, the angle between which will diminish 
as c increases 

For a given value of«the ratio of the amplitude at the surface of separation 
to that at the upper surface is, from (94), 

-pe'/Ap 

Along the boundary hues of the wave pattern a » 0 when * < 1 Hence the 
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Amplitude increases rapidly for other parts of the wave pattern, as oomparcd 
with that of the corresponding system at the upper surface 
When o is very small, so that * is greater than unity, w > 0 at all parts of the 
wave pattern including the boundary lines 
The amplitude of the waves at the surface of separation may, in this case, 
assume large proportions, and to this cause has been ascribed the abnormal 
resistance experienced by ships near the mouths of the Norwegian fjords, 
where there is a layer of fresh water over salt water 


The Distoi Hon of Crystals of Aluminium undei Compression .— 
Part I 

By G I Taylor, F R 8 , and W S Farrbn, M A 
(Received April 26, 1926 ) 

In previous experiments on the distortion of aluminium crystals* a uniform 
bar was out from a single crystal and subjected to a tension along its length 
This form of test ensures a uniform stress in the central part of the bar, and it 
was found that the distortion was uniform, and that it conformed to very 
simple laws These laws may be summarised as follows — 

(а) The distortion is due to slipping, or shearing, parallel to one octahedral 

(111), plane in the direction of a diad axis (110) 

(б) Of the twelve crystallographically similar possible types of slipping, 
in general only ono occurs, namely, the one for which the component of 
shear stress in the direction of shear is the greatest. 

It will be noticed that these laws take no account of any possihle effect 
due to the component of pressure normal to the slip plane In the case of a 
tensile test there is always a tension perpendicular to the slip plane, and the 
question naturally arises whether the distortion would follow the same laws 
if the component of stress perpendicular to the slip plane were compressive 
The experiments described below were designed partly to give information on 

* “ The Distortion of on Alumlnioro Crystal during a Tensile Teet," G I Taj lor and 
0. F Bam, Baker!an Lecture, ‘ Boy Soo Prw A, 1923, p 648, referred to as B L. in 
future, and " The Flaatio Eaten*!on and Fracture of Aluminium Crystals," 0 I Taylor and 
C. F. Bam, 'Roy Boo. ProcA, IBM, p 28, referred to as P E in future 
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this point, but chiefly to find out whether the simple laws found for the dis¬ 
tortion due to stretching are applicable to other kinds of plastic strain The 
chief difficulty lay in devising a lend of experiment in which the stress might 
be expeoted to be uniformly distributed through the material So far as we 
are aware there is no form of test known to engineer* which gives a uniform 
plastic strain to a material except the extension of a uniform bar In torsion 
tests, for instance, the strew is not uniform, even when applied to isotropio 
materials, and when a bar cut from a single crystal is twisted the stresses 
must be very complicated 

The known type of distortion which most nearly approaches the desired 
conditions occurs in the ordinary compression teste used by engineers In 
these tests short cylindrical lengths of the material are compressed between 
parallel plates The distortion is not uniform, for the compressed material 
usually assumes a barrel-shaped form, and in any oase tests of this land are 
unsuitable for single crystals because the distortion would neceesarily be 
unsymmetnoal and the distorted specimen would be of such a shape that the 
load oould not be applied centrally The distortion would therefore cease to 
be uniform as soon as any appreciable distortion had occurred 

This eccentricity of loading oould be diminished by reducing the height of 
the specimen in comparison with its diameter, and if the specimen were cut 
in the form of a thin disc it oould be made quite negligible. On the other 
hand, there is another factor which tends to give rise to non-umformity of stress 
in the material—namely, the friction between the end plates and the specimen. 
It is this friction which causes the specimens used in the ordinary engineer’s 
compression tests to beoome barrel-shaped. The effect of this friction m making 
the stresses non-uniform must be greater for thin discs than for thwk ones, so 
that there are two factors, each tending to give me to non-uniformity of stress 
The effeot of one can be diminished by decreasing the height of the specimens, 
while the effect of the other can be diminished by increasing it In these 
circumstances it became a matter for experiment to find out whether, when 
the friction of the specimen os the end plates had been reduced as much as 
possible, a ratio of height to diameter oould be chosen such that a cylindrical 
or disc-shaped specimen would bo distorted uniformly under compression. 

Specimens were prepared by outtmg discs from single crystal bare of circular 
cross-sections about 1 4 cm m diameter. As it was necessary to find by means 
of X-ray reflections the directions of the crystal axes at various stages of the teats, 
special precautions were taken to ensure that the layer of material disturbed 
by the cutting tools should be as small as possible The cylindrical piece of 
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matenal from which the disc was to be cut was set inside a brass tube and 
ooncentno with it, the annular space between thorn being filled with sulphur 
The brass tube was then mounted in a chuck in a lathe and the end faced off 
with a very fine cutting tool The last 6 mm of the brass tube wsb next turned 
off, leaving 6 mm of the aluminium specimen projecting from it The disc 
was then cut off by means of a very fine saw and the rough face trued up on a 
lathe with a fine tool so as to be parallel to the face already trued The 
specimen was next mounted on a specially designed holder and its two faces 
were ground down on fine emery paper stuck to a piece of plate glass The 
final thickness of the specimens was usually about 2 5 mm 
Preliminary experiments were made with specimens prepared in this way 
They were pressed between parallel horizontal steel plates which had been 
faced in a lathe and polished with fine emery paper It was found that the 
circular dues became elliptic m plan In elevation or vertical section they 
ceased to be rectangular because the generators of the curvod sides became 
inclined to the vertical In general, a uniform distortion would change the 
shape of a circular disc in this way In order to get some idea of how nearly the 
distortion was uniform, straight scratches were ruled on the plane faces of the 
specimen before compression, and these were examined afterwards to find out 
whether they had become bent or curved 

It was found that if the specimen was not lubricated with grease distortion 
was far from uniform Straight scratches became curved and the specimen when 
seen sideways became barrel shaped and skew, as shown in Fig la. When the 
specimen was lubricated with grease both these signs of non-uniformity dimin¬ 
ished greatly, the compressed specimen appearing as in fig 1 b. Finally, the 



Fro U —Side view of specimen Flu 1 b —Side view of specimen 
oompressed without lubrication lubricated during compression 

friction was still further reduced, firstly, by hardening, grinding and polishing 
the steel {dates with diamantine powder, and secondly, by carrying out the 
compressions w small steps, re-greasing the specimen before each small morease 
In oompressive load * 

When tests were earned out in tins way the distortion seemed quite uniform, 
except occasionally in a small region dose to the curved edge of the specimen 
Photographs of one of the specimens before and after compression are shown in 
fig 2. The magnification of the photographs u approximately 4 0 The 



532 


G L faylor and W S Farren 

specimen is marked in a manner to be described presently It will be seen that 
straight lines* rema n straight after compression and that squares ruled on the 
surface become obi que parallelograms 



Flo 2 —Photographs of diso No, 69 10 after oo npremion and g m far duo before 
compression 


Marking the Specimen* 

In order to measure the distortion and to find its relationship with the 
crystal axes it is necessary to rule fiducial marks on the original bar before 
catting it into discs (The orientation of the crystal axes was measured with 
reference to these maria before the specimen was cut up ) For this purpose 
the round single-crystal bar was mounted on V blocks on a surface plate 
and four generators of the cylinder were marked with a scribing block 
These were spaced at intervals of 90° round the specimens and numbered 1 2 
3 4 A fifth generator was also ruled in sucb a position that the marks oould 
be distinguished after the specimen had been cut up The bar was then cut 
into duos in the manner described above and cross marks were then made 
on the two plane faces so that the distortion oould be measured 

The system of marking is shown m fig 3 Two sets of three parallel lines 

* The particular speountn shown In the photograph was marked ranch more deeply than 
thoee need in tha experiments described below as M was iennd that tha finer marks used In 
the bitter specimens did not ahow up dearly in a photograph. 
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wen drawn intersecting in nine points numbered 1, 2, 3, 4, 5, 6, 7, 8, 9 The 
middle line of each senes was ruled so that it passed approximately through a 



pair of opposite marked generators Thus, the line through points 2, 5, and 
8 marked approximately the axial plane m the original unout specimen which 
passed through the generators marked 2 and 4 
It waa not found possible to mark the apeoimena satisfactorily by hand 
The special marking machine which is shown diagrammatically m fig 4 was 
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therefore constructed. In that drawing A is the specimen resting on a flat 
plate B and pressed against a V-groove C by a spring D A V-block E u 
mounted so that a cylindrical steel rod P can slide along it, and a sharpened 
gramophone needle G is rigidly attached to F m suoh a position that it passes 
over the centre of the specimen, scratching a straight mark. 

In order to compare different discs cut from the same single crystal, It was 
neoessary to rule the scratches so that they were always m the same orientation 
with respect to the marked generators on the curved surface To ensure this, 
a microscope H (fig 4) is mounted and focussed on the curved surface of the 
specimen, which is then turned round in the V-groove C till the generator 
marked 1 comes on to the cross-wires The microscope is fixed in such a 
position that its axis is parallel to the V-groove E and passes approximately 
through the centre of the specimen 

After ruling the middle line passing through the points 4, 5, 6 (fig 3), the 
two parallel lines passing through points 1, 2, 3 and 7, 8, 9 wore ruled For 
this purpose two slider* were made similar to that shown at P in fig 4, but in 
one the soratching-point was fixed nearer to the slider and m the other further 
away. To rule the three lines 1, 4, 7 , 2, 5, 8 , and 3, 6, 9, the specimen was 
turned in the V-groove C till the generator 2 came on the cross-wires of the 
microscope Scratches were then made with the three sliders used before. 
Further short scratches were made to assist m identifying the ruled marking* 
These are shown in fig 3, and they can also be seen in the photographs on fig 2 
After ruling the six hues on one side, the specimen was turned upside down and 
six similar lines were ruled on the bottom The nine points so obtained were 
numbered 1’, 2', 3', 4', 5', 6', f, 8', V, the point V being approximately under 
point 1, 2' under 2, etc 

Measurement of Specimen! 

Having marked the specimens, such measurements were made of the relative 
positions of tiie points a* were necessary to enable the distortion to be calcu¬ 
lated For this purpose, a reading microscope was used which is capable of 
measuring rectangular oo-ordinates on a plane 

All measurements both before and after compression were reduced to the 
reotangular system of co-ordinate axes ox, oy, oz, shown in fig 3 The origin 
is the point 5 in the upper face, ox lies dong the 1ms 4, 6, 6, oy u perpendi¬ 
cular to it, so that before distortion oy nearly coincides with tbs line 2, 0, 8. 
2 is measured upwards perpendicular to the face, so that if t represents the 
thickness of the specimen, the * co-ordinate of all points in the lower surface 
IB -t 
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Assuming ths distortion to be uniform, it was necessary to measure the 
x and y co-ordinates of points 2, 4, 0, 6, 8 on the upper surface and also the 
x, y, and * co-ordinates of the point 6' on the lower surface, in order that a 
complete calculation of the distortion oould be made Measurements of the 
x and y co-ordinates of points on the lower surface gave rise to some trouble, 
and the following method was finally adopted for making them The specimen 
was mounted m the holder, shown in fig 5 a This consists of two brass discs 
A, A, rigidly fixed to one another by three steel pillars Bi, B., B, Three steel 
balls Ci, C 2 Cj, soldered to the top, and three similar balls to the bottom, form 


Fin 5a. 



Kio 5s. 

Kios 5a and 5s —Holders tor urn during measurement of specimen 

two alternative seta of legs which support the apparatus honsontally ou tho 
stage of the microscope either upright or upside down The specimen was 
mounted honsontally in the middle of the holder, and in order that the ruled 
scratches might still be m focus when the holder was inverted to look at the 
lower surface of the specimen it was necessary to mount the specimen midway 
between the two seta of balls Ci, C s , C# For this purpose a subsidiary holder 
waa used, consisting of two steel plates, Di, (fig 5b), containing holes slightly 
smaller than the spcoimen, which was mounted between them so that the ruled 
vox, oxi —a. 2 N 
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scratches could he seen through the holes This subsidiary holder was then 
mounted in the main holder, shown in fig 5a, and packed up with brass and 
paper stripe till the upper fare of the specimen was m focus when the holder 
was upright, and the underside came into focus when it was reversed 

A small steel square in the form of a rectangular L is fixed to the stage of the 
microscope at the level of the midpoints of the pillars Bi, Bj, B-, when the holder 
rests on the stage The pillars are so spaced in the holder that, when B, 
rests m the comer of the square touching both arms, B, and B t are each m 
contact with an arm of the square The position of the square is indicated by 
the dotted lines in fig 5a The square is finally adjusted so that its arms are 
jmrallel to the axes of the co-ordinate system measured by the reading- 
microscope 

Call these co-ordinates ? and r ; , and suppose the pillars Bj and B„ are originally 
in contact with the arm of the square which is parallel to the axis £ If the 
holder is reversed, and B, and B 8 again placed in contact with the arm parallel 
to 5. the displacement of the holder is equivalent to a rotation through 180° 
about the axis ij, together with a translation parallel to the axis 5 Such a 
displacement leaves the rj co-ordmate* of all point* in the holder and the 
specimen unaltered In this way the q co-ordinates of points on the back of 
the specimen relative to points on the front can be obtained Similarly, by 
reversing the specimen and bringing the pillars B 1 , Bj into contact with the 
arm of the steel square which is paraljel to the axis rj, the \ oo-ordmates of 
points on the back of the specimen relative to point* on the front can be 
measured 

It is seldom possible to mount the specimen in the holder so that the x, y 
oo-ordinate system of the specimen is accurately parallel to the £, t| system of 
the microscope The angle between them can be calculated from the measured 
£, 7j co-ordinates of the points 4 and 6 Thus, if this angle is to 






(1) 


In order to oheok the measurements this angle was also measured by means of a 
microscope with a rotating eye-pieco whioh was kindly lent u* by Dr A Hutohin- 
son, F R 8 At the same time the angle y between the two sets of scratches 
was measured. 

Calculation of Distortion 

To find the nature of the distortion from the measurements made on the 
surface of the specimen the method previously adopted m the ease of tensile 
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test pieces* was used The unextended cone, or cone containing all the directions 
of hues of particles which are the name length after distortion that they wero 
before, was found To do this the extension of the material parallel to the 
two sets of scratches was found If the measured 5, v| co-ordmatee of the 
point 4 are ip before compressing, and 5*', yj/ after compressing, the ratio 
of the final distance between points 4 and 0 to the initial distance is 

« = HV - V)*l* (2) 

1(5.- W*+ nn 1 


Similarly the ratio of the final to the initial length of lines parallel to the line 
joining the points 2 and 8 is 


{j = Hit -SsT + fV ~ VH* 
{(5s — 5*)* -1- -*)»)* 


(3) 


If x and x' are the initial and final values of x> the angle between the two 
sets of scratches, then the co-ordinates (*,, y,, 0) after compression of a point 
in the upper face of the specimen are related to the co-ordinates (zo Vo, O^of 
the same particle before compression by the equations 


•ri 

yi 


P^'vu 


(*) 


If the particle whose displaced position is being discussed does not lie in 
the upper surface of the specimen, the transformation formulas equivalent to 
(4) are 

Xi -- ax„ + Jy« + p*o I 

yi — ”*y« + v *» f (3) 

h *i — Y*o 

- a cot / 

r sinx 



and (a, v, y are to be determined from the measurements of the specimen Of 


JJ L , p 862 


2 n 2 
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these f* evidently represents the ratio fi/<o where to and ti are the initial and 
final thicknesses of the specimen These were measured with a micrometer 
To find p and v the co-ordinates of the point 6' (» e , the central point on the 
lower face of the specimen) are first found from the measurements If these 
are (Xa, Y 0l - to) before compression and (Xi, Y t , — t t ) after compression, equa¬ 
tions (6) become 

Xj - «Xo -| IY„ — 

Y, w= mY 0 - v/« / 

and solving these equations 



Hence, all the coefficients m the transformation formulae (5) can be found 
from the measurements 

Calculation of the Unttrelched Cone 

To find the unstretehed oone we must substitute from (5) in the equation 

■Bb 2 + Sto* + “ *i" + Sfa* 4- *1* (8) 

The equation of the cone m the material before distortion is found by elimi¬ 
nating *i, iji, 2 lp between (6) and (8) It is 

*0* («* - 1) + K + P- 1)+ to* (y* + ^ + v* - 1) 

4- 2joyoal + 2* 0 j 0 *p -f 2y„zo (pi 4- w») = 0 (9) 

The equation of the cone m its distorted position could be found by eliminat¬ 
ing xo, yo, *o from the same two equations Expressing (9) in spherical polar 
oo-ordmatee chosen so that 0 is the angle which the direction considered makes 
with the axis of s, and <j> the angle between its projection on the plane i = 0 
and the axis of x, equation (9) becomes 

{(a* — 1) cos* ^ 4- (m* 4- 1* — 1) cm* <j> -(- 2*/cos <j> am tan* 0 

4- (2ocp cos ^ 4* 2 (fp-f mv)sm^( tan 0-f y* 4-p*-f v 8 — 1 = 0 (10) 

* In this work y is used to denote the ratio of the thickness after any given compression 
to the thick new before The symbol c is used to characterise the state of the material at 
any stage, and represents the ratio of the thickness at that stage to the initial thickness 
before any compressive stress had been applied That, if the material were auoceaaiTely 
subjected to two compressions and the corresponding values of y were y, and y„ the value 
of the characteristic a would bo 1 before starting the first test, y, after the first test and 
before the second, and y, x y, after the second test 
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Taking a senes of value of the corresponding pairs of values of 0 can be 
found from (10) and the cone can then be plotted m a stcreographic diagram 

Determination of Crystal Axes 

Tn all oases the orientation of the erystal axes was determined* with reference 
to the ruled generators before the single crystal bar had been cut up into discs 
The axes were then determined again by X-ray reflections taken at point* on 
the plane faces of the disc-shaped specimens, and it was found that good 
agreement was obtained, the differences in orientation being never greater 
than 2° This agreement showed that the method adopted for cutting up and 
marking the specimens was sufficiently acrurate for our purpose, so that we 
could rely on knowing the orientation of the crystal axes of all tho discs into 
whioh the original single crystal bar had been cut 

After compression, the orientations of the orystal axes were re-determined, 
and to do this it was sometimes found necessary to etch away one of the faces 
in order to remove the layer of aluminium which had been in contact with the 
stool-compressing plate In these circumstances, if the etching had to be 
earned to a depth whioh made the fiducial marks indistinguishable, it was 
still possible to rule a new mark on the etched face and to determine the orien¬ 
tation of the axes with reference to that The specimen could then be mounted 
in the holder shown in fig 6, and tho angle between the new mark and the 
original fiducial marks on the unetohed face determined by reversing the holder 
on the microscope stage 

A difficulty arose in sotting the specimen up m the X ray spectrometer 
If the specimen was fixed to the plaue face of a bar which was parallel to the 
axis of rotation of the spectrometer, only one reflection could usually be obtained 
with homogeneous X-rays from a copper or iron antioathodo To determine 
completely the orientation of the axes it is necessary to have two reflections, 
and in order to satisfy this requirement it was desirable to be able to rotate 
the specimen about an axis perpendicular to the axis of rotation of the spectro¬ 
meter For this purpose the holder shown in fig 6 was designed 
Two pieces of brass angle 4, B (fig fit), soldered together and to a piece of 
cylindrical brass rod C, form the frame of the holder, which is mounted on the 
universal table of the X-ray spectrometer, its lower end fitting in the attachment 
provided for the long cylindrical specimens for whioh the spectrometer was 
designed Four pieces of half-round steel D soldered to this frame, as shown, 
* The method used wss thst described by Dr A Mtiller, * Roy Soo Proo A, vol 108, 
p 800(1024) 
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form two veee m which the cylindrical slider E rest*, touching at four point* 
The slider is prevented from rotating about ite axis by a *teel rod F fixed 
to it, which bears against another steel rod G fixed to the frame, making the 
fifth point of contact The rod 0 is adjusted to be parallel to the slider E 
when the latter is resting on the vees This can be done with all the accuracy 
necessary to ensure that there is no appreciable rotation of the slider as it is 
moved longitudinally 

The slider is kept firmly in position against all the five points of contact with 
the frame by the system of springing shown in figs 6a and 6b A spring 
u attached to the end of the rod F and to a pivoted triangular framework H 
To the latter is fastened a rod K, which presses on the back of tbe slider E 

Tbe slider is moved axially by the mechanism shown in fig 6a and 6c, 
which was oopied from an instrument made by the Cambridge Instrument 
Company A small grooved pulley L is pressed against a piece of steel rod 
which is soldered to a cylindrical piece of brass M When rotated by the 
knurled wheel shown it acts in the same way as a rack and pinion, but much 
more smoothly The attachment to the slider is by means of the ball and wire 
shown in fig 6c, these are arranged so as to produce no constraint except 
the desired axial one 

To the upper end of the slider E is attached a circular brass disc N, 2 5 cm 
in diameter, shown m figs 6a and 6n A second similar disc P is held in 
fnotional contact with N, and is capable of being rotated coaxially with it 
The specimen Q is stuck on to the face of the disc P with shellac The edges 
of the discs are graduated, N with 40 and P with 36 division* This forms a 
continuous vonuer, and is a convenient arrangement when the available 
diameter is small 

In use the specimen i* mounted as described, and auv one of the lines ruled 
on its surface is focussed m the microscope of the spectrometer The diso P 
is then rotated until this line remains on the cross wire, when the slider E is 
moved axially By adjusting the universal table of the spectrometer, this 
line is then made to coincide with the axis of rotation of the table Finally, 
the specimen is rotated m azimuth until its plane contains the direction of the 
incident beam of X-rays, as ascertained by sighting through the two apertures 
which define the beam. By reading the azimuth graduations on the universal 
table, and the vernier on the discs N and P, the orientation of the specimen is 
completely determined, and that of the crystal planes can then be ascertained 
by noting the readings of both these scales when the appropriate X-ray 
reflections are obtained 
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It will be seen that this holder serves two purposes First, the up and 
down movement of the slider enables the specimen to be set so that the line 
selected (and not merely a point on it) is accurately on the axis of rotation of 
the spectrometer table Seoondly, the graduated discs enable the specimen 
to be rotated in ite own plane through any desired angle The reading of the 
vernier is to 1°, hut can be estimated with ease 
Choice of Specimens 

The orientation of the crystal axis with reference to the flat faces of the 
specimen ran be represented on a stereographic diagram which w exactly 
equivalent to the figure used in the case of tensile tests, except that the centre 
of the projection now represents the normal to the disc instead of the axis of 
the tensile test piece If the axes are now rotated till a oubic (100) axis » 
in the centre of the projection,* the position on this diagram of the point 
representing the normal to the plane of the flat fares of the specimen is sufficient 
to define completely the relationship between this normal and the crystal 
axes By rotating the appropriate cubic axis into the centre it is always 
possible to make this point come into a given spherical tnanglo the comers of 
which are a (100), a (110) and a (111) axist 
For tho experiments to be described three single crystal liars were chosen 
They were numbered 59, 61 and 69, and their representative points which are 
shown in fig 7, are well separated m the triangle The disc-shaped specimens 


(010) 



Flo 7 —Storoographio diagram showing orientations at three specimens 
* This projection is shown in P E, p. 31, fig 1 
t See PE, figs. 3,4,5 and 9 
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out from No 69 were numbered 59 1, 69 2, 69 3 , those from 61 were 

fig 7, 61 1, 81 2, , eto Many were spoiled m the preliminary experi¬ 

ments necessary to find out how to carry out the compression so as to get 
uniform distortion, and even when uniform distortion had apparently been 
obtained it was in some cases necessary to develop methods for ensuring that 
the friction between the aluminium and the steel platee was the minimum 
possible before we could be sure of being able to repeat measurements of 
compressive pressure with different specimens cut from the same bar 

Experiments mth No 69 

The first experiments were carried out with discs cut from No 69 It 
was found that they became roughly elliptical when compressed The dis¬ 
tortion was uniform over the central part of the diso , but there were two regions, 
one at each end of the major axis, where the distortion was different from that 
m the middle Ruled scratches which crossed into these regions were bent 
at their boundaries The general appearance of the specimens after compres¬ 
sion is that shown in fig 8, where the two regions of extraordinary distortion 



are shown as AB and A l Bj In the sketch the region AB is larger than the 
region AjBi, but on the underside the region A,Bi would be identical m 
appearance with the region AB on the upper face, and »nee versd, the region of 
extraordinary distortion being thus symmetrical with respect to the centre 
of the specimen The boundaries of these regions oould be made visible in 
the compressed specimen by etching with caustic soda 
It will be seen later that the distortion in the mam body of the specimen 
was due to slip on one orystal plane In most parts of the specimen its section 
by a slip plane consists of a four-sided figure with two straight parallel sides 
and two curved sides In the neighbourhood of regions AB and AtBi these 
•lip planes cut the specimen in D-shaped figures with one straight side and 
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one curved side It seemed probable, therefore, that the regions of non- 
uniform distortion could in this case be reduoed by reducing the thickness of 
the specimens It was found that this was true, and it was found also that if 
the elliptic specimen was turned down into a circular disc, thoreby removing the 
regions AB and AiB l( the specunen would distort quite uniformly throughout 
its volume on further compression The specimen shown in the photograph, 
fig 2, was cut from No 5*4, and was first compressed 8 per cent (» e, to 92 per 
cent of its initial thickness) The regions of extraordinary distortion were 
then removed as described above, the specimen being turned down to the 
circular disc shown on the first photograph It was then marked,* and 
finally oompressed a further J'i per cent (»e , to 62 per cent of its initial thick¬ 
ness), the result being shown m the second photograph It will be seen that 
the marl® remained straight throughout, the boundary being therefore 
elliptical 

These regions of extraordinary distortion occurred only m disc* cut from 
No 59 With Nos 01 and 69 it was found that the distortion was uniform 
throughout during the whole test 

59 6 -The initial dimensions of disc No 59 0 were 14 185 mm diameter 
and 2 083 mm thick It was compressed by a load of 1 ton in one operation 
and its final thickness was 1 903 mm The other measurements, when reduced 
in accordance with formula (2) and (3) gave— 

<x - 1 00308 X*= -0 217 mm 

fi -= 1 0937 Y»=—0 144 

- 0 9134 X, =» -0 212 

H <*■ 90°10' Yi= -0-169 

X' - MW * 

Hence using (6) and (7) it is found that 

l~- -0 0259, m = 1 0934, |i--» + 0 0345, v- 0 0826 

The equation of the unextended cone is 

(0 00607 cos'* ^ — 0 0510 cos ^ sin ^ f- 0 1960 sm* <f>) tan* 0 

+ (0 0692 cos <f> - 0 0731 sm 4) tan 0 - 0 1634 - 0 (11) 

This cone is represented by the broken lme on the stereographio diagram shown 
m fig 9 In this diagram the centre 0 represents the normal to the facoof the 

* The marks on tins specimen were made specially deep—tee footnote, p 582 
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ipeoimen, while the point X re presente the direction of the ruled line on the 
upper surface of the specimen which is taken *s <j> = 0 



It will be seen that the projeition of the unstretched cone is a closed curve, 
but on laying the tracing paper on which it was drawn over a stem graphic net 
it was found that this cone very nearly coincided with two planes These two 
planes are shown as full lines m fig 9 The figure is very similar to those found 
for the distortion m a tensile test * It seems likely, therefore, that the distortion 
» due to slipping parallel to one cryBtal plane It will be seen laterf that the 
experiment can be earned out under conditions which give rise to an uuextended 
cone which is accurately two planes For this reason in the further analysis 
of specimen No 69 6 the nearest two planes, namely those shown m fig 9, 
have been regarded as equivalent to the unextended cone 
• p E, Bg 2, p !W, and B L, fig 7, p 664 
t See p. 649 Wow 
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In the owe of the tensile test pieces used m our previous experiments, the 
stress most be uniformly distributed over the cross-section of the bar, and w 
these circumstances it was shown that, m general, slipping occurs only in one 
octahedral (111) plane and parallel to a (110) direction It was shown further 
that, of the 12 possible crystallographically similar shears of this type, the one 
which occurs is that for which the component of shear stress in the direction of 
slip is the greatest In the case of the compression tecta here described, the stress 
cannot be quite uniform at all points, because the friction between the steel 
plates and tho specimens cannot be reduced to zero, but on the other hand it 
was found that the measures taken to reduce friction did have the effect of 
making the distortion uniform throughout the specimen. It appears likelj, 
therefore that the friction is not great enough to cause any considerable variation 
of stress m different parts of the specimen Assuming this to be the case, it is 
possible, if the orientation of the crystal axes is known, to calculate the compo¬ 
nents of shear stress corresponding with each of the twelve lands of shear which 
were shown? to be possible in the case of ban m tension Choosing that one of 
the twelve for which the component of shear stress in the direction of shear is 
greatest, we can predict tho orientations of the plane and direction of shear 
The method used for making this choice was identical with that previously 
described in the case of tensile test pieces * 

If there is no fnotion between the specimen and the steel plates, the shear 
stress corresponding with any particular type of shear is equal in magnitude 
but opposite in sign to the shear stress which would exist in a tensile test 
piece whose cross-section coincided with a flat face of the compreeston specimen, 
provided the tensde load in the one case was equal to the compreeaive load in 
the other For the purpose of predicting the slip plane and direction of slip, 
therefore, we may identify the normal to the surface of the compression speoimen 
with the axis of the tensile test piece and apply directly the method described 
previously * 

Applying this method to measurements of the orientation of the crystal 
axes made by Miss Elam, it was found that the co-ordinates of the pole of the 
predicted slip plane were (0 ~ 69°, <f> = 108”), while those of the direction of 
slip were (G => 33°, <f> — 269°) Theae points are marked m fig 9 as A and B 

The pole of one momber of the pair of planes determined by the distortion 
measurement* is shown at Aj in fig 9 Its co-ordinates are 0 = 55 5 , 

The direction of slip is the point on the slip plane whioh lies at 90° from the 
intersection of the two planes which constitute the unextended cone The 
* V E, p. 90, 
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projection of this direction is shown at R, in fig 9 Its co-ordinates are 
(0= 37°, <fi— 270°) It will be seen that the predicted positions of A and B 
are dose to their observed positions Ai and Bi 

69 7 —Specimen No 69 7 was first compressed by a pressuro of 1 6 tons 
m one operation, so that its thickness changed from 1 806 mm to 1 472-mm 
It was then measured and the orientation of its crystal axes determined by 
X-rays 

The measurements gave — 

a -- 1 0163 Xo -- 0 264 mm 

|J --- 1 1976 Y 0 -0 236 

Y — 0 817 Xi=- - 0 379 h (12) 

X - 89' 46' Yi -- - 0 173 

/ - 94° 10' J 

and tho equation to the unextended cone in its second oroompressed position is 

(0 0300 cos" <f> — 0 1480 cos <f> sin <f> f-0 292 em s <j>) tan 2 9* 

{■ (0 1766 cos — 0 0901 sin <f>) tan 6 — 0 611 =- 0 (13) 

The calculated points of this cone are shown in the stereogrnphio diagram 
(fig 10) as crosses, and the cone is marked in as a broken hne As in the 
case of 69 6 the unextended cone nearly, but not quite, coincides with two 
planes which are shown as full lines passing nearly through the crosses 
Neglecting the difference between the actual unextended cone and these two 
planes, the pole of the slip plane and the direction of slip are shown in fig 10 
at Ai and Bj 

The predicted positions of these points derived from X-ray measurements 
by the methods described abovo are shown at A and B It will be seen that, 
except for the divergence of the unextended cone from two planes the 
agreement is good 

While these tests were being made, it was discovered that if the compression 
was carried out m two or three stages, the specimen being removed from the 
compression machine and re-greased after each operation, the diminution in 
thickness was greater than when the whole load was applied at onoe By 
successively diminishing the increase m load at each stage, it was found that 
a limit was reached beyond which a further diminution of the increase is load 
corresponding with one stage in the operations produced no further worease 
in the amount of the compression for a given final compressive load It was 
found, for instance, that with discs 14-3 mm diameter, the curves connecting 
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thickness of the specimen with compressive load were practically identical 
when the loads were increased by 0 06 and 0 1 tons at each stage, but that if 



iio 10 — Unstretched oonea for 59 7 in material compressed to f = 0*817 

x calculated points for cone corresponding with compression from c =» 1 0 to 
C^0 817 

s calculated points for oone corresponding with compression from t 0 817 to 
« . 0 817 -0 8378 ^ 0 684 

the increase was 0 2 tons at each stage there was a measurable increase in 
the resistance of the specimen to compression It seemed probable, therefore, 
that by the tune the change m load had been reduoed to 0 1 tons per stage, 
the friction had been reduced as much as it was possible to reduce it by this 
method A reduction in friction increases the uniformity of the stress distri¬ 
bution in the specimen, and if the deviation of the unextended cone from 
two planes is due m any way to variations in stress m different parte of the 
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specimen, one might expect the unextended cone to approximate more nearly 
to two planes when the compression is carried out m small stages 
To test this, specimen No 59 7 was again compressed, from 1 423 mm to 
1 192 mm thick in five stages Before starting the second test, the specimen 
■which had betome elliptical during the brut compression was cut down to a 
circular disc of diameter 12 34 mm , and re-marked with scratches ruled parallel 
to the original ones The elements from which the first position of the unex¬ 
tended cone fox the second test (if, the position in the material when 
* = 0 817)* were call ulated are 


a. - 1 0224 
^ = 1 1705 
y - 0 8376 
X = 94° 30' 
X' - 100° 10' 


Xo — — 0 363 mm 
Yo — + 0 031 
X, = - 0 412 


Y t — -f 0 005 


The equation to the cone is 

(0 0453 cos- 1 rj> - 0 259 cos <f> sin <f> + 0 355 sin 8 <f>) tan 8 0 
+ (0 053 cos 4, + 0 044 am <f>) tan 0 - 0 2972 


0 , 


(14) 


( 15 ) 


and its stereographic projection is shown in fig 10, where the points calculated 
from (15) are represented by lotmd dots It will be seen that in this case the 
cone is, to the limit of accuracy of our measurements, actually two planes 
With a stereographic net 20 cm diameter 11 was not possible to detoct any 
difference between the cone and two planes In the light of the results obtained 
with tensile test pieces, it appears, therefore, that the distortion is in this case a 
simple shear parallel to one plane Slip on any other plane could have been 
detected even if it had given rise to only 1 or 2 per cent of the whole distortion 
The normal to the plane of slip in the second compression is shown at Ai and 
the direction of slip at B ( in fig 10 ft will be noticed that the distortion mea¬ 
surements determine two planes, one of which is the sbp plane In each case 
one of the planes has nearly coincided with the position of the slip jdane predicted 
from knowledge of the orientation of the crystal axes, and that has been taken as 
the slip plane Fig 10, however, enables us to choose between the two planes 
without making use of knowledge derived from X-rays One member of the 
pair of planes determined for the first compression nearly oomcides with one 
of those derived from the second compression This plane has remained 
unetretohed and undistortod m both experiments It w, therefore, the slip 
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plane It will be notiood that this method of choosing between two possible 
slip planes leads to the same result as the other method involving the use of 
X-rays 

Second Position of the Unextended Cone for the Second Compression Test 
of 59 7 —The equation to this oone can be derived from the data (14) Its 
equation is 

(0 0433 cos 2 0 — 0 210 oos 0 sin 0 + 0 241 sin 2 0) tan 2 0 

+ (0 057b cos 0 -f 0 0456 sin 0) tan 0 - 0 426 = 0, (16> 

and its storeographio projection is shown in fig 11 which corresponds with 
material oompressed till its thickness is c = 0 817 x 0 9378 — 0 684* of its 



Flo 11 —Second position of unstretohed oone for 89 7 during compression from. 
S » 0 817 to s - 0 684 

* See note p 838. 
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original thickness Ab might be expected, the calculated points lie very 
accurately on two planes The co-onlinates of the normal to one of these 
planee are (0 = 39°, <ft - 118 5°) and the oo-ordinates of the corresponding 
direction of slip are (0 - 52° , <f> — 280") These directions are represented 
in fig 11 by the points A 8 and B,> 

The corresponding directions predicted from X ray measurements were — 
Normal to slip plane (0 = 39° , <j> — 118 5°), direction of slip (0 — 52°, <j> — 
290°) These are marked as A and B in the projection It will be sCen that 
the pgreemerit is very good 

We desire to express our thanks to Miss C F Elam, who gave us the single 
crystal bars used m this work, and oarriod out all the X-ray measurements 
Without her help the work could not have been done We wish also to acknow¬ 
ledge the assistance of Dr A Hutchinson, FRS, who allowed us to use mea¬ 
suring apparatus m Ins laboratory, and of Messrs Armstrong Siddeley Motors, 
who kindly ground the hardened diBcs used in compressing the spei miens 

Most of the work was tamed out in the Cavendish Laboratory, through the 
kindness of Sir Ernest Rutherford We are also indebted to Prof 0 E Inglis 
for allowing us to use the compression testing machines in the Cambridge 
Engineering Laboratory 

Summary 

The result of the work here described may be summed up in the statement 
that, so far as these expenmints go, the distortion of a crystal of aluminium 
under compression is of thr same nature as the distortion which occurs when 
a uniform single-crystal bar is stretched The dietortion. is due to slipping 
parallel to a certain crystal plane and in a certain crystallographic direction, 
and the choice of which of twelve possible orystallographically similar types of 
slipping actually occurs depends only on the components of shear stress in the 
material and not at all on whethir the stress normal to the slip plane is a 
pressure or a tension 
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Isotherms of Hydrogen, of Nitrogen, and of Hydrogen-Nitrogen 
Mixtures, at 0° and 20* C, up to a Pressure of 200 Atmospheres 
ByT T H Verschoylb 

(CommumiAtod by l)r F A Freetli, FR8—Received March 6 1926) 

§ 1 Introduction 

From the work earned out and the statements made by several authors 
(of § 10 of this paper) it seems that, in the case of mixtures of the “ permanent ” 
gases the pi values at normal temperatures should be linear functions of the 
composition Since this assumption has been baaed principally upon the 
expenmcutally determined isotherms of air in relation to those of oxygen and 
nitrogen, it would appear desirable to investigate the mixtures of some other 
pair of gases and for this purpose hydrogen and nitrogen have been selected 
In the case of hydrogen, the determinations of isotherms which have been 
made at 0° and 20° C by various authors are reasonably concordant, and prob 
ably represent a high degree of accuracy, but the agreement between the 
experimental isotherms of nitrogen loaves much to be desired Moreover, 
no work whatsoever appears to have been published on the isotherms of 
hydrogen nitrogen mixtures 

Before proceeding to the description of the apparatus used in this research, 
a brief account and entu ism of previous work will be given This account deals 
only with modern determinations and does not consider Amagat s results, 
which were obtained at a time when the resources of modem technique were 
not available, and were published in such a form that a criticism of hiB results 
is soarcely possible. 

g 2 Previous Determinations of the Isotherms of Hydrogen at 0° and 20° C 

The isotherm of hydrogen atO° C has been determined at Leiden by Earner 
lingh Onnes and Braak ,* and at the Physikalwch Techmsche Reiohanstalt, 
Berlin, by Holbom t The Leiden measurements, which extend only to 60 
atmospheres, are open to some objection As is the general practice in the 
determination of isotherms at Leiden, the volumes occupied by one and the 
same quantity of gas at different pressures are measured, so that the probable 


* ' Ph>» LabLeiden Commn No 100 b 
t * Ann d Phyiik,’ roL ftS, p 974 (1920) 
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error* in the values of pv increase with increasing pressure provided, however, 
that a sufficient quantity of gas be used, the errors can, of course, be kept 
within any limits desired Two types of 

piezometer aro employed, the “simplo” c 

(or undivided) and the “ divided ” model 

The simple type, whi< h is generally used | | | 

w determinations at temperatures above ‘ 

the freezing-point of mercury, is repre¬ 
sented m fig 1 It consists essentially of 
a cylindrical stem 8, the bore of whuh is 
carefully calibrated over the whole length, 
and of a large reservoir R of known 
volume The piezometer is secured m a 
compression vessel by moans of a collar, S S 
and the determination of an isotherm 
consists, in principle, m compressing a 
known volume of gas over mercury into 
successive known volumes of the stem at I 
a constant temperature 1 < >\ H 

For temperatures below tbe freezing- \^> 

point of mercury, the divided type 
illustrated m fig 2 is used Tbe stem S is 
connected through suitable couplings and R g 
a flexible metal capillary c to the small 
reservoir r (of known volume), which can 
be exposed to a low temperature The 
normal volume of gas in the small 
reservoir can be derived from a knowledge ^ 

of the total volume of the gas and of the Fjo l j leIt ) _ jr 10 2 ( rigllt ) _ 
volume in the rest of the apparatus Simple l’iexomet«r Divided Pierometer 
(maintained at normal temperature) In 

the case of the isotherm at 0" C, a divided piezometer was used, only the 
gas in the small reservoir (volume 10, cm’) being at a temperature of 
0® C The gas m the stem of the piezometer (maximum volume, 12 cm*) 
was at normal temperature (20 s C), and the normal volume of the gas at 0° C 
determined by difference The accuracy of the results therefore depends on 
an accurate knowledge both of the normal isotherm (at 20° C) and of the 
volumes of the different portions of the piezometer Now these portions 
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(piezometer stem small reservoir, and connecting steel capillary) were all 
directly calibrated by mercury, and it has recently been pointed out by Penning* 
that small spaces of unknown volume may exist m the soldered joints between 
the couplings and the glass capillaries to which they are affixed All the 
measurements at Leiden with divided piezometers are liable to objection on 
this ground (except where some suitable check has been afforded), more 
especially when the density of the gas in the small reservoir is not much larger 
than that in the stem, os is tho case here Moreover only four points were 
measured, so that it is difficult to form any idea of the probable errors involved 
1ho determinations of pressure and temperature were, as is always the case 
at Leiden, unexceptionable 

The method in use at Berlin for the determination of lsothermsf differs from 
the Leiden method in that the volume into which tho gas is compressed is con 
stant, the quantities of gas used thus increasing with the pressure The 
sensitivity of the measurements therefore does not decrease with increasing 
pressure, and, as comparatively large quantities of gas were used (the con* 
fining volume was about 110 cm ’), the volume observations, cel par , should 
be extremely accurate Normal volumes are measured only after the observa¬ 
tions at high pressures, in a senes of flasks contained in a large water bath 
Pressures aro measured on a pressure balance fitted with a mechanism for 
imparting an oscillatory motion to the piston The balance was calibrated 
with the help of an open manometer so that the pressure determinations should 
also be very satisfactory It appears from the results that tho errors of observa¬ 
tion seldom exoeoded 1 m 4,0tK), and, up to 100 atmospheres (the highest pressure 
reached), the isotherm at 0° C is undoubtedly very accurate 
The isotherm at 20° C has been repeatedly measured at Leiden The 
determination by Schalkwijk.J using an undivided piezometer, stands m a class 
by itself, for it was effected with extraordinary care and precision , unfortunately 
it reaches only to 60 atmospheres Kamerlmgh Onnes, Cromraelin, and SmidJ 
have extended tho isotherm at 20° C to 100 atmospheres, and tho pe-value 
found for the highest pruwure differs by 1 m 700 from that derived from an 
extrapolation of Schalkwijk’s equation The lowest pressure measured was 
65 atmospheres, and the pv value found differed only by 1 m 3,000 from 
Schalkwijk’s value Since, however, the differences all lie in the same direction, 

* ‘ Phy» Lab Leiden Co mnm . No 168 
t Holborn and bchultxe, Ann, d Physik,' vol 47, p 1089 (1915) 
t ‘ Phys LabLeiden, Commn No 70 
| 1 Phys Lab Leiden, Commn No 146s 
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it would seem that some small systematic error was involved, and Sehalkwijk’s 
equation is probably to be preferred 

At Amsterdam, where the isotherm has been determined by Kohnstamm and 
Walstra,* the range of pressure covered was much wider, extending to 1,000 
atmospheres As at Leiden, a constant quantity of gas was used, but the 
method of determination was more complicated and not so direct Pressures 
were measured with a pressure-balance, which, however, had not been oahbrated 
either directly or mdirutly against an open manometer, so that the effective 
cross-section of the differential piston was not known with certainty , the error 
involved was probably small The volumes of the compressed gas were deter¬ 
mined by Amagat’s m( thod of electrical contacts m a glass tube , this method 
is apparently quite satisfactory It was not possible to determine the normal 
volume directly, and therefore, after a relation between pv and 1 jv hod been 
derived m arbitrary units, it was reduced to an equation in which the constant 
term had the same value as found by Schalkwijk The agreement between 
the pv-values derived from this filial equation with those derived from Bchalk- 
wijk’s equation (extrapolated above CO atmospheres) is very good up to 120 
atmospheres, and the mutual agreement between the several experimental 
senes is also very satisfactory 

No direct measurement has been made at Berlin of the isotherm at 20° C, 
but an equation can bp quadratically interpolated between the isotherms at 
0°, 50°, and 100° C (Holborn, loc cit ), and this agrees excellently with 
Schalkwqk’s equation Thus, although the latter was experimentally estab¬ 
lished only up to a pressure of bO atmospheres, its validity up to 100 atmospheres 
may be safely assumed 

$ 3 Previous Determinations of tht Isotherms of Nitrogen at 0° and 20° C 
Tho measurement at Berlin of the isotherm of nitrogen at 0° 0 by Holborn 
and Ottof was earned out by the same methods as in the case of hydrogen, so 
that no further cntieism of those methods is necessary The nitrogen used 
came from a commercial source, and may, therefore, have contained traces of 
the rare gases, its density, however, was satisfactory 
At Leiden, the isotherm at 0° C has been determined by Kamerlingh Onnes 
and van Urk,J using in this caso an undivided piezometer, so that no objection 
can now be raised against the volume measurements The normal volume was 

• • Proo. Roy Ao»d, Amsterdam,’ vol 17, p *03 (1914) 
t ‘ Z f Physik,' vol 23, p 77 (1924) 

| * Phy* LabLeiden, Commn No 169 d 
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measured only before the determination of the isotherm and thus no check 
upon its accuracy was available but the possibility of an alteration in its value 
was very slight The nitrogen was chemically prepared by the reaction between 
ammonium chloride and sodium nitrite in the presence of potassium dichromate, 
and it was purified by a passage through aqueous ferrous sulphate and over hot 
copper Hence it was probably reasonably pure The concordance between 
the Berlin and the Leidon results over the range which the latter cover is 
satisfactory 

The determination of the isotherm at 0® C by Smith and Taylor* at Boston, 
by an isometnc method is of particular interest, both because the pressures 
involved extended to 160 atmospheres, and on account of the ingenuity of the 
apparatus used , unfortunately, the results are apparently affected by a com¬ 
paratively large systematic error, aa will be seen from subsequent considerations 
The design of the apparatus is due to Keyes and, in so far aa the measurements 
of pressure and temperature are concerned no objection can be raised As 
at Leiden, a constant quantity of gas is used in the determination of the iso¬ 
metrics but the volumes occupied by this quantity at the several pressures 
and temperatures aro not determined by a direct method for they are derived 
indirectly from a measurement of the volume of the piston used in displacing 
the confining mercury An accurate volume determination presupposes, 
therefore complete absence from the smallest leak of mercury at all joints 
and at the gland through which the piston passes, together with a very accurate 
calibration of the volumes of the piezometer and the piBton especially as the 
total volume of the confined gas at the highest pressures was only about 2 cm * 

If the method of measuring the volumes be admitted as satisfactory yet 
the preparation and purification of the nitrogen used in the determination is 
open to serious criticism The gas was prepared by the reaction between 
ammonium sulphate and potassium nitrite, dried, condensed and “ fractionally 
distilled ” No chemical method was applied for removing the nitric oxide 
which is always formed m this reaction, and, during the fractional distillation, 
no device appears to have been adopted to ensure the boiling of the liquefied 
gas, without which, of course, no fractionation occurs It is by no means easy 
to make a liquefied gas boil evenly, unless precautions are taken to do so, such 
as by means of a heating coil The only criterion given for the punty of the gas 
is that “ the resulting liquid nitrogen was water white and entirely free from 
solid impurities,’’ which, of course, is no criterion at all Since the pv \ allies 
derived from the Boston results are considerably lower than both the Berlin 
• ‘J Am CSiem 8oo,’vol 45 p 2107(1943) 



Hydrogen , Nitrogen, and Hydrogen-Nitrogen Mixtures. 55? 

and the Leiden value*, it seems highly probable that the nitrogen used contained 
appreciable quantities of nitric oxide 

The isotherm at 20° C has boon directly determined only at Leiden, by 
Kamerkngh Onnes and van Urk (toe cit ) As in the ease of hydrogen, an 
isotherm can be quadratically interpolated between the Berlin isotherms at 
0°, 50°, and 100° C (Hoiborn and Otto, toe at ), and this agrees very well 
with the Leiden isotherm An interpolation between the Boston isotherms at 
0°, C0°, and 100° C gives an equation which leads to comparatively low values 
of pv 

§ 4 Experimental Apparatus 

The apparatus employed in the present research is largely based on that used 
at Leiden for the determination of isotherms, so that a detailed description is 
unnecessary The general principle consists, as at Leiden, in the compression 
of a known constant quantity of gas into measured volumes, the smallest 
volume was never less than 4 un * Whereas at Leiden, however, the normal 
volume is measured in the piezometer itself (for which purpose the piezometer 
has to bo removed from the compression vessel), the piezometer is here per¬ 
manently mounted, and the normal volume measured in a volumenometer, 
from which the gas is transferred to the piezometer The whole apparatus 
may conveniently be considered under the following headings - 

(<j) Mixing apparatus 

(6) Volumenometer 

(c) Piezometer 

(d) Pressure balance 

(e) Thermostat 

(а) Mrxwg Apparatus —This is a simple arrangement for making up mixtures 
of known composition The priBsuro and temperature of each gas are measured 
at constant volume in a water-jackefcod bulb of about 1 1 capacity, and the 
gases are then driven successively mto a second bulb, of 2^ 1 capacity 

(б) Volumenometer —In the volumenometer the normal volume of the simple 
gas or mixture is measured The apparatus is a copy, somewhat modified, of 
that m use at Leiden,* and is represented in fig 8 It oonsists essentially of 
a senes of three bulbs B, each of about J 1 capacity, connected by necks on 
which marks are etched, the volumes between the marks are known from pre¬ 
vious calibrations, as are also the volume between taps 1 and 2 and the top 
mark, and the volume between taps 2 and 3 The bulb-tube is connected 

* CJ ‘ Phy* LabLeiden, Conunn No* 117 and 127a 
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through'an air-trap to a manometer M, and to a common mercury reservoir R 
Both the bulb tube and the manometer are surrounded by water jackets, 



Kio 3—Volumenometer 


through which a stream of water flows from a thermostat The top of the 
manometer can lie connected either to a syphon barometer S or to a vacuum- 
pump, aa may be desired 

The positions of the mercury menisci in the volumenometer are observed 
with a cathetometer, by the Soci4t4 Genevoise, reading to 0 02 mm Both 
volumenometer and oathetometer are mounted on a heavy slate slab, supported 
on a large concrete tabic and foundation, and are satisfactorily free from the 
effects of vibration. 
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(c) Piezometer —The piezometer is based on the divided model employed at 
Leiden but differs from it in sev< ral respects In the first place, it should be 
explained that a divided type was used because the whole apparatus was 
designed and constructed primarily with a view to use at low temperatures 
The disadvantages of the divided type mentioned in § i are however eliminated 
by a volumetric calibration with gas instead of a diroct calibration with mercury 

fhe use of a divided pu/ometer is attended with several difficulties The 
volume of the small reservoir t an scarcely be determined with a greater accuracy 
than 1 mm 3 and therefore it should be at least 1 cm * If this volume is to be 
filled with a liquefied gas at low temperature the volume of the large reservoir 
of the piezometer must be about 11 It is hardly possible to maintain an even 
temperature over a griatir hngth of strm than 50 ern and if the piezometer 
is to have a useful pressure range of at least i or 4 1 the bore of the stem must 
hence be i mm or more Long and wearisome trials of several kinds of glass 
tubing completely confirmed the experience of previous investigators as to the 
utter untrustworthmess of glass tubes when exposed to pressures above CO 
atmospheres no matter what the thickness of wall Tubing of the desired 
bore that had withstood test pressures as high as 270 atmospheres on several 
successive days eventually burst at 90 atmospheres 

It was therefore necessary to construct the piezometer entirely of metal 
for there appeared to be no practicable method of securing a glass tube at both 
ends within a compression cylinder with a view to making observations by 
Amogat s method of elictncul contacts (m tin case of an undivided piezometer 
the glass tube has to be fastened only at one end and that is quite feasible) 
Some new method of measuring the position of the mercury had also to be 
devisod, and it was suggested by Mr L W Codd of this laboratory that this 
might be efEeetod by measuring the resistance of a fine platinum wire stretched 
down the centro of the stt m after an extensive senes of tests this device has 
been adopted A relation betw< en the resistance of the wire and the volume 
included between the top of the stem an 1 the surface of the mercury was estab 
fished by compressing a known volume of hydrogen into the stem at a tempera 
ture af 20° 0 and moasunng the resistance at several pressures the volume 
occupied by the hydrogen in each case being derived from a knowledge of the 
well established isotherm of that gas up to a pressure of 100 atmospheres 
It ii of course only possible in this way to determine the position of the highest 
point of the mercury in the stem the height of the meniscus cannot be measured 
Great accuraoy m the volume determinations is hence not to be expected, but, 
for a long period, the actual results were much worse than was anticipated, 
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discrepancies occurring to the extent of 2 per cent No reason for this could 
be found but fortunately these large errors suddenly disappeared of them 
selves and the results of the isi therms show that the mean error of observation 
is now always less than 1 in 1 000 The resistance volume factor for the wire 
is not entirely constant but the change over the whole of the aenes of the present 
investigation waa less than 1 in 600 

A section of the steel piezometer and the compression vessel (or pot ) 
into which it is fastened is shown in fig 4 The stem 8 has a bore of 8 mm 



Fio * —Piexometer and Compression Vessel Inside (on nght) Details of Insolation 

and a total length of 70 cm and it is integral with the collar C whereby it is 
secured in the pot P with the help of the Bplit nut N the bore is ground true 
and highly polished A flange 0 whioh is also part of the stem acts as the 
base of the water jacket J The lower end of the stem forms a boss on to which 
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the large reservoir R, of about 900 cm * capacity, is screwed , R is closed by a 
cap Q, with a small opening in the centre The pot P is connected with a second 
pot P / , which acts as a reservoir for the mercury When pressure is applied 
on the air-mam, the mercury is forced from l v into P, and thus up into the 
piezometer A branch leads from the steel capillary connecting P and F to 
the pressure-balance The general lay-out of the air connections is much the 
same as at Leiden,* with the exception that the closed hydrogen manometer 
is here replaced by the pressure-balance 
After pressure has been applied with the help of compressed air, tap 1 is 
closed, thereby cutting off F and tho air connections, and communication with 
the pressure-balance is established exclusively by hquids through tap 2 The 
final adjustment of the pressure is earned out by the regulation of the weights 
on the balance and with the help of the oil pump connected to it 
The upper end of the fine platinum wiro (about 0 01 mm in diameter) in 
tho stem is welded to a short length of thicker wire which, in its turn, is brazed 
on to a piece of brass wire The latter is screwed into the lower end of a steel 
cone F, as shown in fig 4 and this is insulated by a conical ivory ring E from 
the steel collar D, which is secured by a nut to the screwed top of the stem 
This method of insulation was adopted by Kohnstamm and Walstra.t and has 
proved very satisfactory The lower end of the stem wire is welded to one end 
of a small spiral of thicker platinum wire, the other end of which is secured by 
a piece of ebonite wedged across the bottom of the stem , in this way the wire 
is kept as taut as is consistent with safoty, and is ordinarily insulated from the 
stem, electrical contact being made only when tho confining mercury is com¬ 
pressed into the latter Double leads from the upper end of tho cone F and 
from the outside of tho stem form the electrical connections between the stem 
wire and tho differential galvanometer, resistance-box, and commutator used 
in measuring the resistance by Kohlrausch’s method of overlapping shunts | 
The stem wire has a resistance of about 1 ohm/cm , and l cm on the galvano¬ 
meter scale corresponds to about 0 005 ohms 
The screwed boss B, affixed near the top of the stem, allows of the attachment 
of a steel capillary (with a bore of 0 5 mm ), this divides near the piezometer, 
one arm leading through a steel tap to the volumenometer, and the other arm 
to the small reservoir The latter is a brass cylinder of about 1 cm * capacity, 
to which the steel capillary is attached by means of a nut and collar It is 

* Of 1 Phys Lab Leiden, Connnn No 97s, Piste I 
t ‘ Proo Roy Acad, Amsterdam,' vol 18, p 822 (1914) 

J Kohlrausch, ‘ Lfhrbuoh der Praktischen Pbysik,’ 13th edn., p 427 
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required for work at low temperatures, and, m the present research, may be 
regarded more or less as dead space 

(d) Pressure-balance —The pressure-balance was suppbed by Schaffer and 
Budenberg, and the effective cross-section of the differential piston was deter¬ 
mined by the Physisch Technische Beichsanstalt, Berlin Between 40 and 240 
atmospheres, the difference between this cross-section anil the area given by the 
makora was found to be less than 1 in 2,000—a very satisfactory result As 
originally supplied, the balance was worked by hand, but an oscillating 
mechanism, similar to that described by Holborn,* was constructed and fitted 
to the balance in this laboratory The change from oil to mercury in the 
transmission from the pressure balance to the piezometer is made in a short 
vertical length of J-inch hydraulic steel tubing, into which two insulated elec¬ 
tric al contacts arc tittod , the mercury meniscus is always kept between these 
contacts 

(e) Thermostat The thermostat, which delivers a stream of water to the 
severul water-jackets and thence to waste, is a copy of the one described by 
Schalkwijk ( loc at) In the determination of the isotherms at 20° C it was 
not found possible to maintain the stem of the piezometer exactly at that 
temperature, owing to the very large variations in the room temperature—the 
laboratory is really most unsuitable for such measurements bo that there was 
little object in effecting any exact regulation of the thermostat 

The isotherms at 0 J 0 were determined by packing the stem of the piezometer 
in shavings of ice made from distilled water The volume of gas at 0° C was 
always considerably greater than that at room temperature, so that the objec¬ 
tions raised in §2 against the Leiden determination of the hydrogen isotherm 
at 0° C apply in much less degree 

§ 5 Preparation of Oases 

Hydrogen was taken from a commercial cylinder of the gas, passed over hot 
copper and through sihea gel maintained at tbo temperature of liquid air, and 
stored m a glass gas-holder over mercury Traces of nitrogen may have been 
left in the hydrogen, but it will be seen later that the presence of even a few 
per oent of nitrogen hardly affects the course of the isotherm 

Nitrogen was prepared bv the action of sodium mtnte on ammonium sulphate 
in the presence of potassium dtchromate The gas was passed through a 
solution of chromic acid in strong sulphuric acid and over red-hot copper, 
dried, liquefied, and allowed to evaporate into a small steel oyhnder Its 
* ‘Z <1, Ver dent log vol. 67, part 8(1929) 
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punty was tested by a vapour pressure determination At — 1% 75° C, 
with only a drop of liquid in tho experimental bulb, the vapour preRHiire was 
found to be 70 39 cm , after condensation of an additional £ 1 of gas, 
the pressure was 76 46 im but tho temperature was then 0 01° higher 
According to the formula given by Cath,* the vapour pressure at — 195 73° C 
should be 76 52 cm , whilst the difference in pressure corresponding to a 
differem-e of 0 01° is 0 08 cm The punty of the gas thus left nothing to be 
desired 

Apart from the individual gases, three mixtures, containing respectively 
75 per cent, 50 per cent, and 25 per cent of hydrogen, were investigated 

§ 6 Vnits and Empirical Equation* 

Before reproducing the results, it is necessary to discuss the units adopted in 
expressing them It has betn thought best to retain the units introduced by 
Amagat, for these are in use at Jjeiden and are particularly convenient for 
practical purposes The unit of pressure (p) is the international atmosphere, 
and the unit of volume (t' A ) is the normal volume, or the volume occupied by 
the quantity of gas taken at 0° (’ under a pressure of one atmosphere These 
units are also m use at Amsterdam 

At Berbu the unit of pressure is the pressure exerted by a column of mercury 
1 ro m length under standard conditions, and the normal volume is measured 
at that pressure The Boston unit of pressure is the atmosphere, and the unit 
of volume is the specific volume Neither of these two systems is more rational 
than Amagat's system, and the y do not appear to be so convenient 

The expression of the isotherms m the form of equations also requires con¬ 
sideration The Leiden isotherms arc based on the empirical equation of state 
established by Kanierlmgh Onnes,f and accordingly take the form of a develop¬ 
ment of the product pe A in terms of powers of l/e A ( — d k ), t c, 
pc A - A a t- B A rf A + (V A - 4 , 

where A a , B a , C a are constants (higher terms than d* need not be considered 
hero) For practical purposes this is not a very convenient form, and the 
Berlin mode of expression will therefore be adopted, pe A being developed in 
powers of p, * e, 

pvs - K + B p? + c pf>* 

The subscript p is used to distinguish the constants from the constants A B , B b , 
C B , appearing in the Berlin equations, and referred to the Berlin units 
• * Phy» LabLeiden, Comnrn No I52 d 
■f ‘ Phya Lab,’ Leiden, C'omum. No 71 
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Isotherms determined at Boston are expressed in the form of an equation 
of state developed theoretically by Keyes This equation involves the assump¬ 
tion that the pressure vanes linearly with the temperature at constant volume— 
an assumption which is (ommon to many proposed equations of state, but is 
only valid over a limited range * Moreover, the equation is of an unsmtablo 
form for purjxises of computation 


§ 7 Experimental Data 

The results obtained in the measurement of the isotherms at 0° and 20° C' 
of hydrogen, nitrogen, and the three mixtures, are reproduced in Tables I X 
Both the observed and the calculated values of pv K are shown for each value of 
the pressure, whilst the last column contains the difference between the two 
The calculated values are the values given by the equations, which were derived 
from the observed values by the method of least mean squares, and are repro¬ 
duced later on Below each table is given the computed mean error of 
obsert ation 


Table I -Isotherms of H 2 at 0° C 



* C] Penning, loe ett, and Ksmerimgh Onnes sod Keesoin, 1 Phy< L»b„' Leiden, Coramn 
Suppl No 23,142 
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Table II —Isotherm of 75 per cent Hi — 25 per cent N* at 0° C 


Table III —Isotherm of r >0 per unt H, — 50 per cent at 0° ( 


Table IV Isotherm of 25 per cc nt II S — 75 per cent N* at 0° C 


Mem error of ob*er»*tlon 
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Table X — Isotherm of Nj at 20° C 



* Sene* III tud V were determined with diUerent normsl volumes 
Meso error of observation - ± 0 OOOM 


§8 Obotrvatwnal Equations 

The values of the constants A,. B„ C, m the equations representing the 
isotherms are contained in Table XI In the derivation of these equations the 
value of (Ap)g—i«, A, at 0° C — is found from the relation 

1 = (A,) 0 + (B,), + (C,) 0 , 
whilst the value of (A,)*, is given by the expression 
(A»)» = (A») 0 X (1 + 20y), 

where y* 0 0036618, B, and C, are then evaluated by the method of least 
mean squares 
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Table XI-Values of A, B„ and C„ 


Gee 

Ap 

Be 

c. 

H * 


0 90987 

4 0 6263 X 10 » 

0 168 X 10 • 

78 par oent H, 85 


0 99948 

0 u229 

ft AIA 

per wnt N, 

, 

0 00001) 

c wn 

1 147 

[Mr cent. N, 

18 per oent. H, - 75 


t 00001 

0 0140 

1 993 

N ’ 

[ 

1 00049 

0 49S1 

3 334 

H. 


1 07357 

+0 8505 

0 089 

75 per oent H, 25 


1 07269 

0 5858 

0 448 

per oent. N, 

SO per oent fa, 50 

.et*> a i 

1 07291 

0 3979 

0 93* 

per oent N, 

10 per cent It, 76 


1 07827 

0 1225 

1 685 

^ per oent N, 


1 07370 

0 2798 

2 800 


The curves representing the equations and the individual points ate plotted 
in figs 5 and 6 

§ 9 Source* and Magnitudes of Errors 

The errors involved in the determination of pressure and temperature were 
almost certainly negligible m comparison vith the errors accompanying the 
volume measurements The temperatures were read on thermometers 
graduated m tenths of a degree (1 cm 2 1°) which had been oheoked against 
a standard thermometer It is improbable that errors in temperature would 
exoeed 1/20° or 0 02 per cent in the values of po K 

The pressure balance is well known to be a most reliable and accurate rnstru 
ment and as already stated the effective cross section of the piston between 
pressures of 40 and 240 atmospheres does not differ by more than 0 05 per 
cent from the stated actual cross section Probably the most uncertain 
measurement in connection with the pressure is that of the difference in level 
between the mercury in the stem of the piesometer and in the tube where the 
junction with the oil of the balanoc is made Thu may amount to 2 cm or 
to more than 0 1 per oent at pressures lower than 30 atmospheres At higher 
pressures with which we are chiefly oonoemed the error would be of httle 
oonsequenoe 

The total error involved m the volume measurements is not easy to estimate 
It may be divided into two parte viz the error of the normal volume (constant 

2 P 2 
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throughout each sene* of measurement*) and the error of the stem volume 
(occupied by the gas under the measured pressure), The normal volume was 
determined before and after each senes, and the accuracy of each determination 
was such that only the error consequent on any difference between the two 
values need be considered The mean value was used in the computation, and 
the greatest difference between the mean and either individual value waa 
0 04 per cent 

The error of the stem volume may be dus to one or more of three causes * 
droplets of mercury may cling to the wire or to the walls of the stem, the shape 
of the meniscus may differ considerably from the average shape, or the 
resistance of the wire may alter It is scarcely possible to separate the effects 
of the first two causes, but the fact that the mean error of observation for a 
senes was generally about 0 06 per cent shows that they cannot have amounted 
to very much The meniscus might vary 4 mm in height, which would lead 
to an error of 1 in 300 on the smallest volume measured, but the results appear 
to show that the vanation cannot have been nearly so large 
Determinations of the resistance-volume factor of the stem wire at the 
beginning and at the end of this investigation mdioatcd that this factor hod 
changed by 1 in 800 It is reasonable to suppose that the change waa gradual, 
and it may equably be apportioned between the 14 senes measured 
Taking all probable errors mto account, the aocuracy of determination of the 
isotherms may be put at 1 in 1,000 

J 10 Discussion of Retail* 

(a) Individual Otuet —The equation for the isotherm of hydrogen at 0° C , 
as found by Holborn (loo c%t ), is 

(pc), = 0 99918 + 0 8209 x 10~* p, + 0 3745 X 10~* p,‘. 

When converted into our units, this reads 

pc x =■ 0 99938 + 0 6240 X 10“* p + 0 2163 X 10"* p», 

and this agrees very closely with our equation, as will appear from Table XII, 
wherein are given the pv A — values at 80,100, and 200 atmospheres, denved 
from our equation (W), and from the Berlin one (B), the Berlin value for 200 
atmospheres is enclosed in brackets, because the Berlin isotherm really extends 
only to 100 atmospheres 
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Table XII 



The Leiden equation for the isotherm of hydrogen at 20° C (due to Sohalkwijk, 
loc ctt ) 18 

pv A = 1 07258 + 0 6671 x 10~* d k + 0 993 x 10-* dj, 
or, in our form, 

pv A = 1 07258 ( 0 6351 x 10’* p + 0 206 X 10-* y* 

The Amsterdam equation la given by Kohnstamm and Walstra (loc cit) m the 
form 

pv A = 1 07258 + 0 6763 X 10~* d x + 0 882 X 10"' <f A * -f higher terms , 
and this becomes, in our units, 

pv A = 1 07268 + 0 6467 X 10~* y + 0 161 X 10"* y* 

Table XIII contains the pv A values giveu by our equation and by the Leiden 
(L), the Amsterdam (A), and the interpolated Berlin equation , the agreement 
with the Amsterdam equation is not very good 

Table XIII 

V V> k <W) I pv k (L) I po A (A) pv L (»> 

SO l 1053 1 1049 l 1001 1 1041 

100 1 1*84 (l 1*8*) 1 1389 1 138* 

200 1 20SS (1 2079* 1 *084 (1 *086) 

Holborn and Otto's equation (loc cit) for the isotherm of nitrogen at 0° C is 
(yv) B = 1 00060 - 0 6072 X 10 *y B + 5 406 X 10 “pfl* 

On conversion into our units, we obtain 

yo A » 1 00045 - 0 4614 x 10 "*p + 3 122 X 10~V 
The Leiden equation (Kamerlingh Onnes and van Urk, loc ext ) reads 

yv A = 1 00041 - 0 4102 X 10"* d A + 2 066 x 10~* d A *. 
or 

pv A = 1 00041 -0 4101 X 10"»y+l 898 X 10 _, y* 
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As stated by Smith and Taylor (loo at ), the equation of state for nitrogen is 
given by 


Smith and Taylor themselves reduce this equation to one developed in powers 
of 1 /« A , but, since they neglect all terms of higher order than 1 /v A *, the reduced 
equation represents a very rough approximation to the original one By 
plotting their results (converted to the usual units) on a suitable scale, and 
selecting the values of pv A thus found for p = 100 and p — 200 atmospheres, 
it is possible to obtain a standard equation leading to values of pv A which do 
not differ from those calculated from Smith and Taylor’s equation by more 
than 1 in 1,000 up to 200 atmospheres In this way we find, at 0° C , 
pv A = 1 0006 - 0 6910 X 10~*y> + 3 67 X 10 '* jp 
This differs considerably from the other equations, and it appears from Table 
XIV that our values agree reasonably well with the Berlin and Leiden values, 
but that tho Boston results (derived directly from Smith and Taylor’s original 
equation) are much lower As was pointed out in $ 3, there is every reason to 
suspect the punty of the gas usod at Boston, and this suspicion is apparently 
confirmed by the numenoally larger B p and C, values obtained, thus indicating 
the presence of a gas of comparatively high boiling-point 


Table XIV 


p 

<W> 

po t (Bor) 

r» A (B«») 

J»i (b) 

80 

0 9840 

0 988! 

0 9793 

0 9848 

100 

0 9842 

0 9806 

0 9782 

(0 9784) 

200 

1 0848 

(1 0331) 

1 0292 

(0 9943) 


The Leiden equation for the isotherm of nitrogen at 20° C is 
pv A - 1 07370 - 0 2625 X 10"* d A + 2 500 X 10~ # d A *, 


pv A = 1 07370 -0 2445 X 10'‘p 4-2 1H X WT* j> ! 

It is possible to interpolate an equation from the Berlin isotherms at 0°, 50°, and 
100°, and this n given by 

pv k — 1-07367 - 0 2622 x 10* + 2 688 + 10“* 

The agreement between both these equations and ours over the ranges covered 
is good, as may be seen from Table XV 
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Summary 

J 1 The object of this research is stated 

$ 2 The most accurate determination of the isotherm of hydrogen at 0° t 
is that effected by Holborn but this extended only to 100 atmospheres 
Schalkwijk s measurement of the isotherm at 20° C up to 60 atmospheres is 
probably the most exact determination of the kind ever made Kohnstamm 
and Walstra extended this isotherm to 1 000 atmospheres bat For several 
reasons their results are not so accurate 

§ 1 The determinations of the isotherm of nitrogen at 0° (. both by Kamer 
lingh Onnee and van Urk up to 60 atmospheres, and by Holborn and Otto 
up to 100 atmospheres are reliable but the measurements by Smith and 
Taylor are open to serious objection The isotherm at 20° C has been directly 
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measured only by Kamerlmgh Onnes and van Urk, up to a prewure o{ 60 
atmospheres 

§ 4 A description is given of the apparatus employed in this investigation 
with special reference to the steel piezometer, details of which are somewhat 
novel 

$ 5 The origin and punty of the gases used is discussed 

( 6 The units of pressure and volume adopted are the international atmo¬ 
sphere and the normal volume Isotherms are expressed by developing 
pvi m powers of p 

J 7 Tables of the experimental data obtained for the individual gases and 
three mixtures at 0° and 20° C are reproduced 

{8 A table of the values of the constants in the equations for the several 
isotherms is given 

$ 6 Sources of errors snd their magnitudes are discussed The final accuracy 
may be estimated at 1 in 1,000 

110 The experimental results arc oompared with those obtained in previous 
investigations It is shown that there is no justification for assuming the 
po A values for a mixture to be a linear function of the composition, at least 
when the critical temperatures of the component gases are widely different 

For the design of the apparatus and the technique employed in this research 
I am indebted almost entirely to Prof H Kamerhngh Onnes, m whose laboratory 
I had the great good fortune to work for a year The glass-blower of this 
laboratory (Mr H J Welbergen) constructed all the rather complicated glass 
work, and the fine mechanic (Mr J Pont) was responsible for the construction 
and assembly of all the instruments (other than those of standard pattern) and 
fine metal work To my assistants (Messrs H Ryder and J C Johnson) 
I owe my thanks for their help in the experimental observations and in the 
computations Finally, I am moat grateful to Capt F A Freeth, F R S, for 
his oontinual help and encouragement throughout the whole period of con¬ 
struction and determination 
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The Mobility of Ions m Air Part III—Air Containing 
Organic Vapours 

By Prof. A M Tvndau. and L. R Phillips 
(C ommunicated by Prof A P Chattoclr, F R 8 —Received April 6, 1926 ) 

The data on mobility of gaseous ions available at present have not led to 
a satisfactory quantitative theory of ionic structure because of the large number 
of variables necessarily entering into the formulas deduoed The wnters feel 
that the most fruitful line of experimental attack is to carry out a senes of 
different expenments under conditions chosen so that one or more of these 
variables may be regarded, at any rate approximately, as unchanged throughout 
the senes The work herein desonbed is an attempt in that direction and deals 
with the mobility of ions m air containing the vapours of a senes of closely 
related organlo substances 

It is well known that the presence of water vapour in air causes a reduction 
in the mobility of the negative ions The effect has recently been studied m 
detail from small traces up to saturation by one of the wnters (A M T ) and 
Mr G C Gnndloy * Other vapours are also known to be similarly effective 
Thus Rutherfordt showed that alcohol and ether vapour lower the mobility 
of negative ions m air Prnbram^ found that various saturated organic vapours 
affect both positive and negative mobilities, though quantitatively his method 
is not free from objection Wellisch§ found that 10 mm of alcohol or acetone 
introduced into air at atmospheric pressure caused a reduction in both mobilities, 
but that 6 mm of ethyl bromide or iodide had no effect 
These results with organic vapours are of considerable interest, butthe informa¬ 
tion given by such isolated observations is too incomplete to throw much light 
upon the problem of the mechanism of the process For this reason the present 
wnters have examined the effect of certain vapours in detail Those specially 
selected were the lower members of the normal aliphatic alcohol senes, 
chloroform and oarbon tetraehlonde Isolated observations have also been 
nude m saturated propyl iodide, iso-arayl alcohol and two hydrocarbons, 
ootane and decane 

* Tyndall and Grindley, “ Mobility of Ion» In Air, Part I ” (‘ Roy Soo Pioo ' A 
vol 110, p. »« (1926)) 
t ‘ Phil Magvol 2, p 219 (1901), 

} 4 Wien Akad Stab Ua, vol 118, pp 331 and U19 (1909) 

) ‘ Rtry 8oe Proc A, vol 82, p 600 (1900) 
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The method adopted was that given in Part I (toe ott) to which reference 
must be made for details Briefly the method depends upon the production 
of ions by a senes of flashes of a-rays and their subjeotion to an alternating 
field of a special kind The conditions are so arranged that when the current 
arriving at an electrometer is plotted with frequency of alternating field a curve 
with a sharp peak is obtained, the position of which gives an accurate measure¬ 
ment of the mobility 

Bxpenmental Iktadt. 

The method was used as a comparative one The current-frequency curves 
were obtained in dry air containing vapour, and in dry air alone The peak 
frequencies were compared and the mobility in the alcohol mixture calculated 
from the value m dry air alone, known from the previous paper 
Since only relative values were necessary certain simplifications in the 
apparatus were possible The mobility box was reconstructed with a fixed 
distance between the plates and of dimensions more suitable for the introduction 
of liquids without opening the box The gauze method of eliminating the 
effect of induction on the electrometer was used 

The box was of $ inch brass and of external dimensions 10 6 inches by 
10 5 inches by 2 0 inches The roof of the box had a central hole, 1 5 inches 
diameter and served as the guard ring for the electrometer plate A short 
vertical tube 3 0 inches long and projecting upwards from this hole was soldered 
to the roof, and was closed at its top end by an ebonite and sulphur plug This 
plug supported and insulated the rod from the electrometer plate, which 
nearly filled the hole The induction gauze was supported and insulated 
from the roof by four ebonite blocks It was made of zinc drilled with 
^ inch holes and was gnpped round its edges between two square pieces of 
A inch aluminium The distance between the gauze and the electrometer 
plate was 1 cm and between the two electrodes 6 cm. 

Having dried the box and the air m it by sweeping a current of dry air through 
it for some hours, the liquid giving the vapour under test had to be introduced 
into the box without opening it For this purpose a glass funnel which passed 
through a hole in the roof was filled with the liquid in question Inside the 
box and underneath the funnel was a metal tray which oould be filled with the 
liquid by opening the stopcock of the funnel After about one hour it was 
assumed that the vapour inside the box was at the saturated value appropriate 
to the particular liquid used It is unlikely that any error due to this assump¬ 
tion had any senous effect on the nature of the results obtained 
The investigation of the vapour over a range, of concentrations presents 
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certain difficulties Air saturated with vapour may be diluted with dry air 
and then introduced into the box, but if there is any absorption of the vapour 
by the walls and plates the concentration may have entirely changed before 
the mobility measurements are completed Equilibrium with the walls might 
be secured by making up a large volume and passing it slowly through the 
box , but this is inconvenient These difficulties may be avoided by finding 
some organic solvent the vapour of which has no appreciable effect on the 
mobility of air ions Aniline and quinoline, as high boiling-point liquids with 
low vapour pressure and with no chemical action on the liquids under investiga¬ 
tion, were tried, and of these the latter waa found to satisfy this test A senes 
of solutions of known molecular concentrations of a given alcohol or other 
liquid wore therefore made in quinoline for insertion in the mobility apparatus 
Care was taken to insure that the chemicals were as pure and as dry as possible 
For a quantitative study it is necessary to know the vapour pressure of these 
solutions No definite measurements appear to have been made of the vapour 
pressures of organic substances in non-volatile solvents, but in the present case 
there does not seem to be any reason to anticipate constant boiling point 
mixtures, and we may therefore expect the vapour pressure of the substance to 
be roughly proportional to its percentage molecular concentration, the vapour 
pressure of quinoline being taken to be negligibly small As a rough test, how¬ 
ever, some measurements of the vapour pressures of several methyl alcohol 
solutions m quinoline were made with a static vapour pressure apparatus 
The experiments were somewhat crude but the results were in reasonable 
agreement with this view The vspour pressures given later in the paper are, 
therefore, calculated on the assumption of proportionality to percentage mole¬ 
cular concentration in quinoline, but if it ever becomes necessary the values 
can be checked by refined vapour pressure measurements 
The procedure was then as follows The mobility was taken m dry air, 
a weak solution of a given liquid was then poured m, and after about one hour 
the mobility was retaken The box was then opened st both ends, the tray of 
liquid taken out and ordinary room air blown through the apparatus to remove 
the vapour After cleaning, tho tray was reinserted ready for the next solution, 
the box was closed and dry air blown through it for several hours Testa showed 
that it was possible in this way to regain the original value of mobility obtained 
before the vapour was present The prooednre was then repeated for other 
solutions in order of increasing concentration up to saturation 
Before passing on to the solutions of another liquid it was very important 
to remove all traces of the vapour previously used This was not always easy 
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because the last concentration employed was the pure liquid and some con¬ 
densation may have oocaired on the walls In several cases it was necessary to 
take the apparatus down and heat the box m front of an electric radiator m 
a stream of air The investigation of the solutions of a given liquid was never 
started until, with pure quinoline m the tray, the peak frequency was practically 
that given originally m dry an 

Results 

The results m the senes of alcohols are shown most conveniently w graphical 
form Figs 1 and 2 show the variation of mobility of negative and positive 
ions respectively in air (at room temperature and pressure) with partial pressure 
of added vapour The curves relate to the first five normal alcohols of the 
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senes and to octyl alcohol (one point only marked + and lying practically 
on the curve for amyl alcohol) In fig 1 the results for water vapour 
obtained in the previous paper are also insortod for companBon 



10 20 30 

Vapour Pressure (mm 

Fio 2 —Poarrrrs loss 
Referenoe letter* the same u w fig 1 


Measurements have been made over the whole range up to and including 
saturated vapour of pure liquid though the scale does not permit of the 
inclusion m the graph of the values for the h ghest pressures of methyl alcohol 
The ourves in all cases show that a drop m mobility occurs with rise of vapour 
pressure In the case of negative ions there are two striking features (l)tbe 
steep gradient at low concentration (2) the increase in this gradient as one 
proceeds up the alcohol senes from methyl alcohol to octyl alcohol For 
instance m amyl aloohol the curve is so steep that the vapour at one millimetre 
pressure reduoee the mobility of negative ions from 2 15 to 0 93 
The vapour pressure of octyl aloohol at room temperature is not known but 
from Ramsay and Young s relationship and other data for homologous sub 
stanoes it may be estimated to be of the order of 0 3 mm Thu reduces the 
mobility of negatives from 2 15 to 1 50 
In the case of positive ions the initial steep gradient u far less marked There 
is, however a general drop m mobility with rue of vapour pressure and the 
several alcohols follow the same sequence 
At the same time caution must be observed w using the positive results 
It u now well known that more than one type of positive ion is possible in air 
and until measurements have been made m vapours with ions f different ages 
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we cannot say definitely what wae being measured Fig. 3 shows a typical 
pair of peaks selected from many obtained for positive and negative ions, this 
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particular one being for propyl alcohol of vapour pressure 5 45 mm The spreads 
of the two ourves are comparable with one another, suggesting that the majority 
of the positive ions are of one kind The hfe of these ions was about 0 05 sec 
For methyl aloohol and also ethyl alcohol at low concentration the expen- 
mental points show irregular deviations from the smoothed graph This may 
be due to an occasional trace of water vapour creeping in inadvertently 
Fig 4 shows the results of chloroform and carbon tetrachloride, the scale 
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tho»e for alcohols, but the two positive ourves appear to have no initial drop 
and approximately coincide, 

For special reasons single measurements at saturation pressure in an have 
been taken for iso-amyl alcohol, propyl iodide, octane, decane, and for the 
mixed saturated pressures of amyl alcohol and water The significance of the 
results relative to those for the alcohols will be discussed later Table I is 
a summary of all the data obtained 

In passing it may be noted that at saturation the mobilities of negative ions 
for the first four alcohols only differ by a few per cent, although the pressures 
range from 3 mms, to 76-5 mms We are not able to state whether or not tins 
u more than a coincidence. 

2 Q 


VOl. CXI —A 







584 A. M, Tyndall and L. R. Phillips. 


Table I 



Ditcutnon of Retulli. 

The sudden drop in the mobility of negative ions w air owing to small traces 
of alcohol and other organic vapours is difficult to explain exoept on the 
supposition of a duster theory Loeb* has recently shown that curves of exactly 
the same type are obtained in hydrochloric acid-air mixtures, and has attributed 
the effect to a labile cluster of HG1 molecules oonoentrated in the neighbourhood 
of the ion owing to the high dielectric constant of this gaa. 

In diacussmg the results it is necessary to examine the relative importance 

• ‘ Proc. Nat. Aosd. Sol * (Washington) (January, 1«6). 
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of the various factors which determine the mobility of a cluster ion * As a 
preliminary we may consider the cut ire and formation of a cluster If the 
work required to separate to infinity a neutral molecule and an ion which are 
at a distance r from one another isW(r) then according to Boltxmann s theorem 
the probability that a neutral molecule shall be found in an element of volunii 
at this distance is jroportional to < Wr >T where l is the usual Boltzmann 
constant and T the temperature 

The degree of aggregation round the ion will depend on the affinity between 
the ion and the neutral molecule and this m turn will depend upon the 
magnitude of (1) any permanent electric doublet that the molecule may possess 
(2) an induced electric doublet duo to the relative displacement of its electronic 
and nuclear charges in the field of the ion Due to (1) the function W(r) falls 
off according to the inverse square law an 1 due to (2) according to the m\ erse 
fourth power law Lien when W is large for small values of r (Bay 2 or 3 A) 
it rapidly diminishes at greater listances particularly if the molecules un lir 
consideration have no jermanent moment Whether therefore we rcgarl 
the cluster as labile (as Loeb does) or not there does not appear to be any stroi g 
evidence for supposing that it is equivalent statistically to a la) er more than on 
molecule thick For simplicity then » e shall assume the molecules to be held 
in one layer in virtual c< ntact with the ion t e in equilibrium under the 
joint action of their mutual repulsive and attractive forces 

We can now enumerate the factors determining the mobility of an ion In tl e 
simplest case these are at least four w number — 

(1) The density of the gas (p) In moat of the substances examined this 

may be taken to be constant throughout at any rate at the lower 
concentrations 

(2) Tho distance between the centres of a molecule and a cluster at 
oolliaion (<x) For instance in I angevm s treatmentf this enters as a 
term proportional to l/o* 

(3) The mass of the ion (M) and molecule (m) Again in Langevm s formula 
these enter as a term ^1 + jj) which for any fully formed clutter 

approximates to unity That this is probable is shown by several 
observations among the above results For instance the negative 
curve for chloroform (mol wt 120) lies whoHy above that for propyl 

* W« wish to sokaowiedge with thank* the Wp w* hav* f*iaed through a dieoussioa 
of this Motion with Dr Lwmird Jonm. 

t For an analysis at Ungeria s theory n* HeesS Phil Hag. rol 1 p. 139 (1924) 

2 Q 2 
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alcohol (mol wt 60), and above the greater part of that for ethyl alcohol 
(mol wt 42) Seoondly, saturated propyl iodide (mol wt 163) gives 
a negative mobility 0 8 which is higher than 0 74 obtained for saturated 
propyl alcohol (mol wt 60) at half the vapour pressure This argument 
is not conclusive because the other factors may be different, but it may 
clearly be said that the mass factor is not a dominating one 
(4) A term which for convenience we will call the clustering ooeffloient 
“ C,” and which will depend upon the combined magnitudes of the 
permanent and induced doublets in the molecule 
Following upon earlier work by Debye, J J Thomson and Gans, C P Smyth* 
has calculated the electric moment of the permanent doublet for a large number 
of substances The numbers he obtained for the substances dealt with in this 
paper arc given m Table II 

Table II 



The values of the induced moment in unit field have been calculated for 
certain atoms and molecules by Bom and Heisenberg,! Fajans and Joos J 
For instance, the former give to HQ the value 2-5 X 10~ M The problem is 
a complicated one, but on certain assumptions we can deduce the relative 
orders of magnitude of the two moments Taking the case of the alcohols 
we will assume (1) that the permanent and mduoed moments are located in the 
OH group and approximately at the same distance from the ion treated as a 
point charge, (2) that the proportionality of induced moment to the average 
field still holds in the intense divergent field near the ion (this cannot be strictly 
true), (3) that the induced moment in the OH group for whioh no data are 
available is not likely to be very different from that m HOI Taking therefore 
the value 2 X 10" ,# for the permanent moment and 2 5 X 10" w for the induced 
• 0. Pi Smyth, ‘ Phil Msg.'vol 48, p.849 (IMS) ( ‘ JA-CA, 1 vol. 46, p. 3181 (19*4), «to 
f ‘ Z«tt f. Physik,' voi 23, p. 388 (1824) 
t**Zert. t Phy*,’ voi 23, p. 1 (1924). 
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moment in unit field we find that the ratio of the force f, exerted upon an electron 
by the permanent doublet to that f t exerted by the induced doublet at a distance 
of r A is given by/,// 1 , => r*/6 

When t u of the order of a few Aagstrfm umta the foroce are then of the 
same order of magnitude 

One might argue that this detailed treatment might be dispensed with and 
that we might take the known values of dielectric constant as a measure of the 
clustering coefficient But apart from the fact that the dielectric constant 
data are only known for the weak fields of ordinary laboratory practice whereas 
we are considering intense fields it appears to us that the resultant moment 
may depend upon the sign of the ion dealt with 

If we consider the alcohol molecule to be of the chain type shown for the 
higher solid members by X rays, its structure may be expected to be of the 


form— 


XU 


u 


c- 

i 


If we now regard the permanent doublet as arising from a positive charge 
on the hydrogen and a negative on the oxygen of the OH group this end of the 
molecule will be attracted and on the average will present itself to a negative 
ion The mduoed moment will act in the same direction and the resultant 
force on the molocule will be due to the sum of the two The force however 
between a positive ion and a similarly orientated molecule will be due to the 
difference between them Some re orientation of the molecule will therefore 
take place with a resultant reduction m C for a positive ion Though 
this taken alone does not explain all the facts it may account for the smaller 
drop in mobihty of the positive ions which the curves show * 

Considering now these four factors (p <r M and C) for the particular case of 
the several aloohol mixtures we see that we may take p as a constant and the 
mass terra as unity The important factors are therefore a and C In general 
unless the duster is folly formed of alcohol molecules a will depend upon C 

From Smyth s figures for the permanent moment and on general grounds 

* Since this paper has been prepared a oopy ot the Journal of the Franklin Inititute 
Haroh, 1W# haa oome to hand, in which Loeb discuaea the effect of permanent and indnoed 
dl polas, and in particular adnooea an interesting qualitative explanation ot the difference 
b etween positive and negative gaaeoua mobilities in tsrms ot the highly divergent fields 
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w» should expect that C weraM Dot very very much in passing bom a short 
chain, CH,OH, to a long chain, CHjfC'H^OH If then we regard C a» 
approximately constant for the senes, we are left with a as the factor deter¬ 
mining the relative mobilities through the senes, Now, since a will increase 
the mobility will therefore drop as the length of the chain increases This » 
precisely what is observed id the case of the four lower alcohols The following 
table shows the mobilities in air containing alcohol vapours all at the same 
partial pressure, 2 mms 


Aloohol vspeor 

Mobility 

Methyl 

Ethyl 

I + 

l 77 1 87 

i as 1 w 

555 ?* 

1 IS 1 S3 

0 87 1 OS 

Amyl 

0 87 0 07 


The value for the negative ion m amyl alcohol, the last of the senes, at ita 
saturation value 2 mm , is approximately the same as that of butyl alcohol, but 
the general argument is not neceasanly invalidated for the following reasons — 

(1) It is doubtful how far the value of the vapour pressure of this alcohol 
obtained in the year 1882 can be regarded as accurate, sinoe at that tune 
the technique of removing small amounts of impurity was not fully 
developed 

(2) The value of each mobility has not reached a limit of approximately 
constant slope We are not therefore justified m the assumption made 
above, that the cluster is entirely made up of alcohol molecules In the 
case of octyl alcohol for instance, at the saturation pressure (about 
0 3 mm), the point obtained it still on the very steep portion of the 
curve at a mobility of 1 50. 

Clearly no quantitative treatment is possible at this stage, but it is safe 
to say that the early steep slope and its subsequent falhng-off, and the relative 
shapes of the curves as one ascends the sene*, are m agreement with the view 
that, due to their greater total electric moment, alcohol molecules rapidly 
replace air molecules in the cluster as the concentration of alcohol increase*; 
and that the relative effect* of the several members of the series depend mainly 
upon the relative values of c for the cluster so formed 

When we pass from one substance to another which is not in the tame homo¬ 
logous series the problem tt more complicated, at we shall in general change both 
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C Mid a In certain cases, however qualitative results may be deduced For 
instance, if we pass from a normal alcohol to a normal hydrocarbon by tie 
substitution of a hydrogen atom for the OH group at the end of the chain we 
may expect a marked reduction in C Thus Smyth 8 figures give no 
permanent moment in hydrocarbons and there is reason to think that the 
induced moment is also small The experimental results shown in Table I 
for octane and decane are in marked agreement with this view Thus 10 mm 
vapour pressure of the long chain molecules of octane only reduces the mobility 
of the negative ions to 1 81 as compared with 0 8 for 10 mm of propyl alcohol 
with a molecule of roughly half the length Decane at saturation has still 
less effect (1 96) though the difference between the two hydrocarbons may be 
mainly due to the difference in their vapour pressures 

Again according to 8myth substituting iodine for the OH group in propyl 
alcohol should decrease the permanent elcctnc moment If this is an important 
part of C propyl iodide should have less effect on mobility than propyl alcohol 
assuming the molecular dimensions to be roughly the same for both This is 
again in accordance with experiment since a pressure of 30 mms pressure of 
propyl iodide does not reduce the mobility so much as 14 mms of the oorres 
ponding alcohol 

Finally an interesting comparison may be made between chloroform (CHC1 S ) 
and carbontetrachlonde ((Cl«) Smyth s estimates of permanent moment 
are 1 25 and 0 48 respectively and other thing* equal we should therefore 
expect the latter to have less effect than the former on mobility In agreement 
with this view fig 4 shows the negative curve for carbontetrachlonde lying 
wholly above that for obloroform in spite of the fact that carbontetrachlonde 
must have a somewhat bigger molecule The reason for the coincidence of the 
two positive curves and the apparent absence of any initial drop is however 
not clear but as mentioned above much more information » required about tba 
positive ions before the results for them can be properly analysed 

Mixtures of tvo Vapours 

While the foregoing is entirely consistent with the cluster theory we have 
looked for some test which would be still more strongly in its favour In our 
opinion this has been obtained m a senes of measurements we have made m air 
containing (1) water only (2) amyl alcohol only , and (3) the vapours mixed 
Reference to the previous data for these two vapours separately shows that 
2 mmt pressure of amyl alcohol reduces the mobility from 2 15 to 0 88, while 
14 mmt of water only reduces it to 1 60 Headings were taken first with a tray 
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of alcohol in the box, the air being dry, end then with a tray of water inserted as 
well This procedure was alternated several times The sets of readings for 
negative ions are shown in fig 5 (A for aloohol, and B for aloohol and water), 



too 200 300 

Frequency 


Fzo S 

the aero for the ordinates being varied for each pair for clearness The mean 
value of the peak frequency gives the mobility in each case The curves show 
beyond doubt that the mobility is greater in the mixed vapour than it is m the 
aloohol alone, the mean values being 0 90 and 1-14 respectively 
Now this result is in entire agreement with the cluster theory The 
probability of a molecule of amyl aloohol finding itself m virtual contact with the 
ion is a function of e w « in , where W, is the work done in separating them to 
infinity The probability m the case of a water molecule is similarly e’ w “ ltT 
From the data for eleotnc moments given above we may assume that W, and 
W* are at least of the same order of magnitude If, therefore, water vapour 
is introduced into the air-aloohol mixture, then for statistical equilibrium 
some of the aloohol molecules will be replaced by water moleonles Since, 
however, the water molecules are smaller than the long chain alcohol molecules, 
the statistical effect is a reduction m the effective diameter of the cluster and 
consequently a rise in mobility This is precisely what u Observed expen* 
mentally 
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Summary 

Measurements of the mobility of ions have been made in air containing organic 
vapours over a range of concentration extending up to saturation In every 
ease a reduction in mobility is produced by the addition of vapour though the 
amount depends upon the constitution of the vapour and the sign of the ion 
The gradient of the mobihty vapour pressure curve for the negative ion is in 
general steep at low concentrations but falls of! later In the case of the 
homologous senes of normal aliphatic alcohols the steepness increases as one 
ascends the senes, the effect of the higher alcohols being very striking Similar 
effects have been observed for the positive ion, but the initial drop in mobihty 
is much less marked Experiments with ions of different ages are necessary 
however before the results with positive ions can be properly analysed The 
influence of ohloroform and of carbontetrachlonde vapours has also been 
studied m detail and isolated observations made at saturation in propyl iodide 
and m the long chain hydrocarbons, octane and decane 

The factors entering into the cluster theory of gaseous ionic structure are 
examined with special reference to these result* It is suggested that the 
relative effects of the various vapours depend upon (1) a “ clustering coefficient ” 
determined by the combined effect of any permanent eleotrio moment and an 
induced electric moment in the neutral molecule, (2) the " effective diameter ” 
of the duster Of the twelve vapours examined, every one gives results con 
sistent with this view In fact it seems impossible to explain the results without 
resource to some form of cluster theory This is confirmed by the fact that the 
effect of adding saturated water vapour to a saturated amyl aloohol-air mixture 
is to rout the mobility Owing to the replacement of some aloohol molecules 
by water molecules m the cluster this result follows as a natural consequence 
from the theory as formulated 

Our thanks are due to Mr G C Gnndley for assistance given at various 
stages of the investigation, and to the Colston Research Society of the University 
of Bristol for a grant in aid 



592 


On the Drag of an Aerofoil for Two-Dimensional Flow. 

By A Pack, A R C 8c , and L J Johxs, of the Aerodynamics Department, 
National Physical Laboratory 

(Cominumcatod by H Lamb, F R 8 —Received Apnl 12, 1926 ) 
Introduction 

(1) According to modem aerofoil theory, the drag of an aerofoil of finite 
span is compounded of two parts, one a profile drag associated with the shape 
and attitude of the section, and the other an induced drag connected with the 
variation of lift along the span The magnitude of this induced drag can be 
determined when the forces acting on the aerofod are known As the Bpan 
increases, the profile drag per unit length approaches a limiting value, whereas 
the induced drag becomes relatively smaller, because of the more uniform 
distribution of lift, and would disappear completely if the span were infinite. 
The present paper* deals exclusively with the profile drag of an aerofoil of 
infinite span, or, in other words, the drag for two-dimensional flow 
L W Bryant and D H WiUiamsf have shown from explorations of velocity 
in the wake of an aerofoil mounted between the walls of a wind tunnel, that tho 
flow around the central part of the aerofoil, at a sufficient distance from the 
walls, is, for all practical purposes, two-dimensional In an Appendix to the 
above paper, Prof Q I Taylor shows that there is good reason to believe, on 
theoretical grounds, that the drag of an aerofoil can be determined with good 
accuracy from observation of total head losses in the wake, provided that these 
observations arc taken m a region where the velocity disturbance are relatively 
small, that is, at a sufficient distance behind the aerofoil The present investiga¬ 

tion has been undertaken to examine experimentally this method of measuring 
drag, and also to throw light, in a general manner, on some characteristics of 
the wake The experiments were made on an aerofoil of 0-5 foot chord 
mounted in a 4-foot wind tunnel, with small clearances between the tips and 
the tnnnel walls (0 15 inches) Preliminary observations of total head showed 
that the wake was uniform along the span, except in the neighbourhood of the 

* The work detori bed In tbit paper wit carried out in the Aerodynamic! Department- 
d the National Physical laboratory, and permission to commnnioeti the retuht wet 
kindly granted by the Aeronautical Retearoh Committee. 

t “An Investigation d the Flow of Air around an Aerofoil of Infinite Span," ‘Phil- 
Trans. Roy SooSeries A, vol. 226. 
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wall* where it opened out appreciably To establish the fact that the drag 
could be determined from the total head losses observations for 0° incidence— 
were taken in the wake at several sections chiefly near the aerofoil tips The 
drag of the entire aerofoil was then estimated from the integral along the span 
of the losses at each section This value of the drag was found to be in close 
agreement with that measured directly on a balance and it was concluded that 
the drag for two dimensional flow could be estimated with good accuracy from 
the measurements of the total head losses in the wake behind the median 
section 

Observations of the normal components of the pressure around the median 
section of the aerofoil have been made and it has been estimated that in the 
neighbourhood of minimum drag they aocount for about 80 per cent of the 
total drag For this particular aerofoil therefore the surface fractions 
contribute about 20 per cent of the total drag 
Included in the paper is a comparison between the drag for tw > dimensional 
flow predate 1 by the Prandtl theory from force measurements on an aerofoil 
of rectangular plan form the ratio of span to chord bong 6 1 and that 

estimated from the total head losses m the wake the agreement is close except 
at large incidences where the discrepancy is of the order of 10 per cent 
Finally observations of pressure and velocity taken in the wake at some 
distance behind the aerofoil (0 68 chord) show that most of the total head 
losses can be accounted for by a decrease of velocity and that the pressure does 
not differ appreciably from that measured in the surrounding stream 

Drag estimated from the total head losses tn the wale 
(2) Prof Taylor* has shown from considerations of momentum that if D 
be the drag per unit span of an aerofoil in two-dimensional flow then 

D~jH l «U + (*•«•+j-y)*, 

where the integration is taken around a closed contour enclosing the aerofoil 
and 

H = total head, 
p = density of fluid 

l and m = the direction cosines of tho normal to the element ds of the 
contour 

u and v 2 components of the velocity relative to the undisturbed wind 
(The axis of *■ is in the direction of the undisturbed wind,) 

• hoc at 
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At a sufficient distance from die aerofoil, die second expression contains 
only second order terms of die small quantities u and r, so that D =» J H ds 

approximately, when the integration is taken along a line passing through 
the wake at right angles to the undisturbed wind direction 
(3) To test this theoretical expression for the drag, experiments were made 
with an aerofoil of a 0 5 foot chord mounted, with small clearances (0 15 inch), 
between the walls of a 4-foot wind tunnel The shape of the aerofoil section 
is shown in fig 1 The speed of the undisturbed wind was 00 feet per second 



The observations of total head were made with a small instrument suitable 
for use in a two dimensional flow The head of this instrument was composed 
of three small tubes mounted in the same plane, with the side tube* at 60° 
to the central tube The total head was measured at the oentral tube, whioh 
was pointed into the direction of the relative wind by rotating the instrument 
until the pressures in the outside tubes were equal 
Explorations of total-head losses were made m the wake of the median 
section, at distances 0 68 and 1 53 chords behind the trailing edge, and with 
the aerofoil at incidences —8 05 4 , —4 05 6 , —0 06°, 3 95°, 7 96° and 14 95° 
These results are given in figs 2 and 3, where values of the total bead losses, 
expressed as absolute coefficients are plotted against *, » e , the 

normal distance measured, in chords, from a bne drawn through the trailing 
edge parallel to the undisturbed wind direction. The positive direction of t is 
measured away from the ufldex-surface of the aerofoil 
The curves of figs 2 and 3 need little explanation, they show that the wake 
has a minimum extent m the neighbourhood of minimum drag (about O’), and 
that it opens out with the passage downstream Values of the integral of the 
total-head losses in the wake, 1 1 -ij J(Ho — H)<k, estimated from the areas 
of these curves are given in Table I 
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The two senes of values of —j j(Ho — H ) dz are seen to be in fairly satis¬ 
factory agreement, also, the small differences do not appear to follow any 
systematic variation with incidence, the value at 0 68 chord being sometimes 
greater and sometimes less than thut at 1 53 chords The results indicate, 
therefore, that the flow at these two distances behind the aerofoil is com¬ 
paratively steady 

(4) It is now necessary to see whether the average values of ~ |(Ho — H) if?, 

where t is measured in chords, give with satisfactory accuracy, the drag co¬ 
efficients, k D * for two-dimensional flow For this purpose, an exploration of 
total-head losses along the entire span of the aerofoil has been made, and the 
drag estimated from these observations compared with that measured directly 
on a balance In these experiments, the aerofoil was mounted horizontally 
in the centre of the wind tunnel at an incidence of 0 14°, with clearances at the 
walls of about 0 025 chord The explorations of total-head losses were made 
in planes parallel to the tunnel wall, at distances from the aerofoil tip (y,), 
measured in chords of 0 10,0-20, 0 45, 0 95 and 4 0 (median section) 

Preliminary measurements behind an aerofoil tip showed that the wake 
waa modified by the influence of the wall, and in such s manner that the losses 
of total-head increased continuously with the die tan oe downstream. It was 
therefore necessary to take the observations in this region dose to the aerofoil, 
and to estimate the losses from the difference between readings taken near the 
leading and trailing edges These results, although uncertain, are considered 
to be soffieuatly accurate for the present purpose. 

* Tbs aow-dlmwwlonal ooeftdrat tj, It obtained by 41 riding tbs drag per unit leagtk 
by tbs product of the dsotity, the chord sod tbe square of tbs wind tpstd. 
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Ths observations of the total-head loose* we given w fig 4 These curves 
show that the wake opens out considerably towards the tip Values of 



FlOS 4 and 8 —Total Head Lossc* in the Wake of Aerofoil Tip 


J(H 0 — H)ifa, estimated from the areas of the diagrams in fig 4, are 
plotted in fig 5 The curve down through these points shows that the v alue 
of -ij. |(Ho — H) (fa is practically uniform from the oentre part of the span 

(0 0132 approximately) to about 0 8 chord from the tip , and then increases, 
at first slowly and afterwards very rapidly, towards the tip The average 
value of if J(H 0 -H)<fe for the entire aerofoil was found to be 0 0192 

(5) The direct measurements of drag, for incidences ranging from —7° to 
13°, were made in the usual manner, with the aerofoil supported horizontally 
on wire* These results have been plotted in fig 0, and a dotted line drawn 
through the points Inoluded in the same figure is a line drawn through the 
values of Jjj. j(H 0 - H)(fa, measured at the median section A oomparwon 

between these two curves shows that the magnitude of the tip effect increases 
with incidence, and so with hft At an incidence of 0 14’, the measured drag 
coefficient is seen to be 0 0186, a value whioh is in dose agreement with that 
estimated from the integral along the span of the total-head losses in the wake 
(0 0192). 
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(6) The conclusions to be drawn from the experiment* of section* 4 and 6 
are, therefore, that the flow over the central part of the aerofoil is cloaely two* 



dimensional, and also that the value of the drag coefficient, Ifa can be esti¬ 
mated with good accuracy from the integral of total-head losses in the wake, 
given by -^j(H 0 -H)<fe, where * is measured in terms of the ohord. 

It will be noticed that attention has been confined, in the above experiments, 
to two-dimensional flow below the critical angle, 1 1 , the incidence where the 
lift coefficient has a maximum value The reason for this limitation in the 
scope of the investigation is that the present method of measurement of total- 
head looses would be unsuitable for the flow in the neighbourhood of, and 
Above, the critical angle 

Drag due to the normal component* of pretture, 

(7) Smoe the resultant pressure at any point on an aerofoil in a viscous fluid, 
such as air, dost not act normal to the surface, we may regard the drag at 
compounded of two parts, one due to the normal components of pressure and 
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the othi r to the surface tractions To determine the magnitudes of these two 
parts, experiments have been mado to measure the normal components of 
pressure around the median section of the aerofoil The contribution of these 
pressures towards the drag was then determined from an integration taken 
around the contour of the aerofoil set I ion The remainder of the drag is the 
part due to surface tractions 

In these experiments, the aerofoil was mounted \ertically on a turntable 
fixed to the floor of the tunnel, and to allow a close estimate of the drag, a large 
number of pressure observations were taken To obtain accuracy of shape and 
to permit a large uumbtr of holes at the nose, the central part of the aerofoil 
-span about 8 inches was cut from cost aluminium The remainder of the 
aerofoil was shaped from wots] Close spacing of the holes at the nose was 
arranged by staggering them in three parallel rows, the two outer rows being 
displaced shout 0 02 chord from the median section The holes in each row 
were spaced about 0 024 chord apart, so that the observations at the nose 
were taken at distances around the section of about 0 008 chord The holes 
at the nose, 24 m number, were drilled through the solid aluminium and con¬ 
nected with hii inmr passage running parallel to the span, and whin the 
pressure was not being measured they were plugged with plasticine Tha 
remainder of the holes were bored m a separate tube let in flush with the surface 
and w ere covered with thin paper discs glued to the surface The total number 
of obsen ations taken around the section was 39, of which 20 were on the upper 
surface The normal component of pressure was measured on a 26-inch 
Chat took Tilting Gauge, against the pressure of the undisturbed wind The 
observations were taken at a wind speed of 00 feet per second at incidences 
ranging in steps of 2° from —8 05’ to 19 95° 

(8) The values of the drag coefficient, H D , were estimated in the standard 
manner Irom the pressure observations At the outset, the coefficients of the 
forces parallel to and normal to the chord, k t and k„ were determined from the 
areas of the diagrams obtained when the pressure coefficients were plotted on 
bases representing the maximum thickness and the chord respectively The 
values of k D were then determined from the algebraic sum of the components 
of k„ and in the undisturbed wind direction, i c , from (k, sin « — k, cos a), 
where a is the angle of incidence It was found that k v was often small com¬ 
pared with cither k, sin * or I, cos a The values of k B are therefore more 
uncertain than those of either k, or although, fortunately, only slightly 
so in the neighbourhood of minimum drag The number of pressure observa¬ 
tions taken around the section was found to be sufficient to define fairly clearly 
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the ah ape of the pressure diagrams, and it is considered that any uncertainty 
due to this oause docs not exceed 2 per cent If this be the case, the uncertainty 
in the values of tp will not exceed 6 per cent, at incidences below 4° At higher 
incidences the uncertainty will probably be greater and may bo as high as 
10 or 15 per cent in the neighbourhood of the critical angle The value of k D 
estimated from the pressure observations, and also from the total-head losses, 
are plotted in fig 6, and curves are drawn evenly through each set of points 
It is seen that in the region of minimum drag the normal components of pressure 
account foT about 80 per c« nt of the drag 


Drug due to Surface Tractions 

(9) Except near the stall, where both sets of experimental observations arc 
uncertain, thire is a marly constant difference between the full lines of fig 0 
This difference represents the drag coefficient due to surface tractions and 
has an average value of 0 0030 in the neighbourhood of minimum drag 
Surface tractions contribute, therefore, about 20 per cent of the minimum 
drag 

It follows, since the perimeter of the aerofoil section can be taken, with 
sufficient accuracy, as equal to twioe the chord, that the average intensity, per 
unit area, of the drag components of the surface tractions is equal to 0 0015pt* 
It is of interest to oorapare this value with that for a flat plate, at zero incidence, 
in a uniform wind The comparison is. of course, uot valid on physical grounds, 
because owing < hiefly to the curvature and largo velocity gradient at the nose, 
the conditions of flow are different A sounder oompanaon, but one not possible 
with the present method of measurement, would be between the value for u flat 
plate and the average intensity, per unit area, of the surface tractions on the 
aerofoil, instead of the drag component* of these forces For the purpose of 
comparison, the value of the surface friction measured by Dr T. 1 Stanton* 
and Miss D Marshall on a long flat plate of width 0 8 feet and length 16 feet 
will be taken These experiments show that when account is taken of the 
lateral disturbed motion along the edge of the plate, the intensity of surface 
friction is constant along the plate and equal to 0 00188 pv* at a wind speed 
of 30 feet per second The average intensity of the drag component* 
of the surface tractions on this aerofoil is therefore of the same order of 
magnitude as that of the surface friction on a flat plate (actually 20 per 
rent lees) 


“ On the Meet of Length on th» Skin Friotton ot Flat Surface*.” ‘ Trans. I N A.’ 
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Prediction on the Prandd Theory 

(10) In an oarbor paper,* which contain* an account of experiment* made on 
an aerofoil of identical section, it is shown that the drag for two-dimensional 
flow predicted on the Prandtl theory from pressure measurements at the 
median section of a rectangular aerofoil having a finite span is in close agree¬ 
ment with that measured at the median section of an aerofoil mounted between 
the walls of a 7 foot wind tunnel A similar comparison will non be made 
for force measurements on the aerofoil The lift and drag coefficients measured 
on the rectangular aerofoil (span -> fl chords) have been tBkrn from the carber 
paper and are given m Table II below Corrections (0 48K L )° on inci 
deuce and 0 008+K L S on drag - have to be applied to these values, to allow for 
the interference of the tunnel walls The characteristics for two-dimensional 
flow are then deducid from these corrected observations by subtracting 


Table II 
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- 3 
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0 0185 
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0 0223 

0 0137 

0 0132 
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3 

0 382 1 

1 0 0284 

0 0135 

0 0130 

0 DO 

e 

0 404 1 

(1 0382 

0 0153 

0 0180 

1 08 

9 

0 893 

0 0508 

0 0180 

0 0203 

1 07 

12 

0 682 j 

0 *8108 1 

0 0252 

0 0282 
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(7 >22 Ki) a from the Incidence and 0 112 K t * from the drag | These pre¬ 
dicted values of h v are given in Table II The values in the adjacent column 
headed “ Experimental ” are those estimated from the total-head losses and 
have been taken from the appropriate curve of fig 6 The agreement between 
the two senes of values is dose, except at high mradenoes, where the accuracy 
of measurement, in both cases, is somewhat uncertain It appears them 

* “ The Prediction on the Prandtl Theori of the Lift sad Drag for Infinite Span from 
measurements on Aerofoil* of Finite Span’’ Bv A. Page and H L. Nixon. ‘ R * it, 
No 90S, Aeronautical Reaearoh Committee ' 
f Approximate value* For full detail* of thu calculation, eei ’ R AM., 903, loc. nl 
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that except near the critical angle the prediction on the Prandtl theory of 
the drag for two-dimensional flow is quite reliable Although the present 
paper is only concerned with drag it is of'interest to mention that the lift for 
two dimensional flow can also be estimated with fairly satisfactory accuracy 
from force measurements on a rectangular aerofoil of finite span * 

The Velocity and Prest ire Diayrame 

(II) Some interesting features of the wake are illustrated in tig 7 where 
i urves of velocity and of | ressure are given for the section 0 68 chord behind 




the trailing edge The \ alues of the pressure were not measured directly but 
have been estimated lrom the measurements of total head and of \ elocity 
The diagrams of velocity resemble in shape those of total head and indicate a 
pronounced drop of velocity at the centre of the wake The m inimum \ elocity 
does not change appreciably as the incidence increases from —8° to +8° and 
has an average value of about 80 per cent of the undisturbed velocity The 
pressure diagrams show that there is no systematic variation of pressure across 
the wake and also that the average value docs not differ appreciably from that 
in the surrounding stream It would appear therefore that at this distance 
behind the aerofoil nearly all the total head losses arise from the slowing up 
of the wake 


Cf B and M 903 
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The sketches given in fig 8 show for the incidences —8° and +8° the opening 
out of the wake as it flows downstream It was estimated from a few tentative 
observations taken just forward of the trailing edge that at -} 8 8 incidence 
nearly all the total head loams in the watt were assouated with tht flow over 



-O 01 

Fiq urga orv Contour lirve* gi ve values of (H -t~\) 





In 8 —Wa w Diagram* 


the upper surface At 8 incidence the reverse was the case and the losses 
in the stream coming off the upper surface were only a very small fraction 
of the total 

(12) In conclusion the writers wish to acknowledge their indebtedness to 
Dr H Lamb F R S for valuable suggistions made in regard to the arrange 
ment of the paper 
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The Lots qf Energy in Metal Plates of Finite Thickness, due to 
Eddy Currents Produced by Alternating Magnetic Fields 
By Prof E W Marohant, T) Sc , and J L Millkr, B Kng 
(Communicated by Sir K Rutherford.—Received April 20, 1926 ) 
Introduction 

The induction of eddy currents in metal plates which are subjected to alter 
nating magnetic fields has been dis< ussed by Clerk-Maxwell,* J J Thomson! 
and many others When an alternating magnetic field is produced normal to 
the surface of a metal plate, eddy currents arc induced at the surface of the plate, 
which gradually penetrate its interior, tho < urrent dying away as it penetrates 
more deeply into the metal 

The diffusion of tho currents into the plate depends upon the self-mductiuu 
and resistance of tho paths along which they flow, and can be calculated by the 
same kind of formula as is used for determining the conduction of heat through 
a metal alab 

When examining the energy loss due to eddy currents in metal plates of 
varying thicknesses, it was noticed that the total loss of energy due to these 
currents was, in some cases greater in thin plates than it was in thicker plates 

In order to observe whether the phenomenon was affected by varying flux 
distribution across the plate, coil* of different shape were constructed, giving 
magnetic fields of different form A somewhat similar phenomenon has been 
observed by J J Thomson! with high-frequency currents lie showed that if a 
high-frequency current was passed round two coils and tho strength of the 
current observed by the glow produced in an electrodeless bulb placed inside 
one of them, that a core of solid copper placed in the other did not appreciably 
reduce the glow m the bulb, whereas a piece of glass tubing of the same sise 
coated with Dutch metal or with a film of silver deposited on it checked the 
discharge considerably He has shown that there is a certain thickness for 
which the beat produced is a maximum 

Apparatus Used 

In these experiments the energy loss id the metal plate was measured by 
determining the increase in effective resistance of an inductive coil (oalled the 
* ■ Hectrkatj and Magnetism,' vol 2, p 306 
! ‘ Regent Researches Is Electricity and Magnetism,' p 123 
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exploring coil) when brought near to the plate The arrangement of the cm mt 
ueod ib shown in fig l The proportional arms (. B, OA of the Wheatstone 



Bridge were mm inductive resistances of Luiekn win and th( third arm 
coil DA was a coll exactly similar to the exploring coil Bl) both m resistance 
and inductance Both coils win madt of constant resistance Hurika who 
wound on wooden bobbins 

The bndgt was supplied with u nstant frequency jO cyelu alternating (urreut 
at constant voltage by imans of a four pole alternator (onntcted across ( D 

A galraiionict* r is imiiieetul hitwrm A and B the eonneition between it 
and the bridge lieing madi through a t wo part commutator rim en sym lironousl} 
by an extension of tlx shaft of thi alternator 

The commutator consisted of (wo srim-eirenlar copper discs mounted on at 
ebomtt cylinder whuh was fixed to the alternator shaft The brush*s wi it if 
the roller type and were inadr of thin flexible eopper dims The use of this 
commutator and brush gear grratly reduced thermo eleetnc effects and contact 
resistance variations 

By rocking the brush gear round the t oininutator a position can be found 
when the rectified cunent is in phase with the impreascd voltage when in thm 
position and with lx arly tqual resistances in all the bridge arms it can hi showu 
that the galvanometer current is given by 

Hi, 6B 

'' H, (K, i K,)- 

whero 

B is the pressurt applud to the bridge m volt* 
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R, is the resistance of each of the proportional (non inductive) arms of the 
bridge 

B s is the resistance of the exploring coil and is equal to R 4 
R, is the resistance of the galvanometer circuit 
8R is the change m effective resistance of th« exploring coil 
With the brushes in this position thus is no appreciable galvanometer 
deflection if the uiductanci of one of the bridge arms is altered 
To deterimm the change in effective resistance R of the ixploruig coil 
(orrtsponding with the curreut flowing through the galvanuuu ter expert 
mentally a resistance of known magnitude was insert! d in senes with the 
exploring coll This resistance (ould be switched out of circuit by short 
circuiting it with a metal strap across two mercury contacts The current 
flowing through the galvanometer when the resistance was inserted agrecel 
withm limits of expenraental eiror with that determined by the formula given 
above 

hr pen menial Result* 

A large number of experimental results have been obtained with different 
roils some of which are shown in Table I Curves showing the rhange ill 

fable I 



thicknesses art shown in fig 2 

It will be notioed that there is maximum resistance change when the copper 
plate is 0 5 om thick 

A similar curve is given for .cmc plates, but the maximum is not so marked 
and ocours with a plate about 1 cm thick 
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•with a copper plate 0 6 tin thick anti with a me plate about 1 cm thick 
the curves cross showing that with plates of about 1 cm thickness the energy 
loss with the lower conductivity plates is greater than with plates of greater 
conductivity Particulars of the coils used in these expeniner ts are given in 
Table II 
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The shape r f the flux curves for coils 4 and B art given m fig 4 The, curve 
for coil B has he on plotted by means of a new integral found by Prof Proudman * 
which gives the \ aloe of the field at ail} point 



Kio 4 Magnetic field In lo (oil B oUamed frem | > j ( (X)s «J, 


These results were verified by means of su estimation of the shape of the 
flux curve made from fig 18 \ol 2, in Clerk Maxwell g hJectnuty and 
Magnetism ’ for the held duo to a single turn A similar c urvo is shown for 
e oil A and it will bo seen that these curves correspond roughly with the Bessel 
function ehstnbution assumed in the theory 


'tee Appendix p 1114 
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Mathematical Theory 


(lateral hq Mttons 

Using oybn Incal polar co ordinates r 6 i, let the corresponding components 
of electric and magnctu forre b< \ Y 7 an 11 ^ y respectively Then the 
fundamental ele tr< magnetic equations for the metal are 



while for the air i-c <t is to be replaced by K3 3 1 In these equations a is the 
specific resistance f thi metal K the specific inluctive capacity of the air 
p the magnetic pi rmeabibty and t is the time 
Suppose that the field is symmetrical about the — axis so that 3/30 =• 0 
and also that the magnetic force lies in planes through the z axis so that 
{1=0 Complex periodic vectors will be used in which the time only enters 
through the fac tor c'*' an I only the real parts ire to bo interpret* 1 Then 
for the metal equation (1) gives 

K 0 cap,- 1 


~ Y J? jr f 0 = 0 r ( 2 ) 

/ 0 espy * j^(rY) J 

while for the air 4 tc/« ia fit be r<q lac 1 by cuK Fliminating y , from (2) 
the following is obtaine 1— 

JK'Sfi S *5*1 • « 3 » 

a solution of wlm h is 

Y = J»(«•)«-*{Ac r Be* v '" + 4 **-* 1 •} (4) 

for all values of the constants * A B I 0 ( ) denoting the Bessel s function 

of zero order 

The corresponding expression for the air is 

y - To («) {At * K '*> + B*" - “* I '‘} (6) 
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Now for such values of* and co as we are to consider rw-\/(Kp) may be 
neglected so that wave effects in the air need not be considered 

Undisturbed Field D te to the l ml 

Suppose that there is a single turn of wire m the ft rra of a circle of radius a in 
the plane * — 0 and carrying a current ut u Then on the axis of the coil * 
wh re r - 0 



2*/** ( * *iJ| (m)dk (7) 

for > 0 where Jj denotes the Bessel s f incti n t f the first order It then 
follows from (1) that both n and off the axis 

( irtut*" Jj (xa) c “ l 0 (xr) dx (8) 

F r a j articular value of i the most important value of * is that whieh makes 
*Jj (xa) c~" a maximum Now this occurs when 

J«M *JiM (#) 

and it will ba seen that for small values of z the most impt rtant value of v. is 
ibout 2 4/a while for x — a tht most important value of x is about 1 4 ja 
In the following one particular value of k will bi used tbi ugh integral 
foriruil* for general results can bi deduced immediately 

f ield as Disturbed by Plates 

Suppose the plant t f the coll is given by * - rf and that in the absenoe 

of the plate the field wonl 1 In given by 

Y-Hs*' -J Ur) (10) 

for *> -I H being a constant 

Let the faces of the plat* be given by Z 0 7 _ h and the disturbed field 
by 

} -J»(*r)« w {H« "+H«"} (11) 

for d K z K 0 

Y= I 0 (xr) t u (A* -) A. *) (12) 

* See Appendix 
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forO<t<A, 

where A (13) 

- J 0 («r)e-(V" (14) 

lor z > A H' A A l being constants 
At both faces of the plate, y and fy/Sz must be continuous so that 

H H A + A 
H H - V'd n d)[K A) 

\t- HJ i + .t) j 4e .*vd+») = < t « 

V/(1 + * 1 ) {A* A t** ^ 1 '*>j - Ct «* 

and from thus, the following is deduced 

_ _ ->A smh <A VO + «&) _ fl71 

(2 + i k) smh sAVO + ik) h 2 -/(l + »A) cosh *A VO + ik) ( > 




In tho plant of the roil the effect of the plate is to multiply the magnetic flux 
by 

Hs* 1 + H t •' , H , 


Effietn e Resistance 

Let the resistance and self inductance of the coil be R and L respectively 
so that the current u corresponding to an e m f E« w is given by 

(R + iwL)«-E*'“‘ (19) 


m the absence of the plate 
must be replaced by 


To allow for the presence of the plate the equation 
i<u(l h g-c *)L}*■-£«- (20) 


if 


{(R + R) + la. (L 1 L)} u = Etc, 1 (21) 


H\ *, = L' jt_ 

H L t«L 


( 22 ) 


where R' and U are real R' and L are the changes in the effective resistance 
and self-inductance of the coil. 
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Now take 

(X + »v)- 2V(H- .i) 

where X, v are real, so that 

IX* - y/(l + A*) + 1, Jv* = V(‘ f *“) - 1 
From (17) and (22) it can be shown that 

^ « w = ^ {2 cosh X*A f X unh X*A — 2 cos wA -{- v sm v*A} (23) 

where 

D — X*(l 4 JX-) cosh Kieh 4- X* amh X*A 

v s (1 ' Jv-) cos v*A - v* sm v«rA (24) 
It will be seen that (21) is a function of A and <A only 

Thick Platen 

On taking *A large, the principal part of (23) is 



which is a function of k only 

For small values of A the function (25) takes the form of JA, while for large 
values of A it becomes 

V*Jk (28) 

The function (X — 2 )jk reaches a maximum value of 0 3 when A — 4 110, 
and this fact elucidates the difference between figs 2 and 3 

Fanatic** with Thtckneti of Plate 
Taking first the limiting case when A ----- 0, from (23) it follows 

£."- 111 !-.-) 

and R' steadily increases with *A towards its limiting value. Taking next the 
limiting case when A -> °o, from (23) 


except when «A \/(2 k) is very small, when (27) must be replaced by 

*“+H 


IV su = A 2\ srnh xh V'hk — sm th V‘2^ 
Loj* A cosh kK h/%k — CO* *A V2A 


(27) 
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This reaches a maximum value of 0 707 when *7* y/ijk Thus it will be 
noticed that the change in effective resistance for plates of increasing thickness 
rapidly reaches a maximum and then decreases towards the limiting value 
lot thick plates Also we see that the ratio of the maximum B' to the 
limiting R iH $ Vk 

( emporium mth Experiments 

Inthoexperiments p. — 10 “henrvim Forcoppero 1 0 10 4 ohmtm 

co— 100 w set so that 

l2EI±£.‘ _ > 5 cm ’ 

Assuming that <j for zinc is four times that for copper it mav be seen from 
(Id) that for each k k for zuk will be a quarter that lor copper 

From (25) the two values of k are found which give the ratio of loliunn 5 
of Table 1 and these arc given in Table III The remaining <olumns of Table 
III are based on the equations (B) and (26) 


Table Iff 



It will be seen that the effective values of k obtained are of the order of those 
indicated by equation (9), also that an increase in the distance of the coil from 
the plate reduoes the value of a as the theory indicates 
It is easy to see however that the calculated value# of R /Lio will be too 
large For on account of the factor c 2W in the formula for this quantity 
the raijge of important values of * m L will be greater than that in R , but 
the use of an efleotive * may be expected to agree with experiments as regards 
ratios of effects 

The mathematical theory given has been worked out by Prof Proudman, 
F R 8, to whom the authors are very greatly indebted for bis interest in the 
experiments 
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Appendix 


Calculation of the Flux Curve due to the Single-layer Coil 
The magnetic field due to a single turn, carrying a current t, at any point 
along it* axis is given by 


27cia" 

- -gr - 


where t is the C G S current through the coil 



Now 

hence 

and 

It is shown 


If 




<«* (- iV* 


Yms - ~ 231. t~ a tea J 0 ' (xa)dK 
p 610 that the value of y at any point (r t) 
-= - te» £ *aJ 0 ' (*a) «-*J« (*r) Ak 

— 2 ji» j" uaii (<ra)«-“J 0 (*r) d <r 


*o = X 

Y - j*XJ, (M« * 


To get the shape of the flux ourve due to a single turn at a given distance r, 
it is necessary to evaluate 

j* XJjOO*'-J • 

loir several values of r 

To find the flux curve for a flat coil of 10 turns, the flux curve for four turns, 
the innermost, the third, the sixth and the outer turn was calculated, and 
by summing these curves, an approximate field form was determined 8eo 

fig 4(B). . 
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On the Nature of Atmospherics — II. 

By E V Appleton, M \ , D So , R A Watson Watt, B So , F Inst P , and 
J F Herd, \ MI E E 

(Communicated by Sir Henry Jackson, F R S —Received Apnl 23, 1926 ) 
(Published by pci mission o{ the Radio Research Board ) 

I -Introduction 

In a previous paper* we gave a preliminary account of an experimental 
method of determining the intensity and duration of those naturally occurring 
electric waves known as atmospherics The method consisted in examining, 
by means of a sensitive cathode ray oscillograph, tho potential variations 
developed across a condenser or resistance included in a damped antenna, 
the time constant of whuh was small compared with the duration of the 
atmospheric pulse A summary of the chief characteristics of the first six 
hundred atmospheru s investigated by this method was also given, but, as the 
work was obi imisly of a preliminary nat ure, the detailed discussion of the results 
was not considered profitable at such an < arly stage and was accordingly post¬ 
poned Since that time the observations have been systematically contmuod, 
and many alterations and improvement* bavo been made in the experimental 
apparatus which tend to make the oscillographic trace a still more faithful 
representation of the electro held changes In particular, tho development 
and use of a new form of oscillograph time base, which is both linear and uni¬ 
directional, has eliminated the distortion and ambiguity as to time-semie which 
was associated with the use of the simple harmonic time base of tho earlier 
experiments Also, as the apparatus for the delmoation of atmospheric wave¬ 
forms is now more or less in its final form, aud as tho circuit ultimately developed 
is somewhat complicated, a senes of station test* has been devised which enable 
the observer rapidly to ascertain at any moment if the aerial and internal 
insulation is satisfactory and the required quality of amplification is being 
maintained 

Tho oscillographic observations have been supplemented by simultaneous 
and independent determinations of tho measurable semi-permanent changes 
of the earth’s electric field which have been found to be associated with a small 
percentage of atmospherics It may be noted that the possibility of such net 
* ‘ Hoy Soo IW,’ A, vo) 10*> p. 84 (1923), 
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changes of field was purposely excluded from our first account of the 
mothod * 

The nature of the alterations and the supplementary observations mentioned 
above may perhaps best be understood whon the problem is viewed from a stand¬ 
point differing slightly from that adopted in the first paper Following the 
procedure of wireless telegraphy we there regarded the action of an atmospheru 
on an antenna as the introduction of a transient electromotive force in the 
system, the initial and final values of the electromotive force being zero Such 
n simple assumption is undoubtedly valid for a great majority of atmospherics 
in Great Britain during the winter months We may, however, more generally 
regard an atmospheric os a rapid alteration of the earth’s eleetnc field, the final 
value of the field not necessarily being the same as the initial value This 
enables us to include the small but interesting claasf of atmospherics mentioned 
above, the consideration of which was excluded from the earlier communication 
Such a method of viewing the problem is physically more transparent than is 
the usual procedure of wireLcss telegraphy, and leads more directly to a proper 
realization of the possi bib ties and limitations of the methods used 

II -B<w» of Method, Uted 

Let us consider the effect of a rapid variation of the earth’s eleetnc field on 
an exposed conductor, of concentrated capacity C 0 , which is situated at a height 
A and earth-connected through a resistance R (see fig 1) 



Fio 1 Fro 2 


* Lot. tit., p 88, footnote. 

t The original observations were mad* la the winter months of 1922-8 During the 
summer months of 1923 and 1924 the inoreased frequency of local thunderstorms has made 
this olaas correspondingly more Important, and particular attention has been paid to it 
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Let us suppose that the system is non-oscillatory, and that the time constant 
C*R » made so small that the charge on the exposed conductor follows, without 
appreciable lag, the electric field variation, in which case the potential of the 
conductor does not depart sensibly from its normal zero value Let the 
potential V at height h be hf(t) where t is the time and/(<) the electric field, and 
let the charge on the exposed conductor at any instant be Q We then have 

S + V “Co + VW “° (1) 

Further, the potential t> de\eloped across the ends of the resistance R is 
given by 

«' = — R ® - R Co S’ « ARC*/' (<) (2) 

As it is possible to examine the transient potential changes across R by means 
of a cathode-ray oscillograph, us previously described, it ib thus possible to 
investigate the rate of change of the earth’s electric field It may further be 
noticed that this method is equally valid for atmospherics of local and of distant 
origin For atmospherics of distant origin the initial and final values of V are 
sensibly the same so that the resultant quantity of electricity passing through R 
is zero On the other hand, if the atmospheric is duo to a near hghtmng flash 
there will be a measurable nett transport of electricity up or down the earth 
connection depending on the sign of the resultant change of field When the 
potential changes across the resistance R are examined, using the uniform 
time base to be described, the oscillographic trace gives us a record of the rate 

of change of the potential gradient e i ~j as a function of the time t It is 

obvious, from w hat has boen said immediately above, that for atmospherics of 
distant origin the area* bounded by the trace will be zero, while for atmospherics 
due to near lightning flashes the area of the curve will not be zero, and will give 
us information regarding the sign and magnitude of the resultant transport of 
electricity through the resistance R and therefore of the net change of the earth s 
field. 

Srnoe the changes of the earth’s field to be studied are relatively small, it is 
necessary to use an exposed conductor of large dimensions which it is impossible 
to insulate perfectly The ideal conductor for this purpose would be a large 
sphere or spherical cage raised by a shielded lead to a great height, but as the 

* Allowing for the difference In sign between the areas above and below the axis of 1. 
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large capacity necessary for the detection of small field changes demands a 
radius of prohibitive size, a large aerial with a long horizontal portion has been 
used instead The capacity of the aerial a as 2 77 X 10~® farads, being thus 
equivalent to that of a sphere of over 23 metres radius The effective height 
of the aerial was 15 metres * When a resistance R of 2,000 ohms was used a 
deflection of 1 mm on the screen of the oscillograph, used without ampbfier, 
corresponded to a rate of change of field of about 10* volts per metre per second 
When the linear voltage amplifier was used this sensitivity was ini reused 18 
times with one stage of amplification, and 300 times with two stages 

If the potentials developed across a condenser inserted in the aerial (see 
fig 2) are examined, the resistance R being large enough to keep the circuit non- 
oscillatory, it is possible to investigate directly the variation of the field itself 
instead of the rate of chauge But a certain amount of caution is necesssary 
in interpreting the results for eases in which the initial and final values of the 
held are not the same 

The matter is complicated by the fact that the aerial insulation cannot be 
made perfect and that for the correct operation of tho triode ampbfier the 
resistance between points a and b (which are connected respectively to the grid 
and filament of the input tnodo of the amplifier) must not be too large The 
effect of imperfeot insulation between the aenal and earth and between the 
plates of the condenser C is represented diagrammatieally by the high resistance 
p in fig 2 

Let us consider the effect on this system of a rapid change of the earth’s 
electric held Before the change the exposed conductor retains a bound 
charge Qo consistent with the normal potential at a height A, the unbound charge 
leaking away and the system being at zero potential H V 0 18 the normal 
potential at tho height A then 

V" ^ Cg “ ° (3) 

Now let us suppose that the vertical electrical held undergoes a change of 
magnitude /(<) The potential at a height A will be increased by A/(<). This 
will bring about a separation of charge Q in the aenal system since the connection 
is metallic, and, if tho time oonstant of the circuit is sufficiently small, the 
separation of charge will be proportional to the chango of potential We may, 
as a first approximation, neglect the effect, during this change, of the 
resistance ?. 


Watt * Appleton, Joe, ei<, 03 
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The expression of the fact that the potentials of C 0 and C are still identical 
is that 

V» + VW+^-^ = §. (« 

ot subtracting {% that 

hj(t) - a -\ & (si 

m to 

Let the potential across the plates of uhieh is examined oscillographieatly, 
be v Then 


m - j m 

Wcthussei that, b} the use of what may he dcacribod as a condensir potentio- 
meter, we may, by measuring r, determine a known fraction of the potential 
gradient changes But ot rtam conditions must be fulfilled in order that the 
potential variation across C, should be representative of the field change In 
the first place, as previously mentioned, tho system must bo iion-oscillatory 
and the time constant of the whole system must be small compared with the 
duration of the field change Secondly, the time constant Cj p must be large 
compared with the duration of the field change The second condition is the 
one mure difficult to maintain m practice, and a more detailed reference will be 
made to it later 

Let us now consider the effut of an atmospheric disturbance involving a 
semi-permanent change of the field when the condenser method (see fig 2) 
is used It is se< n that the resultant induced charge on the exposed conductor 
or aerial is different before ami after the disturbance From (0) wc may deduce 
that for a net increase of field strength [E] the charge is diminished by [Q], 
where 

A[E1=tJ cfer lQ1 (8) 

At the end of the disturbance this charge disappears by leakage through the 
resistance p and in a time determined by the time constant (Co + f'i) p We 
thus see that an exponential oscillographic trace of long duration (» e , of the 
order ot 0(Q, + C,) p seconds) is to be expected as the result of a net change 
ot field. These traces are observed in actual practice and special mention of 
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them will be made later We need only note here that if the maximum potential 
change indicated by the beginning of the exponential trace 14 v, the net change 
of the electric field [E] is given by 



Two other methods of measuring these small semi permanent changes of 
electric held have been used These methods havt not involved the use of the 
oscillograph and consist in measuring the charge [Q1 passing to earth as a 
result of the disturbance In each case equation (8) is applicable 

4s an example of the sensitivity of the assembly wheu used for the deter¬ 
mination of the changes of the electric field, the case in which C]/Co is unity 
may be taken as typical Tn this case, with one stage of amplification, a deflection 
of 1 mm on the oscillograph screen corresponds to a field change of 0 0074 volts 
per metre 

III —Details </ Atmospheric Wave-form Apparatus 

Aa mentioned above, the exposed conductor used lor measurements of 
E and dEjdt variations was an L aerial with a long horizontal portion of 600 
metres and an effective height of 15 metres The capacity Cj of this aenal was 
2 77 X 10"" farads The maintenance of a high aenal insulation resistance 
was frequently a matter of difficulty, but was finally solved by the use of special 
sidphur-nnged insulators * These were in the form of rods of lj-inch ebonite 
with two wide drying flange*. The !cading-in insulator was in the form of a tall 
ebonite tube with three drying petticoats, the whole being further protected by 
a metal cone With these modifications the aenal insulation resistance waa 
always maintained at a value high compared with the 10 megohms leak The 
insulation test is deaenbed later 

The internal circuit consists of the amplifier, oscillograph, time base apparatus, 
switching systems and testing devices As the final assembly developed has 
become somewhat complicated, it will be most tonvement to desenbe this 
bnefly in sections . 

In fig. (3) are shown the essential connections of the aenal, amplifier and 
oscillograph with the incomplete connections to the linear tame-base oscillator 
and testing devices 

The resistance Rf was such as to be just greater than that required for cntical 
damping, as calculated for the value of the residual inductance in the circuit. 

« <7 C T R Wilson, ■ Phil TW, Hoy 80c / A, vol 2il, p 75 (1920). 

t The resistanoe# R sod R, were both anti induotfvely and antioapacitatively wound 



Nature of A tnmphmc# 62 1 


In this way the possibility of free oscillation was prevented and yet the response 
of the system to rapid changes made as faithful as possible The value of CJt'o 
was usually a small integer 



Fin 3 


The Switch provides facilitus for joining the amplifier input alternativi Jy 
across the condenser t'j (for measurement of E) or across the resistance R (for 
measurement of dKjdt) Since there was m the latter case a possibility of 
the formation of an oscillatory circuit by the aenal grid-filament capacity and 
earth, a damping resistance of 4 000 (I was inserted m the grid lead 
By moans of the switch ft, the potential developed across the ootulcnser C' t 
(E method), or the resistance R (dKjdt method), ran bo transferred with amplift- 
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cation (switch to “ Amplifier ’) or without amplification (switch to “ Direct ”) 
to the plates of the oscillograph producing vertical deflection These plates 
can also be disconnected from the observing system (switch to “ Sinusoid ”) 
and connoi tod to a sinusoidal oscillator for calibration of the time-base With 
the switx h to “ Amplifier ” one or twostages of amplification can be introduce*! 
by means of the swit* h S 3 

The skeleton amplifier connections in the two cases are shown in fig 4 




Fro ♦ 

It will be seen that m the case of Bingle stage amplification the connections 
are those of the conventional arrangement of resistance battery coupling, a 
battery of 170 volts being employed to neutralise the steady voltage drop across 
the 0‘ 1 megohm resistance in the anode circuit of the tnode With two stages, 
this battery is similarly used to neutralise this potential for apphoation to the 
second gnd, with fine adjustment on the potentiometer P, The amplifier 
battery is then tapped at a suitable place, as shown, to neutralise the voltage 
drop across the second anode, an economy of ono neutralising battery being 
thereby effected With one stage of amplification the magnification was 18, 
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vhile with two stages this was increased to 300 The oscillograph used was of 
the Western Eleotnc Company type ami worked very well A tube specially 
made up by that oompany, with a screen of sine silicate kindly supplied by 
Sir Herbert Jackson, was found to be much superior in response to transient 
deflections of short duration to the tubes supplied commercially To increase 
the brilliance and duration of visible fluorescence on the omillograph screen 
(on which depends the possibility of seeing atmospheru wav<-forms nnd 
particularly of delineating the ripples which are often superposed on the main 
wave-form) the tubes were often ovir-nm with anode potentials (500 volts) 
considerably higher than the normal value (350-400 volts) In such cases, 
since focussing c ould not be effected satisfactorily by the adjustment of hlament 
current os usual a coil was arranged with its axis coincident with the electron 
beam By adjusting a stiady current through the coil and its position with 
rosjieit to the tnbi, magnctu “focussing” was utilised The distortion of 
the scroeu image due to the helu.il path of the electrons in the uxml magnetic 
field was negligibly slight 

As mentioned in section II the maintenance of a high time-constant for the 
C] p circuit is essential, both for the portrayal of ordinary atmospherics and for 
the recognition ol net field changes The maintenance of this condition has 
hoi n facilitated by the use of Western Klcctnc. Company triodcs (type 1021) W ) 
w Inch have been used throughout for amplification purposes When the raps 
of these tubes are rimmed it is possibU to maintain a grid impedance of the 
order of 40 to 30 migohms, so that, since the inserted parallel resistance Bcross 
(',1*10 megohms, t he \ aiue of p is 8 megohms The value oi the time constant 
(C, + C,) p* has thus not beta less than 20,000 iiucro-seconds The effect of 
a net change of field is then to produce across C, an exponential fall of potential 
w hich falls to 1 /100 of its initial v alue in about 1 /10 second Such a potential 
change produces an oscillographic trace with a duration equal to that of a large 
number of sweeps of the indicating spot, and is thus easily recognised 

It is noteworthy that the interposition of one stage of umphfiration is also 
very important in removing from the terminals of the condenser Cj the shunting 
effect of the relatively low resistame oscillograph thus maintaining a higher 
* value of time constant 

We now tnrn to the part* of the circuit which for convenience have boen 
omitted from fig 3. 

In the earlier experiments on the delineation of wave-form a simple harmonic 
tamo base of frequency 100-15,000 per second was used This was obtained 

* The method of tenting this time constant U described below 
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by connecting to the plates of the oscillograph producing horizontal define tious 
the terminals of a coil electro magnetically coupled to the circuit of an oscillating 
tnode Although the oscillographic trace of an atmospheric obtained with such 
a baso could be corrected for tho distortion due to the non-uniform motion 
of tho indicating spot, the rather serious ambiguity as to the correct timo-senso 
still remainod Thus it was not possible (except by using magnetic leakage to 
open the baso to a narrow elhpso in which the sense of rotation was determinate) 
to decide whether to interpret the oscillographic trace indicating the sequence 
of electric held changes from left to right or lice versa Both of these diffit ultics 
and inconveniences have been satisfactorily removed by the development of 
a special type of tnode oscillator* such that, when the potential changes from it 
are applied to the oscillograph plates, the cathode-ray spot moves uniformly 
from left to right over a suitable range in a definite and controllable time, 
returning to zero almost instantaneously Using such a time base there is no 
ambiguity as to the sequence of event* in the atmospheric, since only the left 
to right transit of the spot is visible The circuit used for supplying the required 
voltage changes is shown m fig 5, where the connections (on') with the main 
circuit (see Ug 3) are also depicted 

The inductances L t and L t consist of two flat spiral coils coupled m such a 
way as to cause the tnode circuit to generate oscillations of high frequency 
No additional opacities are connected across these roils, but the natural 
capacities complete the oscillating circuits which have a frequency of about 
one million cycles per second In the gnd circuit of this oscillator is connected 
the condenser C in parallel with a tnode of the dull emitter type (Marcom- 
Osram) used as a diode With suitable adjustments of currents and applied 
potentials such an oscillator can be made to generate v ery bnef trains of oscilla¬ 
tions alternately with uniform periods of quiescence f 

Dunng tho short tram of oscillations the gnd side of the condenser C is 
rapidly charged up negatively so that the eathodo ray spot m effect travels 
almost instantaneously from right to left The oscillations then cease, and the 
condenser C is discharged at a uniform rate through the saturated iliodo I), 
m a time determined by tho constants of C and D, causing the spot to travel 
uniformly from left to-nght dunng the quiescent penod of the oscillator Tho 
short tram of oscillations then begins again and the whole process is repeated 

To make the right to left journey of tho spot exceedingly rapid the natural 

* British Patent, No 833354 (Application dated llth February, 1934) 

f A more detailed aooount of this oscillator, which is an interesting example of a non- 
linear vibrator, la given in Appendix 1 to the paper “ On tho Nature of Atmospherics—III ” 
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frequency of the oscillatory circuits is kept high and the capacity of condenser 0 
kept As low as possible (eg , less than 0 01 pF) The control of the rate of 
uniform discharge of the condenser is moat conveniently effected by controlling 
the filament current of the diode 1) The maximum voltage acquired by the 



gnd side of the oondenser C, and thus the amplitude of the niovenu ut of tht 
cathode ray spot, is most easily controlled by regulating the filament current 
And the anode potential of the tnode Potential changes of 8 to 15 volts 
corresponding to amplitudes of 8 to 15 mm time-base are commonly used 
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The linearity of the time-base is fairly obvious from the uniformity of the 
intensity of the trace in the absence of atmospherics, but a more satisfactory 
cheek is obtained by causing the trace to roovo rapidly across the screen m a 
vertical direction by deflecting the electron beam with a moving magnet 
A senes of parallel straight lines with no trace of “ backstroke ” is obtained 
With the arrangement d<scribed it wan found that the lmeanty of the lcft-to- 
right movement of tin cathode-ray spot could be improved by the insertion 
of an anode battery, as at U, in older completely to saturate the diode As 
this battery acts effectively in senes with the resistance of the oscillograph 
between the plates »»' (of the ordir of 2 megohms) it should he of considerable 
voltage, e q , 75 to 100 volts The instrument now in use gives practical!) 
complete linearity over the whole of its working range 
The frequene} of the tondenser discharges, and therefore the time of transit 
of the cathode ray spot along the base- line is in practice best determined by’ 
applying, via the connection bb' (see fig 3 with switch to "Sinusoid”) a 
simple harmouu voltage of known frequency to the plates mm', produung 
vertical displacement of the electronic beam With simple frequeney relations 
1 >etween the two voltages a stationary pattern is obtained, from which the 
frequency of the condenser discharges may very easily he deduced 
In addition to providing a rapid means of frequency adjustment and cali¬ 
bration, this test readily reveals the achievement of the optimum conditions of 
linearity and of short duration of the return stroke This latter condition is 
usually found when the oscillator filament is at its maximum working brightness 
Certain difficulties of observation occur in practice These arise from the very 
unusual type of aerial circuit as judged from, a radio telegraphic point of view 
The aerial, being necessarily aperiodic, is bable to signal interference from 
noar-by transmitting stations The high resistance, however, permits very 
little interference from the various British and Continental highly powered 
stations, none of which is very near the observing station, and the only inter¬ 
ference experienced has been of quite local ongm 
Trouble has also been experienced, both at Aldershot and m the course of 
similar obseivations at a station in Kgypt, duo to leakage current from alter¬ 
nating mains entering th< aerial svstem from the earth, and giving rise to quite 
sensible voltages across C, * 

It may not be superfluous to add that frequent observations were made with 
a telephone interposed in the anode circuit of the amplifier, and that no image 
ever appeared on the screen during these tests without a corresponding sound 
beifig heard m the telephones. Moreover, simultaneous observations os the 
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oscillograph circuit and on a normal radiotelegraphs receiver showed complete 
agreement between the incidence of images on the oscillographic screen and 
sounds in the telephones of the recuvcr 

IV —Tenting Arrangements 

The arrangement of the test circuit is shown in tig 6 This apparatus is 
arranged to give two distinct types of impulse in the aerial circuit With the 



double pole two-way switch to the right-hand position, the condenser of 0 33 p F 
is, by movement of the tapping key shown, charged and discharged through a 
coil of 0 1 Henry, a resistance R, (variable up to 2,000 ft) and the small 
resistance R, m the aerial circuit (variable up to ‘200 ft) By this means a short 
transient electromotive force, from an oscillation of moderate damping down 
to a highly damped and completely aperiodic impulse, can be introduced into 
the aenal circuit via the small coupling resistance Rj. It is thus possible to 
simulate the shape, voltage and duration of many of the observed radiation 
types of atmospherics described and illustrated later in this paper The com¬ 
parison of the screen image with that calculated from the constants of the test 
impulse thus provided a means of testing if all circuit* were in working condition 
For purposes of actual observation, tho resistance Rj was reduced to zero, end 
the test apparatus disconnected from it. 
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With the switch to the left-hand position, facilities are available for the 
reproduction, in the aerial circuit, of the conditions experienced when an impulse 
of the net change type is received For this purpose R, should have an infinite 
or very high v alue, so that, when the tapping key is open, the steady voltage 
of the teat circuit hattery is applied in the aenal circuit Closing the key short 
circuits the battery from the aenal circuit (the battery being protected by the 
guard resistance It,), thus giving an aenal discharge of the net change type 
already discussed This test not only proves very useful m demonstrating the 
fidelity of the circuits for tho delineation of this type of discharge, but, in 
addition, is a very convenient routine test of insulation, more particularly of 
the less controllable insulation resistance of the aenal circuit On account of 
the steady current flowing up or down the aenal due to natural causes, it is 
frequently impossible or unreliable to measure its insulation by any of the usual 
methods of direct current test, while any fall in the value of this resistance hoe 
thcefiect of an additional leakage path across the condenser C„ with a consequent 
reduction of the time constant (C 0 + 0,) p 

The test circuit has also been applied in a similar manner to another external 
aenal having mutual electrostatic oapacity with the aenal system used for these 
observations Employed for the generation of impulses of the net ehange type, 
this gave a very ngorous reproduction of the natural conditions existing with 
this type of field change, and proved the accuracy of the observing apparatus 
in revealing silch discharges of both electneal signs Used for the simulation 
of radiation field changes of % arying amplitude, it was also elective m revealing 
the fidelity with which the observing system responded, within the known 
limits of the amplifier This was particularly useful in showing that a transient 
voltage, making the grid positive with respect to the filament by an amount 
exceeding the threshold value* (8 5 volts above normal) at which grid current 
commenoed, produced cumulative rectification in the grid circuit and gave 
nse to a spurious impulse liable to be mistaken for & field of the net change 
type 

In addition to these tests, direct current measuring instruments (not shown 
in fig 3) can be inserted at various place# to verify the maintenance of standard 
amplifier conditions 

Another useful test is the verification of the numerical value of amplification 


* We have more recently found it desirable to Increase thi» threshold value very con¬ 
siderably by uring a triode with a very low amplification factor (L 8.8s) in the preliminary 
stage of the amplifier 
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and the absence of distortion m amplitude or phase at all frequencies within 
the limits of comparability with the atmospherics to be observed 



This was done by the arrangement shown in fig 7 

An oscillator (of from 50 to J0,000 cycles) is connected to a resistance box 
of very low time constant tapped in two variable sections, one joined directly 
to the oscillograph plates producing horizontal deflection, and the other, through 
the amplifier, the output of which is to be measured, to the plates producing 
vertical deflection The resistances are then adjusted until the resultant line 
is tilted at 40° to either axis, whence it is known that the two pairs of plates 
are each being actuated byco-pimsal harmonic voltages of equal Value It then 
follows that the amplification due to the tnode stage is given directly by the 
ratio R»/R„ This arrangement has the «d\ autage of being independent of 
variation of oscillator output with frequency, since such variation affects each 
component equally 

Tested m this manner over a range of 50 to 10,000 cycles, the single-stage 
amphfier, used for all quantitative measurements in these observations, has 
been shown to have a net amplification over this range equal to that at zero 
frequency, with an entire absence of measurable phase distortion 
The complete agreement between the amplification at zero and at high 
audible frequencies permits a simple scale to be marked on the tube screen, 
relating the amplifier input voltage (e g, Irom the potentiometer P, of fig 3) 
to the screen deflection The accuracy of this calibration and the constancy of 
amplification ratio are thus simply and rapidly tested 
Prom the satisfactory results of the tests described above made on artificial 
atmospherics, it is fairly certain that clectne field change* are faithfully repre* 
aented on the oscillograph screen with the normal working circuit, It is, 
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however, of interest to note hero the result* of some comparative test* made with 
the normal circuit and with another circuit which should give complete fidelity. 
Let us consider an oscillatory circuit a* illustrated in fig 8, where Lo and AL # 



are inductances, K 0 and HR n are resistances aud C« and t \jk are capacities, 
k lieiug a constant 8uppose a variable electromotive force j>(t) is introduced 
m the coil Lo Then, if Q is the charge on either condenser, we have 

(l + vfhffl+Rvf m 


Suppose now that we are able to examine oecdlographicslly the potential v 
between the points A and B In this case we have 



In other words with a suitably balanced circuit, the free circulation of 
electricity (oscillatory or exponential), resulting from any impulse, produces 
no potential difference between the two points A and B, so that the temporal 
variation of the impressed electromotive force is registered with complete 
fidelity. It is convenient to take k as unity, so that in such a case 




2 


(12) 


Applying this result to our problem it u clear that C 0 , K 0 and Lo may represent 
the outside effective aenal capacity, resistance and inductance respectively, 
while iLo, iRo and C 0 /l may represent the similar quantities completing the 
aenal circuit in the indoor assembly The oscillograph may be connected via 
the gnd circuit of the amplifier to points A and B. 

Many comparative tests were made using this circuit and also the normal 
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working circuit (which corresponds to a case in which IcLo and fcRo are zero), 
and no difference could he detected in the type* of stmospheno impulses 
delineated m the two case* 

In relation to the general aocuracy of the measurement of duration by 
delineating the electric force E on the oscillograph screen, it should be remarked 
that frequent observations in which dE/dt and not E was delineated, though 
not yielding many detailed drawings of form, gave close agreement with the 
normal method m the mean durations of disturbances 

V —Programme of Observation* 

1 Period of Observations —The preliminary results reported m the previous 
paper were obtained during the period November 22nd, 1922, to February 12th, 
1923, and principally between January 27th and February 12th, 1923, when 
690 wave forms were delineated The results now to be discussed fall into four 
groups, the first being that of the first paper, the second containing 1,200 
observations on sinusoidal bases during the period February 14th to Maroh 
29th, 1923, the third containing the first group of observations, 749 in number, 
obtained with the linear time base, between April 20th and June 14th, 1923 
In June and July, 1923, special attention was given to work with the capillary 
electrometer, while the fourth and main group of oscillographic observations, 
6,813 in number, covers the period August 22nd to November 13th, 1923 

In view of the facts that the observations m the fourth period so greatly 
outnumber those m the earlier periods, that they have the advantagea of 
discrimination provided by the linear time base, and that they were taken by a 
single observer under relatively constant conditions and with a fixed pro- 
' gramme, the detailed discussion of results will be concerned almost exclusively 
with this group, the smaller and earlier groups being utilised for comparison 
only, save in the extraction of grand means for peak field strength and duration 

2 Programme of ith Senes —In the fourth series of observations, the work 
was done to a systematic time-table, at fixed hours, equal quarter-hour periods 
being allotted to observations on five standard time bases, in order to give equal 
weighting to all durations It need hArdly be pointed out that the nature of 
the images obtained on the oscillograph screen renders it impossible to delineate 
forms departing greatly in duration from the base period in use st the moment, 
so that a wide range of base penods must be employed if fair sampling is to be 
attained. The time of observation was from 2,000 to 2,115 GMT, divided 
into quarter hours allotted respectively to bases of 11,760, 7,820, 3,910,1,960, 
and 1.000 microseoondt. The standards of time were s senes of tuning forks of 
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corresponding frequency (85,128,256,512 and 1,000 cyolea per second), the note 
given by the linear oscillator being at first, compared aurally with that of the 
appropriate fork, while, later, oompanson was made oscdlographically with the 
output of an audio-frequency sinusoid oscillator calibrated against the forks 

It must be admitted that this adoption of a mainly harmonic senes of bases, 
oonvement as it is from an operational standpoint, was unfortunate, since, in 
combination with the inevitable selection of forms of duration comparable with 
the base in use at the moment, it introduces a spurious periodicity into the 
observed durations, which renders unfruitful any attempt to detect true 
penodicitiea, which would be of very great interest in relation to the mechanism 
of the discharge It will be necessary, therefore, in further work in this 
direction, to adopt random time bases chocked against a continuously calibrated 
oscillator 

VI —Definitions and Limits 

1 General —The minimum field strength detectable with normal operating 
constants and single-stage amplification, with whioh all the determinations 
of the senes were made, is of the order of 4 millivolts per metre. The definition 
of " duration ’’ implied'by this experimental limit is thus " that penod dunng 
which the field change due to the discharge exceode 4 millivolts per metre ” 
The entenon of apenodicity is, similarly, the absence of any reversed field 
change exceeding 4 millivolts per raotre In consulenng mean values, it should 
be recollected that the mean field strength emerging from the statistical reduc¬ 
tion will be reducod, on one hand, by the fact that field changes exceeding 
0 5 volts per metre carry the indicating spot off the screen when a unit capacity 
ratio is in use The occurrence of many such changes in any one penod was 
met by change of coupling capacity, but isolated large discharges would escape 
measurement and the statistical mean will be slightly too low on this account 
On the other hand, there is a relatively large number of disturbances, the field 
strength of which Lies above that produced by average radiotelegraphio signals, 
but below the limit of 4 millivolts per metre, the neglect of such disturbance* 
will raise the computed mean value The opposing sense of these departures, 
and the infrequency of large disturbances, justify the presentation of the 
computed means as fairly representative of that range of atmospherics whose 
peak field changes exceed 1 or 2 milhvolte per metre 

3, Mom Classification —At in the preceding paper, the disturbances are 
grouped in two main types, governed by the criterion of apenodicity specified, 
and called the Aperiodic, or A type, and the Quasipenodjo, or Q type, respec¬ 
tively. Thoso members of the main types which are associated with a discharge 
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governed by the tune constant of the gnd circuit, and so appear to have a 
sensible electrostatic term, are prefixed S P , an 8 P A thus being a sensibly 
aperiodic atmospheric with an apparent aomi-pcrinaneut field change 

The convention as to sign is, as in the preceding paper, that the positive sign 
is allotted to discharges the absolute peak voltage of which is such as to make 
the aerial terminal of the coupling condenser positive with respect to earth 
The sign of the discharge is taken as that of its greatest peak, irrespective of 
the incidence in time of that peak relative to any secondary peaks 
3 iS ub-dcMtficatum and Characteristic Ratios —The main types are sub¬ 
divided according to two criteria, firstly according to the “ rounded ” or 
“ peaked " oharacter discussed in the earlier paper, and secondly, according to 
the relative duration of the growth and decay periods in the aperiodic type, and 
to the sequence of opposite peaks in the quasipcnodic type A disturbance is 
classed as “ rounded ” if its slopes are, on the whole, convex outwards, t p, if 
the greatest rate of change of field oocurs near the zero line, and conversely the 
“ peaked ” class has its slopes concave outwards, the greatest rate of change 
being near the point of maximum departure from the quasi-steady field strength 
The unambiguous determination of temporal relations by means of the 
unidirectional time-base also allows of a fuller investigation of the three charac 
tenstic ratios introduced in the earlier discussion 
For the aperiodic type, the “ Slope Ratio ” may now be definod as the ratio 
of the duration of tho decay period to that of the growth period, t e , the ratio 
of the tune interval between the maximum field change and the succeeding 
return to zero to the interval between the departure from zero and the attain¬ 
ment of maximum field change Thus the slope ratio will be unity for a 
symmetrical peak, less than unity for a discharge in which the (early) period 
of growth to maximum exceeds the (later) period of decay to zero, and con¬ 
versely The sign of the slope ratio is that of the peak concerned 
For tho quaelpenodic type, the Peak ratio is defined as the amplitude ratio of 
the earlier departure to the next following departure of opposite sign (It is 
oonvoment, though loose, to call these departures “ half-oycles,” and this will be 
done throughout the discussion, with the reservation that a strictly oyclio 
oharacter is likoly to be very rare m these disturbance*) The sign of the peak 
ratio U that of the earlier half-cycle, a quasipcnodio discharge with N half- 
cycles will have N — 1 peak ratios alternating m sign A peak ratio exceeds 
unity when the half-cycle which is earlier in time is greater in amplitude than 
its successor 

The " Cyole Ratio ” for quasipenodics is defined as the ratio of the duration 

2 T 2 
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of the earlier half cyole to that of its successor, the sign being that of the earlier 
half cycle 

The quantities involved and the conventions adopted having been specified, 
the results of the statistical reduction may now be detailed 

VII —Experimental Retails 

1 Preliminary —The first senes, recorded in the previous paper, yielded 
values of the principal constants which were as shown in the first line of Table I, 
to be discussed later in tbu paper The presence m the A — class of many 
discharges tbo duration of which was known to be incorrectly represented by the 
oscillographic deflection (discharges which are for convenience referred to in 
discussion as 8 P A s) vitiated the mean duration for that class, which beoomes 
2,065 microseconds (m place of 4,625 microseconds) when the fallacious 
“ durations ” of 8 P.A's are eliminated from the senes 


Table I 
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Table I --continued 



A + 

A - 

A 

Q + 

Q ± 

- 

Q 

1,826 

2,770 

5,536 

8,240 

ToUl 

1,650 

3,175 

3,680 

2.485 

1 

3 

4 

1,475 

1,510 

*.070 

2,015 

2,0*5 

2,275 

2,825 

2,665 

1,680 

2,010 

3,210 

2,246 

2,076 

2,840 

5,580 

3,480 

1,626 

2,480 

5,870 

2,400 

1,800 

2,850 

5 440 
3,680 

2,0*0 

2,650 

2,310 

3,435 

2,405 

3,240 

3,125 

2,615 


The corresponding results of the second senes are tabulated in line 2 of 
Table I Here S P A’s of both signs were present, and their removal from the 
means produces a satisfactory agreement between the mean durations for the 
apenodic classes in the two senes The values for duration of A -j- were 1,475 
and 1,510 microseconds respectively, of A — 2,065 and 2,375 microseconds 
The Q classes, however, show an increase of moan duration amounting to between 
25 and 60 per cent 

This increase is even more marked in third senes, the mean durations of which 
(line 3) are all two or three times as great as in the preceding senes Wo shall 
revert to these differences, and their relation to the results of the larger fourth 
senes (line 4) at a later point in the discussion 

The principles of sub-classification get out in VI having been applied to the 
individuals of this fourth and mam senes, Table II exhibits the results of the 
allocation aooording to types, and the mean and modal values of the two 
pnucipal parameters, duration and peak field strength, for each type Table 
Ilia shows the numenoal distnbution acoording to the type of asymmetry 
present, while Table Ills shows the relations of the principal paiametors to the 
“ rounded ” or “ peaked ” character of the wave form, and to the order of 
incidenoe of the half-cycles 

Some of the salient features of those tables, and of the analysis on which 
they are based, will now be discussed For convenience, values for Senes 4 
ljave also been re-grouped into two tables, IV and V, corresponding respectively 
to Tables I and II of the previous communication. 
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Table IIIa 


Slope ratio* 

<1 1 >1 Total 

Form aa In Table II dif I a k b j eke 
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2 The Aperiodic Type — 0! the 5,674 atmospherics observed m senes 4, 
4,351 were aperiodic in type This n amber included 243 discharges, the apparent 
duration of which exceeded 10,000 microseconds Thu duration has been 
adopted as the boundary between aperiodic* A of normal type and those, 
8 P A in which the duration of the oscillographic deflection was governed by 
the time constant of the gnd circuit Thu limit has been adopted on two 
grounds In the first instance, a limit of 30,000 microseconds was adopted as 
being that set by the mean time constant of the gnd circuit On the drawing 
of the frequency curve for aperiodic discharges with a slow quasi-erponential 
decay, a well-markod minimum ordinate was found at 9,000 microseconds, 
succeeded by a secondary rise beyond 10,000 microseconds Thu was accepted 
as indicating that the discharges exceeding 10 000 microseconds in duration 
belong to a different class, probably SPA'j observed at times when the gnd 
circuit time constant was temporarily below normal The limit was therefore 
readjusted to 10,000 microseconds The actual choice of limit is not of pnme 
importance, the change from 30,000 microseconds to 10,000 microseconds 
resulting in a transfer of 71 discharges to the 8 P A class (previously containing 
72 discharges of apparent duration between 0 03 and 0 07 seoonds, and 100 
exceeding 0 07 seconds), and reducing the mean duration of the " normal ” 
class from 2,555 to 2,245 microseconds The true limit, variable on account 
of variations of insulation resistance with weather conditions, lies between 
the two discussed There is no doubt that discharges with a true duration 
over 10,000 microseoonds occur, observations on the potential differences 
produced across the aenal damping resistance with the condenser removed from 
the circuit (iE/dt method) having shown true durations, of sensibly continuous 
discharges, up to 20,000 microseconds 

The mean peak field change in the 8 P A class amounted to 0 32 volts per 
metre This is a roughly approximate value only, since small semi-permanent 
changes are difficult to observe and interpret, being readily oonfused with the 
displacements due to slowly varying “ aenhl current,” and since the extreme 
excursion is difficult to observe in the case of larger deflections The order of 
magnitude is, however, in accordance with the interpretation placed on the 
8 PA class 

Coming to the ‘ normal ” aperiodic type, containing aperiodic discharges 
without any apparent electrostatic terms, the total number observed reached 
4,108, of which 2,654, or 66 per cent, had positive sign, 1^54 being negative. 

The “ mean ” apenodio atmosphonc had a peak field strength of 77 millivolts 
per metre, and a duration of 2,245 microseconds. Tho mean values for positive 
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apenodics wen 76 millivolt* pet metre and 2,015 microseconds, for negatives 

80 millivolts per metre and 2,665 microseconds The most frequently occurring 
field strength in each class was 55 millivolts per metre for the positives and 
60 millivolts per metre for the negatives, the most frequently occurring 
duration 1,750 microsecond* for positives, 1,000 microseconds for negatives 

The mean slope ratio for all normal apenodics, irrespective of sign, was 1 96, 
t«, the decay period ooeupied practically two-thirds of the total duration of 
the discharge. The slope ratio was notably greater for negative disturbances 
than for positives, the respective values being 2 21 and 1 79 

Of the determinable forms 1,380 (63 per cent) of the positive and 521 (37 
per cent) of the negativo apenodics were symmetrical, 412 (16 per cent) of 
the positives and 241 (17 per cent) of the negatives had a slope ratio less than 
unity 

Of the total number of normal apenodics, 2,360, or 57 per cent, a ere of the 
“ rounded ” form, while 1,667, or 41 per cent, were “ peaked,” the remaining 

81 (2 per cent) being of an intermediate type, usually so strongly nppled as to 
prevent allotment m this classification The positive apenodics were approxi¬ 
mately evenly divided amongst the two classes, 1,426 (54 per cent) being 
rounded, 1,199 (45 per oent) peaked. The negativoa oompnsed 984 (64 per 
cent) rounded and 468 (32 per cent) peaked The mean peak field strength 
of the peaked class was 109 millivolts per metre, that of the rounded class 
63 milhvolts per metre, a ratio of 2 06 The mean durations were 2,365 micro- 
aeoonds for rounded and 2,065 microseconds for peaked forms 

The mean slope ratio of the rounded class was l 3, 50 per cent of this class 
being stnctly symmetrical, while the peaked class had a slope ratio of 2 5, with 
48 per cent symmetrical 

3 The Quasipenodic Type—The number of quasipenodic disturbances 
observed was 1,323, or 24 per cent of the total number of normal field changes 
Of these, 683 (or 62 per cent,) were of predominantly positive sign, 290 (22 per 
oent) negative, and 350 (26 per cent) had equal and opposite peaks The mean 
quaaipcnodio atraosphenc of the senes had a peak field strength of 139 milli- 
volts per metre, and a duration of 3,240 microseconds. The mean values for 
the positive class were 115 milhvolts per metre and 3,480 microseconds, for the 
negative 125 milhvolts per metre and 3,680 microseconds, and for the Q ± class 
197 millivolts per metre and 2,400 microseconds 

The half-oycle of greater amplitude normally, but by no means mvariablv, 
preceded the smaller half-cycles. Of the completely determinable Q forms, 
00 per cent, had their maximum half-cycle first, the percentage being higher 
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for negatives (87 per cent) than for positives (78 per oent). In 6 per cent of 
the total (in 7 per cent of the Q -j- olass, 4 per cent, of the Q — olass), the 
half-cycle of greatest amplitude was both preceded and followed by smaller 
half-cycles 

The majority of disturbances of the 0 class consisted of a large peaked half¬ 
cycle associated with a smaller rounded half-cycle, such forms constituting 
159 per cent of all quasipcnodics whose peak ratio differed from unity The 
next most numerous class, constituting 21 per oent of the total, had both half- 
cycles rounded, while in 10 per cent of the total both half-cycles were peaked 
In the Q ± class, 95 per cont had the half-cycles of equal amplitude peaked, 
only 5 per oent being rounded 

Forms in which the principal half-cycle was peaked formed 76 per cent of 
the total, 72 per cent of these being positive and 28 per oent negativo, rounded 
forms, 22 per cent, of the total, were divided into 65 per cent, positive and 35 
percent negative 

The mean peak ratio amounted to 4 3 m the case of positive quasipenodio 
(4 8 for peaked and 2 5 for rounded) and to 3 6 (4 0 for peaked and 2-8 for 
rounded) in the case of negatives 

The mean cycle ratio similarly was 1 *1 in the case of positive quasi periodica 
(1 0 for peakod and 1 5 for rounded) and 1 3 (1 1 fox peaked and 1 7 for 
rounded) in the case of negatives 

4 The Relation* of the Types —The principal constants of the “ normal ” 
forms, after exclusion of S P.A's from the four senes, are ooUectcd in Table I, 
and their differences will call for some remark the last line of Table I gives 
grand means, comprising the results of nearly 8,000 individual measurements, 
of the principal constants, Those may be taken as based on an adequate 
number of samples, and thus as being fairly typical of British autumnal 
atmospherics 

It will be noted that the moan durations are greater m the second senes than 
in the first, much greater in the third, and in the fourth series assume values 
intermediate between those of the second and third series. Thu u probably, to 
some considerable extent, due to seasonal variations, but there can be little 
doubt that a main cause is insufficient care, m the earlier senes, in ensuring 
even sampling The effect of choice of time base on the mean duration observed 
is weO shown by the analysis of senes 4 The mean number of atmospheres 
observed per quarter-hour on each tune base, and the mean duration of the 
atmospherics observed on each base, were as shown — 
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Time base— 

Frequency 88 128 266 512 1,000 ~ 

Duration 11,760 7,820 3,910 1,950 1,000 ps 

Number per quarter-hour 38 36 30 23 26* 

Mean duration . 3,490 2,810 1,980 1,580 1,260 ps 

Thus the mean duration tends towards comparability with that of the time 
base used, though the slowness of the variation with base is a sufficient indica¬ 
tion that in this senes the range of bases used was adequate But the neglect 
of the lower frequencies in the first senes certainly gsve far too much weight to 
the relatively infrequent short duration discharges This was realised to some 
extent in the second senes, and on the introduction of the linear time base a 
deliberate effort was made, in senes 3, to redress the balance by concentrating 
attention on bases of the order of 0 01 and 0 02 seoonds Thu, in part, at 
least, accounts for the great increase in mean- duration in the short series 3 
The unweighted average of these three early senes u m satisfactory agreement 
with that of the well-balanced senes 4 On the whole the mean durations will 
now be somewhat too low, owing to the erroneous inclusion of some “ normal " 
discharges of long duration in the S.P A. class. 

The most prominent feature of the durations, in all senes, was the greater 
mean duration of quaaipenodic as opposed to apenodio discharges, the excess 
amounting to 35 per oent of the mean duration of the A type on the Grand 
Mean. The greater duration of the negative apenodics as against positives 
was also prominent in all series, and amounts to 29 per cent of the A + duration 
on the Grand Mean There was no corresponding divergence amongst the Q'e, 
the only marked feature of their durations was tho relative brevity of the Q ± 
class, which waa prominent only m senes 4, where it arose from the high relative 
frequency of the sub-class consisting simply of two equal and opposite “ peaked ” 
half-waves, each of abort duration. 

The next most prominent divergence amongst the senes is in the relative 
numerical frequency of occurrence of the various types. Senes 1 showed a 
great preponderance of A — over A +, but this prepondoranoe decreased and 
finally reversed as observations continued No explanation other than seasonal 
variation, and inadequate sampling m the bnef senes 1, presents itself The 
same may be said of a change from approximate nuxnencal equality of A’e 
and Q’s m senes 1 to a 3 to 1 preponderance of A’s in senes 4, and in the grand 
totals. These divergences were noted on their appearance during the actual 

* The base of 1,000 h* was not used daring the less disturbed Utter bell of this period. 
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observations of series 2 and 3 , the observers were thus early aware of this 
tendency to diverge from the relations of senes 1, and were consequently careful 
to guard against unconscious selective preferences A further noteworthy 
feature of the relative frequency of occurrence of A’s and Q’s was that the Q’s 
were relatively infrequent in discharges of short duration Thus the ratio of 
number of apcnodics to number of quasipenodioa observed on the standard 
bases were as under —• 

Base 11,700 7,820 3,010 1,950 1,000 (is 

Ratio ^ 17 24 45 60 80 

This variation im, of course, simply another aspect of the fact that the mean 
duration of the Q was considerably greater than that of the A 

No very profound modifications in the order of relative field strength occur in 
passing from senes 1 to senes 4 , the omission of the essentially strong 8 P A’s 
from the A — mean in the final series reduoes that mean to dose agreement with 
that for the A + class, and the Q ± class rises to a leading position as regards 
mean field strength 

To summarise, we had the sensibly apenodio discharge appeanng nearly three 
times as frequently as the quasipenodic, and the positive discharge, both 
amongst apenodics and quasipenodioa, occumng half as frequently again as the 
negative The quasipenodic discharge, with its mean peak field strength of 
0 156 volts per metre, had almost precisely twice the amplitude of the aperiodic, 
with ita 0 • 075 volts per metre The negative discharge of both types was some 
20 to 30 per cent greater in amplitude than the corresponding positive The 
negative apenodio had a mean duration exceeding that of the positive by a 
percentage (28 per cent) which, on the whole mass of data, is comparable with 
ita percentage amplitude excess (20 per oent) The positive quasipenodio had 
a duration very slightly in excess of the negative, the mean quasipenodic had a 
duration a third greater than had the mean apenodio 

The mean maximum field strength of peaked apenodics waa 2 06 tames that 
of rounded apenodics , the corresponding ratio for quasipenodic* waa 2 06. 

The most frequently occurring individual form of atmospheno waa a sym¬ 
metrical “ rounded ” positive aperiodic, a form assumed by 14 per cent, of all 
atmospherics of senes 4 Eleven per cent, were symmetncal “peaked" 
positive aperiodic*, 9 per cent, were peaked positive apenodio* with a decay 
period 3} times as long as the growth period, while 7| per oent were quasi - 
periodica with a peaked positive half-cycle followed by a rounded half-cycle 
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of almost identical duration but of one-fourth the amplitude Rounded 
aperiodic#, of both signs, with decay periods twice as long as the growth period, 
symmetrical rounded negative aperiodic#, and peaked negative aperiodic# with 
slow decay (five tames the growth period), each contributed about 6 per cent of 
the distribution, while the only notable class with a growth period exccoding the 
deoay period was that of the rounded positive apenodics with a slope ratio of 
which formed 5 per cent of the total distribution 
Of the quasipenodies, 9 peT cent had three or more half-cycle#, £ per cent 
had four half-cycles 

0 Relations referred to Sign —It is convenient to oollect m a single paragraph 
the characteristics which depend particularly on the sign of the principal field 
change, even although this involves repetition 

It may be desirable, m the first instance, to dismiss the quantities which are 
not conspicuously dependent on sign There is no marked preference, amongst 
the A’s, for a steep slope of increasing positiveness, the number having such a 
slope being 1,074, as against 1,052, with the slope of increasing negatavenesa the 
steeper So also in qussipenodics the number in which the first half-eye le is 
positive u 656, as against 004, in which the first half-cycle is negative 

The relative numbers of positive apenodics to negative apenodics are as 
1 8 to 1; for quasipenodies (omitting the Q ± class) this ratio is 2 4 to 1 
The mean peak voltage of negative apenodics i» 1 05 that of the positives , for 
quasipenodies the ratio is 1 09 The mean duration of negative apenodics is 
1 32 that of positives, for quasipenodies the ratio is 1 05 
The mean negative aperiodic is much less symmetrical than the mean positive, 
53 per cent of positives being symmetnoal, while only 37 per cent of negatives 
are so The mean slope ratio for negatives is 2 I, that for positives is 1 6 
In general it may be stated that a disturbance with negative termination is 
of greater duration than the corresponding form with reversed sign This is 
true in respect of durations and slope ratios in apenodics, and also m respect 
of durationwn quasipenodies 

6. Relations referred to Form —Dealing similarly and summanly with relations 
in which the form of the wave is involved, it will be seen that amongst the 
apenodics the number of rounded forms is m the ratio of 1 <4 to I to peaked 
forms , the corresponding ratio for quasipenodies is the very small one of 0 23 
Ths mean peak field strength for peaked apenodics u 2 06 times that for 
rounded apenodics, the corresponding ratio for quasipenodies is 2 05 The 
mean duration for rounded apenodics is 1 • U times that for peaked, the corre¬ 
sponding ratio for quasipenodies is 1'44. 



648 E. V. Appleton, K. A. W. Watt and J. F. Herd. 

Amongst quasipenodics the first half-cycle is peaked m 73 per oent of eases. 

The numerical ratio of peaked to rounded forma ib greater for negative than 
for positive signs, both in the case of aperiodics (l 99tol 10) and quasiperiodics 
(0 38to 0 28) 

7 Untt Duration* —It is of interest to investigate the relative mean durations 
of the individual " half-cycle ” forms which appear, in varying combinations, 
amongst the quaeipenodic discharges. Thus, a quasipenodio discharge con¬ 
sisting of a half-oycle of large amplitude, which may be rounded or peaked, 
assooiated with one or more smaller half-cycles of one form or the other, the 
question arises whether a large peaked half-cycle, for example, retains a charac¬ 
teristic duration independent of its associations A further question of 
importance is whether thiB characteristic duration, if it exists, is comparable 
with the duration of the so-called “ aperiodic ” discharge of similar general form 

The mean values of durations have aooordingly been computed for each 
class, and the results are exhibited in Table VI It will at once be seen that 
the various forms of half-cycle do possess characteristic constants of duration 
which are comparatively insensitive to their associations. In descending order 
of mean duration the eight forms of half-cycle fall into the following sequence, 
vis, large rounded negative, large rounded positive, small roundsd positive, 
small rounded negative, large peaked positive, small peaked negative, large 
peaked negative, small peaked positive, or symbolically, the order of decreasing 
mean duration is 

R —, R +, r +, r —, P +, p -, P -, p +, 
the mean duration of R — being twice that of p 4-, Within the individual 
groups, however, it will be seen that the duration of r —, for example, vanes 
frpm a minimum of 1,430 when it occurs in form Q + 1 (see Table 11) to a 
maximum of 2,200 m form Q — m, a ratio of only 1 B between maximum and 
minimum. The other typical half-cycles show a similar consistency in duration, 
whatever the form of quasipenodio disturbance m which they ooour The peak 
field strength values, which might, a pnon, have been expected to show much less 
regularity, are in fact scarcely inferior to the duration values m this respect, 
P + having a mean peak value lying between 119 and 178 mv/m, P — 110 to 
166 mvjm, R — 76 to 88 mv/m, with exceptions m classes too small to be fair 
samples, and R + 67 to 90 mv/m, Again, the standard deviations follow the 
mean values, but are even more steadily characteristic of the half-cycle and 
insensitive to circumstances 

The relation between the nominally aperiodic disturbance and the half-cycle 
of the quaupenodic may be seen from Table YU in which line “ Q ” repeats 
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Table VII. 



the mean duration* found for the principal half-oyoles, while line “ A ” oontaina 
the mean durations of all aperiodic* of rounded and peaked form respectively, 
according to sign It will be seen that except in the negative peaked class the 
mean duration of the aperiodic is of the same order as that of the principal 
half-cycle of similar form m the quaaipenodic, the agreement being very close 
indeed in the case of the rounded form 

The ongm of the difference in the case of the peaked form* i* obscure, but it 
is aooentuatsd m the case of the Q ± cla**, in which, as has been noted, the total 
durations of peaked forms are exceptionally small, while the rounded form* are 
oomparable in duration with the asymmetric forms In respect of peak field 
strengths the relations between aperiodic* and quasipenodioa already referred 
to on p 644 should be noted m their bearing on the “ half-cycle ’’ relations 
here discussed. 

8 The Fine Structure of Atmotphena —It was remarked in the preliminary 
paper that in some 7 per oent of the forms then delineated, “ npplea," the 
amplitude of which reached 10 per cent of the fundamental amplitude, had been 
observed It was, from the beginning, clear that the fine structure of the atmos- 
pheno, of which these ripples were the extreme oases, was of fundamental 
importance in relation to interferent properties, and the results of further 
observations in this direction are, therefore, specially important 

Two methods are available for the study of fine structure—firstly, the delineation 
of such structure as can be detected in the curves of field change on the standard 
capacity-coupled ououit when tune bases of short period are used, and secondly, 
the special examin ation of rate of change of field by the reostanoe-ooupled 
circuit which gives curves the ordinates of which are proportional to dE/dt. 
The latter method will obviously give oscillograms in which the amplitude of the 
fine detail is much enhanced relatively to the fundamental, and, in fact, it is 
found extremely difficult to make use of the “ d&jdt ” circuit in practice, owing 
to "the extreme complexity of the osoHograms obtained. This is particularly 
unfortunate in view of the extreme simplicity ef the drouite involved is the 
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“ iVj/di ” method, and of the very direct applicability of dRjdt as a measure of 
mterferent properties Huoh can be done immediately towards the study 
of fine structure by this method by increase of resolving power even at the 
expense of loss of sensitivity, and special experiments are now being undertaken 
with oscillographs designed for increased brilliancy of fluoreeoence, so that the 
limiting speed of translation of spot for dear visibility may be raised 

Reverting to the direct study by the " E ” method, it was found that, of the 
1,210 atmospherics m senes 4 which were observed on time bases sufficiently 
rapid for resolution (*e , on bases of l,950ps and 1,000 pa), 212, or 17 per cent, 
contained npples of penod under 500 ps and amplitude over 0 002 volte per 
metre The total number of measurable npples oontained in these 212 forms 
amounted to 1,130, the most frequently occurring npple penod was 100 ps, the 
mean penod 160 ps with a standard donation from mean duration of about 
80 ps The shortest penod npple observed was 30 ps The greatest number 
of npples observed in one train was 22, while the longest penod observed to be 
continuously occupied by npples of the magnitude specified was 3,100 ps 

The total fiold change constituting a npple is taken, for the purpose of this 
reduction, as the sum of tie two opposite departures from the smoothed funda¬ 
mental curve, i e, as the npple, isolated from thB slope of the fundamental 
The absolute maximum field change constituting an observed npple was 0 23 
volte per metre, the mean of the maximum npples in each of the 212 trains was 
0 027 volt per metre 

The mean relative amplitude of npples, defined as the ratio of the maximum 
total field change constituting the npple, as above defined, to the maximum 
field change constituting the fundamental aperiodic discharge or the funda¬ 
mental half-cyole on which the npples appeared, was again of the order of 
10 per cent 

While the figures cited are typical of the worst cases of gross npple structure 
expenenoed in England m autumn, they are far from typical of the general fine 
structure of atmospherics, whether in England or abroad For a fuller picture 
one must have reoourse to measurements of iEjdt, and must oonaider also typical 
oacillognms of E and dRjdt in tropical regions, where, particularly in dark hours, 
the fine structure assumes great prominence, even on the “ E ” oscillograms 
Some typioal oscillograms are reproduced as figs 9 to 11 Figs 9 and 10 show 
two random groups of untouched drawings from observations at Khartoum on 
April 18th, 1924, on the “ E ” circuit with a time base of 1,000 ps Fig, 11 
shows a corresponding group for April 27th, 1924, cm the same circuit, with a 
time base of 2,000 ps. ' 
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which, on the advice of its Radio Research Board, provided facilities for the 
work described, and accorded permission to publish the results 



Nature of dtenotpherica. 


655 


Summary 

1 The paper describes the development of work, reported in an earlier 
communication, on the oecillographic examination of the characteristics of 
atmoepheno electno disturbances of short duration The method now involves 
the use of a cathode-ray oscillograph with a time-base which is both uniform 
in scale and unambiguous as to time-sense The apparatus and methods 
described include a senes of station-tests for checking the performance of the 
assembly The basis of the methods used is re-discusscd 

2 Statistical analyses of approximately 8,000individual drawings of atmoe¬ 
pheno wave forms are tabulated and summarised A more detailed Bub- 
olasaification is based on the improved discnnunation afforded by the 
unambiguous time-base Sensibly apenodic discharges were three times as 
numerous as were quasi penodics, predominantly positive discharges were 
one-and-a-half times as numerous as were negatives The mean quasi periodic 
bad a peak field strength of 0 156 v/m, the apenodic 0 075 v/m The negative 
discharges of both types were stranger by 20 per cent to 80 per cent than the 
positives The mean quasipenodio had a duration 3,125 pa, 30 per cent 
greater than that of the mean apenodic 

The most frequently occurring form of atmosphenc was a symmetrical 
rounded positive apenodic, forming 14 per cent of the whole distnbution The 
most frequent quasipenodio, forming per cent of the distribution, had a 
peaked positive half-cycle followed by a single rounded negative half-cycle 

3 Examination of the fine structure of atmoephencs shows a frequent 
“ ripple penod ” of the order of 100 ps Typical oscillograms of fine stmeture 
as observed in dark hours in the Tropics are reproduced 
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(Communicated by 8n Henry Jaolnon, F.RS —Received Apnl 23,1926 ) 
(Published by perm talon of the Radio Research Board.) 


I — Introduction. 

The present paper oontinuee the aooount of investigations on the nature of 
atmosphencs given m papers I and II* of similar title Aa the argument is 
essentially continuous from paper II to paper III, the numbering of equations, 
tables and figures has been made to run continuously from the former to the 
latter paper 

II — Semi-Permanent Field Change Determinations 
As has been mentioned in the preceding paper, the cathode-ray oscillograph 
assembly may be used for the determination of the sign and magnitude of net 
ohanges of the earth’s electric field, and when thunderstorms were not far 
distant measurements of such ohanges were made at Aldershot and Hehran 
by this method, which will be referred to as method A The magnitude of the 
field ohanges was calculated with the aid of equation (9) 

These observations wore supplemented by data obtained using two other 
methods in which the sign and magnitude of the charge on ad exposed conductor, 
released by the destruction of the thundercloud moment, were measured by a 
capillary electrometer (method B) and by a string electrometer (method C). 
The capillary electrometer was of the type first described by Prof C T R 
Wilson,f and used by him in determinations of the semi-permanent ohanges of 
field produced at short distances from lightning discharges, and oonsuite of a 
small bubble of dilute sulphuric acid enclosed by mercury in a hmisontal 
capillary tube The displacement of the sulphurio acid bubble, which is 
observed by means of a microscope, is proportional to the guanhty of electricity 
passing through the electrometer. In the electrometer used the displacement 
of the meniscus was 1 mm per 5-5 X 10~*Coulomb which under magnifica¬ 
tion gave 1 eye-piece division per 3 • 6 X 10'* Coulomb. The electrometer thus 
measured the charge (Q) passing down the aerial as a result of the field change, 
• 'Roy. Soe. Proa.,' A, voL 10S, p. 64 (1921), and tel 111, Myra (IMS). 

‘Roy Boo. Pree.,’A, vel 9J, p. 886 (1916). 
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and thus formula (8) is applicable But since the capacity of the capillary 
electrometer C l may be regarded u infinite compared with C 0 the oquation 
may be further simplified to 

(8i) 

from which the value of the net change of electric field [E] may be calculated 
In method (C) a string electrometer, kindly lent by Prof Sir Ernest Rutherford, 
was used This had a sensitivity of about 30 to 60 divisions per volt, depending 
on the potential difference between the plates In this case formula (9) applies 
again directly if C, is taken as the capacity of the electrometer and connecting 
leads 

Methods (A) and (B) were uaod at Aldershot, Helwan and Khartoum, while 
method (C) was used at Cambridge At Aldershot, Helwan and Khartoum 
aerial systems of large effective height and capacity were used as the exposed 
conductors, while at Cambridge, through the kindness of Prof Wilson, we were 
able to use the aenal system, consisting of an exposed elevated insulated sphere 
which he has used previously in his researches* on the electrical field of thunder¬ 
storms. In all three methods it was estimated that field changes down to about 
0 • 1 volt per metre were measurable, and thus the measurements may be regarded 
as an extension of those made, at much shorter distances from thundercloud 
discharges, by Prof Wilson himself 

Although measurements of the sign ana magnitude of over 3,000 net changos 
of field associated with thundercloud discharges have been made, ltis not proposed 
to oonsider here a detailod analysis of all the measurements, for the experience 
gained in the preliminary measurements has led us to hope that a slightly 
improved technique, with facilities for photographic registration, will give more 
rehable evidence for the cases of multiple discharges, which commonly occur, 
and whioh must be considered in a detailed analysis One result of the pre¬ 
liminary data is, however, quite definite, and will be discussed below under 
the sub-heading (a) Some specimen groups are given under sub-heading (6) 

(a) Relative Numbers of Positive and Negative Changes of Electric Field ,— 
To establish a convention as to sign, the earth's normal fine weather gradient 
will be taken as a positive field Such a field tends to send a current of positive 
eleotrunty (the ordinary air-earth current) down an exposed conductor The 
destruction of a negative thundercloud moment will therefore produce a positive 
change of field and woe versa Thus on the destruction of a negative thunder¬ 
cloud moment the positive bound charge on an exposed conductor will be 
• Wilson,' Roy. Soe. Proa.,’ lee. eft 
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released and pass to earth down the earth lead. Thus the sign of the charge 
passing down an aenal is directly indicative oi the held change 
It has previously been found by Prof Wilson* that the rapid field changes 
associated with lightning flashes show a preponderance of positive ohanges over 
negative changes the ratio being about 1 66 to 1 When our measurements 
were begun at greater distances from the discharge channel than those at whloh 
Wilson’s readings were made, there was found an opposite preponderance, 
negative field ohanges being 1 7 timesf as frequent as positive changes The 
relative number of positive and negative changes of field observed at the various 
stations and by the various methods are summarised below in Table VIII 


Table VIU 



experiments it was natural for us to oonsider what difference there could be 
between the conditions of our experiments and the conditions under which 
Prof Wilson’s measurements, which indicated the opposite preponderance, 
were earned out The only difference that oould be suggested was that of 
distance from the site of the discharge Prof WilsqnV observations were 
usually made within the region of audible thunder at a distance under 26 km 

Our measurements were made usually just outside the region of audible 
thunder mainly at a distance of the order of 100-200 km. We thus must con¬ 
clude that the sign of the preponderant field changes reverses as the distance 
from the discharge is increased The point is discussed in greater detail below 

(6) Specimen Data of Semi-Permanent Field Change Obeereatume —It may¬ 
be useful to summarise three specimen groups of data on net field ohanges, 

* ' PUL Trans.,’ toe. oil 

t In a letter to * Nature ’ (113,1(124, p. 337) this ratio was erroneously gives is 400 to 1 
The reeoIU obtained up to that date were vitiated by intaOoietit sampling and abo a 
Maadng flaw in the apparatus. 

{ Only obeervations quantitatively confirmed by method B are here shown. 
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comprising (a) the summary of an afternoon’s and of a whole day's electrometer 
obeervationa at Aldershot, (3) the results of a single evening's electrometer 
observations at Helwan, and (y) notes on results from Khartoum 
(a) Aldershot, June 25,1923 —Observations between 1540 and 1800 GMT 
showed 12 negative discharges, after which the electrometer bubble remained 
in its displaced position, and 4 positive discharges of this type Seven negative 
discharges oocurred in which the bubble moved in the reverse direction after 
a stationary period which was just, sensible, no positive discharges of this type 
were noted In 23 negative discharges the bubble immediately returned, 
approximately to its original zero, 8 positive discharges were of this character 
Aldershot, July 7, 1923 Observations between 0845 and 1745 are shown 
in Table IX, which includes also the data for June 25 above 
(fi) Heltean, January 13, 1924 —The observations made simultaneously 
by methods “ a ” and “ b ” between 1900 and 1945 G M T , in whioh 68 net 
field changes, all of the same sign, were observed by both methods, are best 
summarised m fig 12, in which arc plotted the computed field changes from the 
two methods 




£ 


Fio It 

(y) Khartoum, April 23, 1924—Observations 2015 ST (1815 GMT) to 
2430 S T (2230 GJM T) Three lightning oentres were visible at start, A to 
NNW, B to NW, C to NE, later a fourth centre D appeared m NNE No 
thunder was heard dunng this whole period. The centres were, therefore, 
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probably beyond 30 km, but within 300 km The number and mean magnitude 
of the net field changes observed to be associated with hashes from each of these 
oentres, as reported by a second observer, were as undernoted, vis - 

Centre A, 12 positive, mean field change 0-136 v/m, 86 negative 0 062 v/m 
Centre B, 2 positive, mean field change 0 046 v/m, 10 negative 0 035 v/m 
Centre C, 6 positive, mean field change 0 380 v/m, 181 negative 0 133 v/m 
Centre D, 7 positive, moan field change 0 062 v/m, 40 negative 0 103 v/m 

Totals observed, including a number of observations before correlation with 
sources was begun, 37 positives of mean 0 • 163 v/m, 444 negatives of 0 106 v/m 
The most interesting features of the observations, however, were not the measure¬ 
ments of number and amplitude, but the visible characteristics in relation to the 
sign of the discharge Centre C was higher in angular elevation than the others, 
presumably on account of greater proximity, this is supported by the magnitude 
of the field changes Five out of the six positive field changes from C were seen 
to be the result of discharges from cloud to earth, and no other discharges to 
earth from this centre were seen The sixth positive from C was of a magnitude 
(0 8 v/m) only twice equalled during the evening, once in a cloud to earth 
discharge from C, once in a discharge of doubtful type from A The other 
discharges from C were diffused more or less symmetrical glows described at 
the time of observation as resembling Very lights In the case of centres 
A and D tho positive field changes were characterised by the markedly greater 
durations of the illumination from the visible lightning This duration averaged 
some three seoonds In fact, once this relation had been noticed, the second 
obeerver, who wag unable to see the oscillograph, was able in every case and 
without error to state the sign of the field change from the appearance of the 
flash In the case of D, the elevation was too low to show the track of the 
discharges, but the positive field changes were characterised by discharges of 
greater brightness as well as of longer durations, and were believed to be cloud 
to earth discharges 

On the evening of the 24th three oentres were observed, K gave 2 negatives 
of 0-14 v/m mean, V 44 of 0-21 v/m, 012 of 0 36 v/m, while only one poeitive 
was observed during the whole evening, this was of 1 ’15 v/m, and originated 
in G, this flash being by far the brightest of the evening 

0b the 26th four centres gave, H 36 negatives of 1-0 v/m, L 37 negative* of 
2 6 v/m, M 22 of 2-0 v/m, N 1 of 0-14 v/m, H gave 2 positives, one of 1 8 
v/m from a cloud to earth flash and one of 1 4 v/m type of flash unknown, 
M gave 6 positives, mean 2-2 v/m, four from cloud to earth flashes, and one 
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reaching 8 2 v/m, an exceptionally brilliant flash whose path waa not traoed, but 
winch waa described as giving a “ searchlight" effect 

A watch waa kept for evidence of “ trigger action,” but the results were 
scanty In one case C gave — 0 11 v/m followed instantly by -f- 0*8 v/m, and 
again — 0 11 v/m followed by + 0-16 v/m, thie latter being a cloud-earth flash. 

Source A gave — 0 04 v/m followed by -f 0-10 v/m 

Source D gave a — 0 04 v/m followed by -f 0 08 v/m, the latter a oloud- 
earth flash In another instance — 0 04 v/m from a C discharge was instantly 
followed by + 0 92 v/m from source A On one occasion discharges of D, C 
and A the latter of 4-0 04 v/m, followed in such rapid sequence that they 
appeared to result one from the other 

This evidence seems consistently to show that a positive field change, u, a 
net transfer of positive electnoity down the aerial, indicating an increase of the 
normal gradient, is associated with a cloud to earth discharge, and that this 
type of discharge is characterised by long duration and great brilliancy Such 
discharges seem also to be preceded, m some cases at least, by a negative field 
change of smaller amount Negative field changes in general are smaller in 
magnitude, and are associated with brief diffuse glows, presumably upper an 
discharges 

Further visual observations from the Tropics are of importance in this 
connection. It was first observed by us at Aden, and again in the Indian 
Ooean, that the centre of illumination m lightning flashes underwent a displace¬ 
ment in azimuth sufficient to be dearly distinguished by visual observation 
It chanced that on these occasions no determinations of the sign of the associated 
field changes could conveniently be made In the Khartoum observations, 
however, a watch was kept for this phenomenon It was found that, in the 
observations of Apnl 23, almost all of the diffuse glows with which were asso¬ 
ciated negative field changes were displaced Eastward in aximnth within the 
duration of the glow, while at least six of the discharges associated with positive 
field changes were displaced Westward On a later evening, with storms to 
the Southward, sources of negative field changes were again displaced Eastward, 
while on two occasions with storms m the West no anmuthal displacement 
was observed 

These observations suggest the hypothesis that these displacements are 
electro-dynamic in origin, and result from the action of the earth’s magnetic 
field. If this hypothesis be accepted, it would follow that the direction of 
current flow In the discharges producing a negative field change is downward, 
while that in a discharge giving a positive field change Is upward. 
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Summing up, there appears to be cownderabla evidence to show that the 
typical discharge in these storms consisted of (a) a downward discharge, m the 
upper air, of a positive charge, followed by (6) a downward discharge to earth 
of a negative charge 

III —The Meteorological Environment 

The general weather conditions prevailing during the measurements of 
senes IV may be summarised m an extract from the Monthly Weather Report 
of the Meteorological Office for the year 1923, as follows — 

“ A general detenoration occurred near the end of the month 

of August with severe gales even at some inland stations During the 
early part of September fair, warm and sunny weather prevailed generally 
in the south, and an improvement also took place m the north and west 
Towards the end of the second week, however, the tracks of depressions 
lay further to the south and unsettled weather became general with 
occasional gales and thunderstorms Toward the end of the month an 
anticyclone over France spread northward, giving warm but somewhat 
misty weather October was characterised mainly by unsettled, 
boisterous weather with south-westerly winds, often of gale force, 
frequent squalls and heavy rainfall The temperature was moderate 
There were, however, considerable bright periods, with tho result that 
some parts oi the country experienced an excess of sunshine as well as an 
excess of rain After a few mild days at the beginning of November the 
weather was cold . ” 

Pressure was below normal throughout these months, the mean isobars 
trending from W orWSW to E orBNE, while an almost uninterrupted 
succession of depressions crossed the British Wes, giving high winds, and 
precipitation considerably in excess of normal The Bntish thunderstorms, 
the tunes of occurrence of which were reported as falling in the evening, have 
been examined in relation to the atmospheric disturbances received on each 
individual evening Such an examination is neoessarily incomplete and one¬ 
sided, since it neglects the effects of continental thunderstorms which may be at 
much smaller distances than are storms reported from Bntish stations Thus 
the Shetland! are approximately as far from the observing station as are Berlin, 
Msjrsetlles «od San Sebastian, so that the meteorology of much of Europe ought 
to be examined equally with ths British reports. With the exception of one or 
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two storm* appearing in the French Daily Weather Report, however, only 
British storms have been considered 

It is of interest, therefore, to note that in this limited sector, thunderstorms 
were reported on 25 of the 42 evenmgs of observation The relation to these 
storms of observed quasi periodic disturbances of amplitude exceeding 0 10 
v/m and net changes of field of apparent duration exceeding 0 03 seconds, 
may be briefly summarised Of 171 such changes of field observed dunng the 
whole period, only 16 occurred on evenings without reported thunder, 8 of the 
12 oocumng on one single ev emng (September 25) The remaining 7 discharges 
were distributed over five evenings Of 188 positive qnasipenodics of the large 
amplitude specified, 27 occurred on eight evenings without reported thunder¬ 
storms, 16 on one suoh evening, 6 on another Of 105 large negative quaai- 
penodics, 28 appeared on evenings of no reported thunderstorms, while of 
242 large quasi periodica of the Q ± type 67 appeared on suoh evenings Next 
to the apparent net changes of held, therefore, the large positive quasipenodio 
atmospheric appears to be the most closely correlated with lightning within a 
fow hundred kilometres 


IV - -Discutn&n of Retuks 

As mentioned previously, it was not considered profitable, in our preliminary 
account of these experiments m 1928, to discuss the possible sources of atmo¬ 
spherics m the light of the data revealed by these experiments, and m the 
present paper it is proposed to remody this omission to a certain extent But 
it must be stated at tho outset that there are many points on which information 
U still lacking, as must necessarily be the case m a type of wireless propagation 
experiment in which the location of the transmitter is unknown We can 
therefore only outline in somewhat general terms the views to whioh we have 
been led. 

It was evident, when tho first wave-form oscillograms were seen, that the 
impulses were of quite different nature from ordinary wirelees signals, the wave¬ 
forms of which (e g , from St Assise) were often visible for comparison on the 
oscillograph sorceu The maximum amplitudes, as is seen from the data in 
the tables, are often of the order of 0 1 volt per metre, which is more than a 
thousand times the field intensity of an ordinary commercial wireless signal. 
On the other hand, the mean duration of many atmoephenoa was found to be 
surprisingly long, e.g., 2,000 microseconds, which may be compared with the time 
periods of the order of 1 to 60 mioroeeoonds which an in use commercially 

Means for the determination of the sources of such disturbance* an only now 
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becoming available. Very strong experimental evidenoe has been adduced 
to show that lightning discharges produce atmospherics which are audible in 
short-wave receivers at distances over 1,000 km * and m some oases exceeding 
2,000 km. The evidenoe here referred to is the dose ooiamdenoe in plaoe and 
tune between sources of atmospherics located by direction finding and the 
occurrence of observed lightning The experiments of Baumler.f although 
the experimental conditions were not sufficiently rigorous to make the results 
abeolutely conclusive, indicate that the tame of incidence of 60 per cent of the 
atmospherics recorded in Germany along with European tune signals agreed 
with the time of incidence of atmosphcnoe reoorded m America along with the 
same time signals Such experiments apart from the limitation mentioned, 
argue normal ranges of reception of atmospherics reaching 3,000 km These 
entirely independent methods of measurement thus assign minimum reception 
ranges of the same order 

Direct visual observation sufficed to show that the net field changes meaeurod 
m the course of the present work were indeed due to lightning at no great 
distance, certainly within a few hundred kilometres It was also established 
that suoh net changes were accompanied by the production in the oeoillograph 
of images of the same type as those, frequently of much smaller amplitude, 
given by ordinary atmospherics There is, then, no room for doubt that we 
must look to thunderstorms, up to very considerable distances, as important 
sources of typical atmospherics, and rec.procally that the study of the wave¬ 
forms of atmospherics produced by thunderstorms will give us information 
relating to the temporal variation of the electno moment of the thundercloud 
during the flash 8inoe atmospheric wave-form* known to originate in simul¬ 
taneously observed hgntmng flashes showed only one complete main cyole, 
of fairly long duration, it was clear that lightning is not, in general, os has 
usually been assumed, freely oscillatory This result is m agreement with the 
results of the experimental study of the effects of atmoephenos on wireless 
receivers of different frequency, from which there is no evidenoe of specially 
marked response at any particular wave-length. 

It is therefore of interest to consider at the outset what electromagnetic 
effects are to be expected by the discharge of a thundercloud with charaoterutaos 
suoh as may be deduoed from Prof Wilson’s work on the electrostatic fields 
of thunderstorms Let us consider an ideal thundercloud of quantity Q the 
centre of whioh is at a height h above the ground (see fig 13) 

« Watson Wat* ‘J. Boy Aero. Boo,’ vol », p. 6* (19SB). 

t Baujmlor, ‘ Jahibuoh dar di*ht T*L o. Teh,' rot 2S, p. S (1943). 
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Srnoe the ground may be considered u approximating to a perfect conductor, 
the electric moment of the thundercloud system will be 2AQ. At any pant P 


Cx 




on the ground, distant r fromO, where r»A, the vertical electrical field E at 
any tune will, if three-dimensional divergence of energy be assumed, be given 
by* 


dM d*M 
M , dt , <U' 


(13) 


where the values of the quantities involving M are the retarded values obtaining 
at a time (t — rje), c being the velocity of electromagnetic radiation. We may 
for convenience, refer to the three terms on the right hand side of (13) as the 
electrostatic, induction and radiation terms respectively. From this expression 
it is dear that, at short distances from the discharge, the eloctrostatio tom is 
the important one, but that at more distant pants, the radiation field pre¬ 
dominates The critical distance at which these terms are equal in magnitude 
depends on the nature of the discharge 

It is clear that the initial and final values of the induction and radiation terms 
will be rero, so that the net change of the electric field will indicate the change 
of the elec trio thundercloud moment brought about by the discharge Measure¬ 
ments of such net change* have been made by Prof Wilson at shot distances 
and by ourselves at greater distance* from lightning discharges, and the results 
taken together indicate that many thunderclouds cannot be regarded as 
possessing a charge of one sign only, since the ngn of the eloctno field change is 
not the same at all distances. Further reference will be made to this point 
below, Meanwhile, we shall consider an electric moment of the simple structure 
depicted in fig. 19. 

• Qf. PMdcwk, ‘ A fteatfa* « BsgtrieHy,’ p, ta®, 
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It «een>* fairly clear from the atmospheric wave forms observed that the main 
discharge causing the disturbance is not freely oscillatory, though the npples 
frequently observed are possibly due to nunc* oscillations The electrical 
system of the thundercloud and the discharge channel possesses capacity, 
inductance, and resistance, and, if sufficiently accurate estimates of these 
quantities were available we might calculate approximately the quantity f{t) 
But much more information is required before this can be done satisfactorily, 
since it is most likely that the resistance vanes considerably during the discharge * 

Let us assume, however, as a working hypothesis, that the eleotnc moment 
of the thundercloud remains throughout the discharge of the same sign, the 
discharge therefore being aperiodic The current in the discharge channel 
(which determines the magnitude of the induction term in (13)) will thus be 
unidirectional The rate of change of current (which determines the magnitude 
of the radiation term in (13)) will, however, change sign so that the radiation 
wave-form will consist of both a positive and a negative field change A 
physical interpretation of this is that we may regard one impulse as produced 
by the acceleration of the moving electno charge and the other as due to the 
retardation of the charge Now a typical atmospheric wave-form which we have 
observed in association with lightning at no great distance u exactly of this 
character, and we are therefore lod to examine more closely the interpretation 
of atmospheric wave forms as radiation fields produced by distant aperiodic 
discharges In particular we may inquire what type and magnitude of thunder¬ 
cloud moment change would produce radiation fields, at distances of 3,000 km , 
such as we have observed 

If we neglect, ae we may at large distances the electrostatio and induction 
terms in comparison with the radiation term we have from (13) the change 
of moment [M] during the period of the atmoepheno 

[M]=oV[jB(*)« (14) 

But for such low frequency changes as wc are considering the atmospheric 
ionised layer and the earth act as good conductors, and so make the diminution 
of electno force with increase of distance slower than that assumed in the 
formula In fact, for two-dimensional divergence of energy between two good 
conductors the electno force would tend to vary as 1/VT and not as 1/r, as 
was first panted out and experimentally supported by Eccles f But suoe the 
* WsM and Appleton, lee. o*t, p 98. 

t Books,' Wireless Telegraphy end Telephony,' London, p IBS (1918) 

2x3 
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discharge does not take place between the ionised layer and the ground we 
may not assume such a law of electric force attenuation for all dwtanoee from 
the source We may, however, assume that a fair approximation to two- 
dimensional divergence takes place for distanoes whioh are greater than a 
oertain distance r 0 which is a small multiple of the height of the layer. In 
accordance with recent estimates* of the height of the ionised layer, we may 
reasonably take r 0 as 300 km , in which case the relation (14) must be altered to 

[M] *= c* Vr«r||EWO* (») 

To find the change of electric moment necessary to cause these impulses we 
must therefore integrate E twice with respect to t Such integrations have 
been earned out graphically for the atmospheno which, from the examination 
referred to on p 662 is believed to be typical of lightning at 300 km, and the 
results are illustrated in fig 14, where graphs representing quantities pro- 
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portion*], on widely different scale*, to dM/df, and M are shown at 

A, B and 0, respectively 

It is seen that the carve of dU/dt is one side of the ans representing a uni 
directional current discharge, while the ohange in M is in one direction only 
It is interesting to note that both the graphs representing dM jdt and M strongly 
suggest that the discharge contmuee after the radiation field beoomee too small 
to be meaeurod on tbc oscillograph Thu is possible if the continuation of the 
electno moment change were either very slow or linear 

The ohange of moment [M] which occurs during the period m which the 
radiation field is of measurable amount can be computed from (14) and (15) 
The change of moment can also be computed from the net ohange of field using 
the first term of (13) 

This has been done for the field changes found to bo characteristic of distances 
of 100 300 and 600 km from the source and the results are shown in Table X 

lable X_ 

Moment calonleted from 

Net change j Radiation Said 

100 km • I >2 0 X 10>< >1 1 x 10" 

300 1 1 x 1«' 1 • X 10" 

rtOO 2 S X 10>» 2 S X 10*’ 

* Deflection* ofl a ala loner limit only drdooible 

This very satisfactory agreement between the two methods of computation 
and with Prof Wilson a estimate (3 X 10 w o « u , itself a lower limit) justifies 
the further use of the field strength distance law of (15) to determine the 
probable radiation field at 3 000 km The resulting value 0 06 v/m, is, in fact 
the meet frequently observed radiation field strength in the present senes 
Thus it is clearly established (a) that the destruction of thunderstorm moment 
necessary to produce the eloctrostatic and “radiation” field ohange* 
measured at known distances up to 800 km from the source is of the same order 
ae that measured by Prof Wilson and { b) that such a destruction of moment is 
sufficient to produce at distances of 3 000 km from the source radiation fields 
of the magnitude most frequently measured in our observations, and that 
the Adds from such source* will be measurable, by the methods desenbed, 
at distance* over 10 000 km * 

» Wa ata pwtkmkriy indebted to Dr G C. Stmpeon for moet v 
otameottpa with thli part of the dteouatoo. 


valuable auggeftiom In 
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We now proceed to disc ns* the results of the measurements on semi permanent 
field changes It has been shown that there is a preponderance of sign, m 
that negative changes of field are at least 1 7 times as frequent as positive 
ohanges also that this preponderance is opposite m sign to that found by 
Prof Wilson who in measurements on 864 discharges found positive discharges 
1 56 times as frequent as negative discharges It has been pointed out above 
that the only difference between Prof Wilson s measurements and ours has been 
the difference in the distances of the observing station from the discharge and 
thus we conclude that certain discharges must take place which produce a 
positive change of field near the discharge and a negative change at greater 
distances Considerable support for this view is to be found in Prof Wilson’s 
own measurements where it may be seen that the preponderance of sign found 
by him is not the same at all distances For example, in the readings made at 
distances less than 5 km the preponderance increases to a ratio of 4 to 1, 
whereas at greater distance (eg 5-80 km) the ratio is only 1 5 to 1 

Using Prof Wilson s measurements alone it is natural to associate the pre 
ponderance of positive over negative field changes as indicating that thunder 
cloud discharges are more often the discharge of clouds of negative moment 
than clouds of positive moment and m this way the results might be inter 
preted as a confirmation of Simpson’s theory of thunderstorms according to 
which the air in a thundercloud is charged with negative electricity, the oorre 
sponding positive electricity having been brought to the ground in the form of 
rain But when our observations are taken into account such a view hardly 
seems tenable Since the sign of the field change is most frequently positive 
at short distances and most frequently negative at greater distances we must 
conclude that a thundercloud is frequently if not always bi polar and, to 
aooount for the sign of the field changes we must assume that a frequently 
occurring type of thundercloud is one with the positive charge uppermost and 
the negative charge underneath the resultant moment being positive Thu 
disposition of the electric charges is opposite to that involved in Simpson’s 
theory of heat thunderstorms according to whioh the negatively charged air 
would be situated above the positively charged water drops 

It ought, however, to be mentioned that Simpson* has pointed out that the 
breaking of drops is not the only way in which electricity it produoed in thunder 
storms, and that the impact of loe particles (eg, In hail storms) produces tibia 
effect Sunpson has shown that, when drops break, the air aoquirea a negative 


'PML Mag.,'London, 80,1 (1918)1 Nature,’London, 11«, 7J7 (IMS). 
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charge bat that when loe separates the air becomes positively charged Thus 
it seem* posable that hi polar thunder clouds of both signs might occur 
Let us consider the effect of a bi polar cloud of the type suggested by the 
field change observations Let A be the height of the negative charge (— Q) 
and H the height of the positive charge (assumed for simplicity to be 4- Q) 
as in fig 15 



The vertical electric force h due to such a system at a distance r allowing 
for the image effeot of the ground is given by 

2QH 2QA 

The electno force beoomeB zero at a certain critical distance r. For values 
of r leas than this the electno field is negative for distances greater than r, it u 
positive The value of r, is given by 



q b 

(Th5* (T Tft (iM 
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It u dear that if data were available for two of the three quantities H, A 
and r ¥ the other quantity oould be calculated A further reference to euoh a 
calculation u made below. 

We now turn to discuss some evidence which appears strongly confirmatory 
of the conclusions stated above with regard to the disposition of the electric 
charges m many thunderclouds As has been previously mentioned, no 
attempt has been made to analyse the net-change of field determinations beyond 
establishing the preponderance of negative field changes when measurements 
are made at distant points from the discharge ohannels But two sets of 
observations having special bearing on the matter discussed immediately above 
may be mentioned The Khartoum observations cited m II (6) (y), appear 
to indicate that the bottom of the thundercloud was negatively charged sinoe 
the discharge of the bottom of the cloud to ground resulted in the destruction 
of a negative moment They also indicate that when the discharge took plaoe 
in or above the cloud a positive moment was destroyed Thus the evidenos 
taken as a whole indicates a thunderstorm mechanism which elevates the 
positive above the negative oharge 

It has been previously shown that, in the case of a bi-polar thundercloud the 
field should be eero at a oertain critdoal distance r„ and many of the sets of 
readings were examined to see if an estimate of this quantity oould be obtained. 
In the majority of cases no doubt the simultaneous occurrence of several 
neighbouring storms makes it impossible to pick out the discharges of any one 
storm But on August 1, 1925, at 4 45 pm (Q,MT) measurements were 
made at Potters Bar on the discharges of what appeared to be a single thunder¬ 
cloud. Here it was found that as the storm approaohed the changes of field wen 
first small and negative These were followed by positive field changes which 
mareased m magnitude and then decreased, finally changing to small negative 
changee again. There can be little doubt that here we had an example of a 
bi-polar cloud, the electee field of which reversed at a certain critical distanoe, 
which, from intervals between the crashes as heard in a wireless set and the 
thunder, appeared to be about 8-10 kilometres 

The result# discussed above -obviously have a bearing on Prof. Wilson’s 
theory of the maintenance of the earth’s oharge. According to this theory 
the earth’s negative charge is maintained (in spite of the normal fine weather 
air-earth current of 1,000 amperes which tends to neutralise it) by the action 
of thunderclouds which send intense negative ionisation currents to the ground. 
It has been shown above that a frequently occurring type of thundercloud is that 
with the positive charge uppermost and negative oharge underneath, whioh will 
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act as ft luge source of electromotive foroe tending to send poeitive electricity 
to the upper conducting layer and negative to the ground Such transport of 
slsotmty la of the type required to account for the maintenance of the earth » 
oharge aooordmg to this theory 

During the wave form observation* it was frequently found that due to the 
presence of neighbouring thunderclouds or shower clouds ap appreciable 
current was flowing in the aenal circuit producing an electromotive force 
aoroea the resistance p (see fig 3) of sufficient magnitude to move the oeoillo 
graph spot of! the screen It was usually possible to bnng the spot back to the 
zero position with the aid of the potentiometer P t (see fig 3) but very often 
the potential across p could not bo neutralised with the potentiometer battery 
of 20 volte, normally used It seems fairly clear that the phenomenon was due 
to the intense ionisation currents which flow to the ground because of the brush 
discharges which are produced at the surface of the aenal by intense potential 
gradients due to charged clouds The order of magnitude of the field at the 
surface of the aenal wire may be estimated approximately os follows Let us 
consider an aenal of capacity C# of such a shape that the capacity is mainly 
due to the horizontal portion which is a wire of radius r length l and average 
height A Then if dVjdh is the undisturbed potential gradient the charge of 
unit length q of the wire will be given approximately by the product of the 
capacity per Unit length (C*/f) and the undisturbed potential at height 
A (A dV/dh) Thus 



Vow as a rough approximation we may consider this oharge as uniformly 
distributed over the surface of the wire so that the charge per unit area a is 
given by 

„ * *2 h W J_ 

l dh tor 


The electric field E at the surface is thus given by 


E 


Cj4nA dV 
1 2nr dh 


dV 

dh 


( 16 ) 


The constant K therefore represents the number of times the normal earth • 
field on flat ground u increased at the surface of the aerial In our ease we 
kdG, *« 0 0027 mfd =■ 2 500 cma and A = (500 metres l •> 15 metres 
f-Ofoa 
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Therefore 

_ 2,600 x 2 x 1,600 _ ^ 

K= '00,066 X6 2 800 

We thus see that on a normal day, when the atmospheric gradient is 100 volt* 
per metre, the gradient at the surface of the aerial wire is 80,000 volts par metre,* 
which would tend to produoe brushing It is then evident that if the vertical 
potential gradient is increased in numenoal magnitude due to the presence of 
oharged clouds vigorous brush-discharges may be expected to oocur on a wireless 
aenal resulting in comparatively large currents in the aerial system In this 
way ourrents of 40 microamperes were very often measured. Both positive 
and negative currents down the aenal were observed, the change of sign often 
taking place within a minute or so 

Thanks are due to the Department of Scientific and Industrial Research, 
which, on the advice of its Radio Research Board, provided facilities for the 
work desenbed, and accorded permission to publish the results We axe 
indebted to the Atmospherics Committee of the Radio Research Board, and 
to two of its members in particular, Prof C T R. Wilson and Dr 0 C Simpson, 
for their interest and advice at all stages of the work We gratefully recognise 
how much wo are indebted to Prof. Wilson’s published work on ' Atmospheric 
Electricity ’ for guidance m the interpretation of the experimental results 

Appendix I 

The triode circuit shown in fig 5, and briefly desenbed on pp 624-6, is of 
intrinsic interest as an example of a non-linear assembly apart from its present 
use in the production of the special form of oscillograph tune-base utilised in 
these experiments As it was necessary to know the factors controlling the 
characteristics (e g , voltage amplitude, tuns of “ backstroke,” etc) of this base, 
a separate investigation was made to determine the factors influencing the 
periodic grid-voltage changes m this system In this investigation (in which 
we had the valuable assistance of Mr F A Bannister, of the Cavendish Labora¬ 
tory) certain facts emerged which have enabled us to oonstruct what appears 
to be an adequate account of the working of the oscillator 

The circuit of fig 6 is redrawn in fig A, where the diode, for simphaty in 
explanation, has been replaced by a simple resistance R 

It is scan that, apart from the capacity C and reeistanoe R the cmrait is a 
simple trtode oscillator assembly with electromagnetic reaction. If the ccupihlg 
• The notion of a possible local apses eArgs Is here negheM. 
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M between 1^ and L is of the correct sense and magnitude (depending on C, 
Li r and the tnode parameters) high frequency oscillations will start m the 



circuit Lj( j in the usual way Such usullations are still possible in the presence 
of (. since it* reactance is small at such high frequencies But if the rosurtance 
R ii sufficiently large to effect a partial insulation of the gnd a* in the present 
experiments the effect of the gnd current on the mean gnd potential must be 
Considered 

Let us suppose that due to the self excited oscillation a potential difference h 
exist* at any instant at roes the condenser Cj Then it may be shown* that 
the gnd potential v (between gnd and filament) is given by the relation 

dt^ Irl^V t r dt w 

where the non linear relation between the gnd current » and the gnd potential v 
la wntten as a first approximation 

» = «H (b) 

In the present case fc, is oscillatory so that 


An approxm ate solution of (A) in this case u 




+ term of angular frequency 2w (o) 
* Appleton sad T.rtor ' Proc. lost Red. Eng to) 18, No. S, p »4 (Joae, 1W4) 
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■where 



We thus see that, a* a result of the partial insolation of the gnd, the mean grid 
potential f finally assumes a negative value* (given by the first term m the 
expression for e), determined by the amplitude of the oscillation, the reeutanoe R 
and the gnd current characteristics 

But m a self excited oscillator, such as we are considering, the amplitude of 
the oscillation is determined by the mean gnd potential so that as f becomes 
more negative the value of (a) alters The solution (C) is therefore not generally 
applicable The inadequate mathematics, due to the intractable nature of the 
general non linear equations desenbing the whole phenomenon, may, however, 
be supplemented by experimental results The relation between the amplitude 
of oscillation and mean gnd potential has therefore been determined in an 
experiment m which the mean gnd potential was varied continuously by means 
of a potentiometer To determmo the amplitude of oscillation a detecting 
coil in senes with a crystal detector and sensitive galvanometer was weakly 
coupled to the coil Lj 

The relation between the galvanometer reading (which is proportional to 
the square of the oscillatory current) and the mean gnd potential is shown in 
fig B together with the ordinary gnd potential/anode-current oharaotenstio 
of the tnode 



It will be seen that when the mean gnd potential is aero an oscillatory 
amplitude indicated by the point J obtains, but that as the mean grid potential 
becomes negative the oscillatory amplitude pastes through the values indicated 


i and S are in normal omm both posMva 
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by 0, K sad H Wien the mean gnd potential reaches the value of — 29 volts 
the oecillation is no longer maintained and the gnd potential must now be 
reduced to — 7'8 volte before the oscillation starts again We thus get an 
oscillation-hysteresis cycle, and it is on this that the peculiar action of the 
oscillator depends Let us now consider whaf happens when the cyole of gnd 
potential la brought about, not by means of a potentiometer but by the action 
of gnd current on a partially insulated gnd, m the manner desonbed above 
When the oscillation starts the gnd becomes rapidly negative If the resistance 
R is not too high a kind of equilibrium may be finally attained so that the mean 
gnd potential remains fixed at a negative value For example, to get maximum 
oscillatory current from this particular tnode the value of R could be adjusted 
so that the gnd potential reached — 22 volts, m which case the oscillatory 
current would be represented by the point K* Other things being the same, 
this equihbnum mean negative gnd potential will be numencally greater the 
greater the value of R But if, as m our experiment*, R is made very large, 
the mean gnd potential may proceed to the extreme value of — 29 volts and 
still not have reached an equihbnum value, m which case, due to the inductance 
in the circuit, the mean gnd potential will momentarily beoome more negative 
than — 29 volts and the osoillation u suddenly quenched The gnd condenser 
now charged to — 29 volts discharges through the resistance R m the usual 
exponential fashion, the rate of discharge being determined by the magnitude 
of CR until the region of finite anode current is again reached, when, at — 7 8 
volts, the oscillation begins again and the cycle is repeated. Thus while the 
oscillatory amplitude undergoes changes indicated by the curve BC, K, HA, 
the mean gnd potential rapidly changes from B to A, During the return half 
of the cyole no oscillation exists while the gnd potential alters slowly from 
value A to value B f When used for the pjrcduction of a unidirectional time- 
base the rapid gnd voltage change from B to A produces the invisible transit 
of the oaoillograph spot from right to left, while the slower change from A to B 
controls the left to right transit during which wave-form observations we 
made. 


* For further details on this point vid* Appleton and Thompson, 'Town. LB.E.,' 
rtf. O, No. MO, p. 188, February, 19K 

t That this view of the aetioo of the oeeiHator fat the oooeot cos was verified by dis¬ 
charging the grid oondenser through a ballistic galvanometer Immediately after the oeamtion 
of • train of Ugh frequency oscillations. From the quantity of electricity discharged the 
voltage <4 the condenser was estimated to be abort equal to the grid potential an miry 
for stopping oeeUtition*. In this experiment the grid co n de ns er and leek were both made 
very large to that the time between two train! of oeoilletton* was about t minutes 
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We thus see that the amplitude of the gnd potential change AB available 
for use on the oscillograph is the difference between the limiting gnd potentials 
for the starting and stopping of oscillations * This difference increases with 
increase of retroaction and anode potential We should therefore be able to 
oontrol the length of the time-base by means of these variables Thu has been 
found to be possible. The above explanation also suggests that the time of the 
charging of the gnd condenser should be smaller the larger the frequency of the 
circuit, the smaller the capacity C and the larger the gnd current Thu has 
been confirmed in a general way, for the shortest time of the nght to left transit 
of the oscillograph spot is always obtained when the capacities C, and C are 
as small as possible and the tnode filament is bnght To make the discharge 
of the condenser uniform and not exponential a saturated diode is used, as 
previously mentioned, in place of the resistance R The tune of the left to 
nght transit of the spot is usually controlled by varying the emission of the diode 
rather than by varying the oondenser C whiob, for reasons given above, is 
kept at a low value 

It is recognised that there it, however, a limit to the smallness of C, for with 
very small values of C its large reactance precludes effective gnd relay action 
and self-oscillation in the circuit become* impossible 

Summary 

The experiments on atmospheric wave-forms recorded in preceding papers 
have been supplemented by observation* on the net changes of the earth’s 
eleotno field, resulting from hghtmng discharges These observations have 
been made at Aldershot, Cambridge, Helwan and Khartoum, and show that, 
at distances greater than 60 km from the discharge channel negative changes 
of field are at least 1 7 times as .frequent as are positive changes. Sinoe the 
field-changes at such distances may be taken as indicative of the sign of the 
thundercloud moment destroyed by the flash, it is concluded that lightning 
flashes resulting in the destruction of positive electric moments are at least 
1 7 times as frequent as are those of opposite character. 

2. A satisfactory reconciliation with Prof. Wilson’s determination of the 
eleotno field changes produced by lightning discharges within 25 km, m which an 
opposite preponderance of sign was obtained, is posable if thunderclouds are 
assumed to be ta-polar Other evidence of saoh bi-polanty is cited 

3. It is shown that a frequently occurring type of thunderstorm mechanism 
u. one which elevates the positive charge above the negative. This type of 

* Of Appleton and Thompson, he M 
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thundercloud polanty u that required by Prof. Wikon’i theory of the mainten¬ 
ance of the earth's negative charge 

4 Lightning discharges are shown to be capable of producing radiation 
fields similar m wave-form and magnitude to those of atmospherics of distant 
origin. 

5, An Appendix deals with the theory of the linear ume-baae used m the 
observations on wave-forms 


The Scattering of Alpha Particles through Small Angles 
By D. 0 Rosa, M So , 1801 Exhibition Scholar, Queen’s University, 
Kingston, Canada. 

(Communicated by Sir E Hutberford, O M., Pres. R 8 —-Received May 20, 1926 ) 

The single scattering of alpha particles has been used for some time with 
considerable success to determine the properties of the electric field surrounding 
the nucleus of atoms, and also many of the properties of the atom itself An 
aooount ta given in this paper of experiments on the scattering of alpha particlea 
through small angles by thin gold foils It was hoped that these observations 
would give some information as to the nature of the electric field at some 
distaaoo from the nucleus, and what effect the inner K shell of electrons has 
on it 

In 1911, Rutherford* defined " single ” scattering and developed the laws of 
aintfe scattering based on sn inverse square law for the field surrounding the 
nucleus. Later Darwinf extended this theory so that it oould be applied to 
light atoms. In 1913 Geiger and Marsden} performed elaborate experiments 
on the scattering of alpha particles by metallio foils in order to test this theory of 
atomio structure. They observed the scattering of alpha particles of about 
4 ems, range by gold foils over angles between 5 and 100 degrees It may be 
calculated that these angles represent distances of approach of the alpha 
particles to the gold nucleus between 4 6 x 10 ->i and 0 1 x 10~ u cm Their 
results show that over this large range the law of inverse squares Applies at least 

• * PUL Msg.,’ to! 21, p. «e (MU), 
t * PUL Msg-’ T 0 l 27, p. 490 (1914). 
t 1 PUL Msg voL 26, p. 004 (MM) 
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approximately In 1920 Chadwick* further confirmed the theory by measuring 
the atomic number of platinum, silver and oopper by nattering Further 
experiments by Rutherford f Chadwick and Bieler $ and Rutherford and 
Chadwick? on the Nattering of alpha particle* by gaaee and light atoms show 
that the law of inverse squares breaks down when the alpha particle oomee very 
close to or penetrates the nucleus From results of these experiments however 
important properties of the nucleus have been derived 
In this experiment we are concerned only with distant interactions between 
alpha particles and nuclei If an alpha particle is projected on to a thin foil, 
Rutherfoidt has shown that the probability of a deflection through an angle 
between ^ and d<j> is 

COt-|.coeec*|-<ty (1) 

where 

"*$-? “ d *-“ * 
and p =■ distance from the original line of motion of the alpha particle to the 
nuoleus 

N -- atomic number 
e — electronic charge 
B = the charge on the alpha particle 
m =«• the mass of the alpha particle 
V o* the velocity of the alpha particle 

n «■ the number of atoms per cubio centimetre m the scattering foil 
t = the thickness of the scattering foil 

If we put Q equal to the number of alpha particles per minute incident on the 
scattering foil and y equal to the number per minute deflected through 
angles between & and fa then on integrating we get 

y = ^(oot*&-cot^) (l) 

If the field is to be investigated at relatively great distance* from the nucleus, 
equation (2) shows that the angle* must be small The radius of the S shell 
of electrons for gold, according to Bohr’s atomic model, and date on the 

* 'PM Ua|, nd 40, p 7U (1890). 
t ’PM Msg.’ voLW.p 697 (1919) 
t ' PUL Hagvel 41, p. 993 (1891). 

1 1 FblL MagV vol to, p» 809 (1896) 
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K absorption limit, u 0 69 x 10~ )0 cm A calculation based on the above 
theoty show* that an alpha particle from polonium, whose nearest distance of 
approach to the nucleus u this distance, would be deflected through an angle 
of 3 78 degrees Consequently, it was decided to attempt to measure the 
number of particles scattered through angles varying from one degree to eight 
For these small angles cot <£/2 may be put equal to 2/^ and equation (3) become* 

y - W 

If all the particles scattered between angles fa and fa are counted, that la, 
counting all those through an annular nng of inner radius d, and outer radius 
fa, so that — ■* fa and fa, where t equals the distance from the scattering 
material to the annular ring, see fig 1, then 

m 



Fw 1, 


This may be tested m two ways, first m the form 

»-Ki»* or (6) 

where ^ is the average angle. This is quite accurate when d t — fa is consider¬ 
ably smaller than fa Secondly, the oonstant K may be evaluated from 
which involve* the dimensions of the apparatus, the sue of 

the source, and the nature and thickness of the scattering foil. 

By means of these relations it was hoped to investigate the nature of the 
nuclear field at distances from the nucleus from about Geiger and Marsden’s 
outer limit to well beyond the K shell of electrons In order to use these 
relations, however, the scattering foil must be so thin that single scattering 
only is effective, that is, that the probability of a particle undergoing two or 
vol. on.—a. 2 T 
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mow atomic interactions, such that the deflections make up the angle and* 
observation, is negligibly small. If the foil is thicker, so that the deflection 
of the particle is the resultant of a small number of atomic enoonnters (" plural 
scattering ”), or if it is so thick that the deflection is the resultant of a very 
large number of atomic encounters (“ multiple scattering ”), different relations 
hold These problems have been discussed along lines based on earlier theories 
of atomio structure by Thomson,* Rutherfordf and Darwin } Later, papers by 
Jeans, § Mayer,|| Geiger,Bothe,** and Wen tael ft seem to indicate that for 
multiple scattering at small angles the scattering relation is similar to Gauss’s 
error law, while at regions between multiple scattering and single scattering the 
relations worked out by Wentsel for beta rays seem to fit beet He considers 
those which undergo no deflection, a deflection by one encounter, a deflection 
by two encounters, etc, separately, and totals them together for the final 
scattering function Wentzel also worked out a criterion for single scattering 
He showed that one can be sure of single scattering when <£> 4co, where to 
is the angle of single scattering corresponding to 

P- a/X (7) 

v imt 

p and to being connected as in equation (2). This on tenon is rather indefinite 
when one is concerned with regions where plural scattering is just noticeable 
The results of these expen meats will be seen to give further information on 
this point 

Apparatu* and Method of Experiment. 

A plan of the apparatus is shown in fig. 2. A source 8 of radio-active material 
was deposited on the end of a nickel or platinum wire about 0-8 mm in diameter. 
Just in front of 8 is an aperture A over which a mica window M of known 
stopping power may be placed to reduce the velocity of the alpha-particles A 
brass tube T was placed between apertures A and B to prevent particles 
scattered from the walls, etc , from getting into the counter without several 
deflections through large angles. Thu prevents stray particles from affecting 

* ‘ Proo Camb Phil BooV vet 40 (1910). 

f • Phil Msgvol 81, p. 680 (1011). 

t ‘Phil Hag.,’ vol 28, p. 901 (1912) 

| ' Roy, 8 oc. ProoA, vol 102, p, 4*7 (1923). 

|| < Aan. Phyrik,’ vol 41, p. 981 (1918). 

* ‘Roy 800 . Proo / A. voL 83, p. 40i (1910), and vol. 86 , p. 286 (1912) 

, ** ‘ Z. f. PlydV vol 4, p 800 (1821). 

tr ‘ Ann. <Ur Phyi.,‘ vol 60, p. 385 (1832) 
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the results The aperture B defines the beam of alpha particles used in the 
experiment. The diameter of A was 0 0828 cm and of B. 0 0853 om Thu 
arrangement allows a slightly divergent beam of alpha rays to strike the 
scattering foil Jeans (loc oU ) has shown that no correction for the angular 
divergence of the incident beam is necessary m the scattering relation provided 
the angles through which the scattering was measured were considerably larger 
than the outer limit of the divergence of the incident beam The smallest angle 
through which scattering was observed was 1 2 degrees and the apertures 
limited the divergence of the incident beam to about half a degree Another 
aperture C was placed m front of B of such sine that it stopped the alpha- 
particles scattered from the edge of B just letting the main beam through 
The scattering foil P was hung m front of C in such a way that it could be lifted 
otf by a hook The apertures source holder and scattering foil were held in 
place with adjusting screws so that they could be accurately lined up with the 
hole in the centre of the end plate E These screws fastened them to a slide 
which oould be moved along a rigid square brass rod The whole apparatus was 
enclosed m a large brass tube so that it oould be evacuated In the end plate E 
was cut an annular ring, with the above mentioned hole m its centre This 
was covered on the outside with a piece of mica fixed on with soft wax to make 
an airtight seal The alpha particles were counted by a Geiger electrical 
oounter, placed as shown The mica window (about 2 erne stopping power) 
separated the counter from the rest of the apparatus Later some of the results 
were oheoked by the scintillation method in which oase the oounter and the 
mica window were replaced by a sine sulphide screen. 

The alpha-particles from 8 whioh get through C are scattered by the foil F 
Those scattered through angles between fa and fa as shown m fig 1, will entei 
the annular nng and be recorded The mean diameter of the annular ring 
was 0 598 om, and its width (the difference fa — fa) was 0 0176 om The 
apparatus was of such sue that the angle <f> could be varied from about 1 to 
8 degrees by moving the slide along tho brass rod, to or from the end plate 
Thu was aooomphshed while the apparatus was evacuated by means of a 
stopcock windlass (not shown) at each end of the apparatus. Another stop- 
coolc windlass (not shown) worked the hook whioh lifted off the scattering foil 
Thu hook served a further purpose in that it oould be let down between the 
aperture B and the tube T so that the beam o£ alpha rays waa totally out off 
and the effect of any stray particles detected None wen found The distance 
from the scattering foil to the annular nng oould be measured accurately by 
a calibrated scale on a brass rod, fig 2, one end of which wae fastened to the 

2 r 2 
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ahde The other end went out through a email bran tube in the end of the 
apparatus, as shown. A glass tube dosed at the outer end was waxed over 
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the small brass tube so that the position of the scale could be read opposite a 
mark at the end of the brass tube 

In front of the ring and hole was a shutter in the form of a wheel which 
covered them both The wheel could be turned while the apparatus was 
evacuated by means of a conical brass joint m the end plate, and had various 
apertures out in it so that the entrance into the counter was in one of the 
following forms — 

(1) Annular ring only 

(2) Hole u oentre only 

(3) No opening at all 

(4) Half of the annular ring, cut off vertically. 

(8) Half of the annular nng, out off honaontally 

(1) was used for counting the scattered particles, (2) for the direct beam, 
(3) for finding the natural effect of the counter, (4) and (B) to oheolr the align¬ 
ment of the apertures Two plate glass windows in the side of the large brass 
tabs made it possible to observe the setting of the shutter mid the manipulation 
of the hook which removed the foil 

By drawing the slide back some distance from the counter end, and attaching 
a source of polonium in front of the foil F, the end plate could be uniformly 
bombarded with alpha-rays. By counting tot through the annular ring and 
then through the hole and comparing the result with the ratio of the areas of 
the two as measured by a travelling nuoroeoope, the action of the counter 
over the whole annular nng oould be tested. Great difficulty was experienced 
in getting the counter to work for particles entering through aU parts of the 
ring. Beet result* were obtained with a counter of 1*5 to 1 B cm. inside 
diameter with the end faring the ring completely open, and about 1 mm. away 
from the mica window. The point must be exactly central end about 4 cm. 
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back from the mica window The counter was worked between 900 and 
1,000 volte, and about half an atmosphere pressure depending on the 
sensitivity of the point Steel points were used as they are easy to grind 

It was found advisable to measure the fraction of the ring out off by the shutter 
in positions (4) and (0) by counting with the same source used to check the 
aotion of the counter over the whole annular ring rather than by measuring 
the amount out off by means of a travelling microscope or attempting to make 
it exactly half 

The scattering material used was gold because it can be obtained m fairly 
uniform thin sheets The value of nt could be calculated either from weighing 
a large piece of gold leaf and using a sample of it for the experiment or by 
measuring the stopping power of several layers of the gold leaf The first 
gives nuuh too low a value os in the woighmg of a large piece many holes 
cannot be accounted for and in choosing a piece for the experinn nt a very 
uniform piece is naturally token The results show that the second method 
worked much lietter though it cannot be considered as accurate because the 
actual piece used m measuring the stopping power cannot be used in the 
experiment Mr F Oldham kindly measured for mo the stopping power of 
some samples of gold leaf by an accurate lomzation method It was considered 
not advisable in these experiments to c< ncentrate on on absolute measurement 
of the amount of scattering but rather to compare the number scattered at 
different angles for previous experiments have shown that under certain 
conditions the amount of mattering agrees very closely with that predicted 
by the nu< lear theory 

A Rouice of polonium was used for the main part of the experiment as it 
gives only alpha rays and has a suitably long period It was found that 
sources which givo beta and gamma rays could not be used with the electrical 
counter, because the gamma rays caused a much greater effect than the 
relatively small number of alpha rays whuh pass through the annular ring 
As the aperture A was necessarily small (0 0828 era diam), the area of the 
surface on which the polonium could be effectively deposited was small but 
it could be increased to between 2 and 3 sq mm by making the source holder 
Jit the shape of a conical point Even with this area it was found impossible 
to get a sufficiently large source to make counting easy The polonium was 
deposited on nickel by the method described by Mile Irene Corn*,* but it 
seemed that as soon as any appreciable quantity was deposited the action ceased, 
pssWdy on account of the intense ionisation due to the material already 
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deposited After repeated atffcrapte Dr Chadwick who kindly prepared the 
sources for the experiment succeeded m depositing about 0 2 mg activity 
of polonium on the point With this quantity the alpha particles came 
through the annular ring at the rate of about three per minute when the 
apparatus was set so that they were deflected through angles of about 6 1 agrees. 
With this source the mio* window M was omitted as the velocity of alpha 
particles from polonium (range 3 925 cm ) was suitable for the experiment 

The number of alpha particles from the source was measured by another 
counter placed on the end of a long glass tube The source was plaoed 
symmetrically in the tube about 60 cm from a small opening into the counter 
and ebonite stops were put in the tube about every 15 cm to prevent partioles 
scattered from the walls of the tube from getting into the counter The whole 
tube was then evacuated The strength of the source was measured in this 
apparatus before and after the experiment 

The results were checked using a source of thorium active deposit a larger 
quantity of which could be deposited on a small platinum surface For this 
source the mica window M was used to cut out the short range particles and 
to cut down the velocity of the long range particles to that corresponding to 
a range of about 4 cm In this case the scintillation method of counting 
the alpha partioles had to be used because as mentioned before the gamma 
rays caused many more defleotions with the electrical counter than the small 
number of alpha particlee passing through the ring The sue of this source 
was measured by letting it decay for a day and then counting the number o! 
particles coming through the hole in the centre of the annular ring the 
scattering foil having first been removed As only relative results were used 
in this part of the experiment it was not necessary to know the activity of 
the source accurately The whole apparatus was placed between the polw 
of a large electro magnet m order to deflect the beta rays away from the 
screen 

■Results and Condunoru 

Two separate runs were taken with the polonium source For the first, 
the results of which are plotted in fig 8 two layers of gold leaf were used as 
the scattering material The full curve represents the relation 

y=» 

The broken curve and the points marked represent the experimental results. 
The curve fits the observations fairly well at angles greater than about 2 5 degrees. 


35 07 

" 7 " 
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Tht deviation at smaller angles u probably due to multiple or plural Mattering 
At larger angle* single scattering alone is effective. As the angle of scattering 



T-1-5 

<f>, degrees 
Fio.3 


decreases the effects of plural scattering become apparent, and the amount 
of scattering should first inorease slightly above that of pure single scattering and 
then decrease below it st still smaller angles A tabulation of the results 
shows this to be the oase (see Table I) The first oolumn is the average angle <j> 
at which the scattering was observed. The Beoond is the number of alpha- 
particles scattered at this angle per 1,000 particles incident on the scattering 
foil. The third column is the product In the fourth oolumn the number 
of alpha-particles oounted at each point is tabulated to show the accuracy of 
the experiment The first four points show multiple scattering so are not 
tabulated in column 5 

From equation (6) the product y4> 1 should be a oonatant. Column 3 shows 
that tt approaches a maximum and then decreases This would be the expected 
result of {dural scattering The last four points are rather erratic, which is 
to be expected due to the small number of particles oounted Any great 
aoeoracy at these points was out of the question because the rate of oountmg 
was from 1 to 3 alpha-particles per minute, and the natural count of the counter 
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Table I 


was usually from 2 to 4 particles per minute The constant 35 07 used in 
plotting the curve drawn in full m fig 3 is the weighted mean of ytf> in Table II 
from the point ^ = 2 94 to the point <j> =* 4 49 degrees inclusive The 
theoretical value of this oonstant calculated from measurements of the stopping 
power of the gold leaf is 32 2 The observed value would probably approach 
this closely at about 6 degrees 

Fig 4 and Table II represent the results for one layer of gold leaf as the 
scattering material The weighted mean valuo of K in this case is IB 17 
using all points except the first It is rather off the curve oe would be expected 
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Table II 


Average Angle 
Dr^reee 


(1 ti« 14 l 1547 

7 li 15 i 1 253 

4 01 10 4 847 

MO 15 5 750 

1 ) 13 H 581 

1 04 13 4 520 

111 10 8 311 

due to plural scattering lhe calculated value if the same content is 16 1 
This would indicate that tho effect in this case was all due to single scattering 
but ag pointed out before the foil used for calculating the constant could n it 
be tho one used in the experiment so very close agreetm nt should not 1 o 
expected 

The k Vhell of tied rout 

It might be expected that the alpha particles which passed at a distan c 
from tho nucleus nearly equal to the radius of the K shell of electrons woul 1 
be affected more than the othira If a considerable number of thisc lnnin 
the K shell in some way or other theso particle* would probably bo further 
deflected This would lefcve a depressior with a minimum in tho scattering 
curve at an angle where tho nearest distance of approach of the alpha particle 
to the nucleus is equal to the radius of the K shell A suggest ion of sue h a mini 
mum may be seen in the curve in fig 4 Tho points at 2 54 and 2 94 degrees 
are muoh lower than the theoretical curve and seem to indicate a minimum at 
about 2 7 degrees The nearest distance of approach of the alpha particle 
to the nucleus for this angle on an inverse square law of force is 0 86 X 10 10 
cm. This is calculated on the assumption that the nuclear oharge is effectively 
79e, or that there is no shielding effect due to the inner electrons Assuming 
a shielding of 2e for the K shell this same distance becomes 0 84 X 10 10 cm 
This is about 22 per cent larger than 0 69 X 10~ w , which if the value oaloulated 
from Bohr s atomic model At it does not appear at all on the curve in fig 3, 
though the effect would be considerably masked by multiple scattering it is 
quite likely that it is merely a probability variation Taking this view the 
remits would show that the probability of an alpha particle ionizing the K shell 
is quite small The mechanism of such an ionization is difficult to imagine 
became the velocity of the electron according to Bohr's theory is more than II 
Iums that of the alpha particle Treating a nearly head-on collision between the 
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two as a two-body problem, the force being attractive, it may be shown by 
conservation of energy and momentum law* that the direction of motion of the 
electron would be reversed and its velocity reduced, hence, because the forces 
are attractive, the electron gives energy to the alpha-particle instead of receiving 
energy from it However, the alpha-particle has enough energy to ionize the 
E shell and as it is not unlikely that the mechanism of suoh a oollision may 
be affected by the nucleus or by some kind of quantum conditions such an 
ionization is not impossible 

When the nearest distance of approach of the alpha-particle to the nucleus 
is equal to the radius of the K shell calculated from data on E absorption 
limits and Bohr’s model of the atom the deflection based on the inverse square 
law should be 3 87 degrees At much larger angles the alpha-partioles pene¬ 
trate well into the E shell and should be scattered according to Rutherford’s 
relation At smaller angles, that is a greater value of p, the shielding effect 
of the E shell, if there is any, should cause a smaller deflection than if it were 
not there If there is a shielding effect of — 2« the number of alpha-particles 
deflected through angles less than 3-78 degrees would be (77/79)* tunes what 
would be otherwise expected That would mean an ascending value of y^* 
as the angle was increased instead of descending as the tabulations show. 
Unfortunately, owing to the small activity of the polonium source, it was 
impossible to obtain a proper test for this effect A further attempt, however, was 
made with a thorium B and C source 

In order to increase the accuracy, all the counting was concentrated on 
two points, 2 21 degrees and 4-08 degrees, so that a large number of partioles 
could be oounted for each point The ratio of the number of particles counted 
at these points should be, if there were no shielding, equal to the inverse ratio 
of the squares of the angles, namely 4*29 Using one layer of gold leaf as the 
scattering material the experimental ratio was 4-43 with a probable error of 
about 8 per cent. With two layers of gold leaf the ratio oame to 6-58 with a 
probable error of about 10 per cent. Enough particles were counted to give much 
greater accuracy than this, but a great deal of difficulty was experienced 
due bo contamination of the zinc-sulphide screen during the coarse of the 
experiment. The natural count of the screen had to be taken several times 
throughout each series of counts, the results {dotted and the correction taken 
from pouts on the curve corresponding to the time of the counting with the 
annular ring open. Usually at the beginning of the run the contamination 
was of the same order as the number of partioles passing through the ring at the 
larger angles, 5 to 7 alpha-particles per minute for most runs. The larger 
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angles had to be treated first in order to get a is efficient number of particles 
before muoh of the source was lost by decay 

Invent Square Law 

Other experiments, previously mentioned, on the scattering of alpha-partaclea 
by gold have shown that the field surrounding the nucleus obeys the inverse 
square law of forces fairly closely at distances from 8*2 X 10" la cm. to 
5 1 X 10 -n cm from the nucleus The main part of this range was covered 
by Geiger and Marsden in their experiment to test the nuolear theory Their 
experimental reeults for the relative scattering by gold at different angles 
agreed to within about 20 per cent of those predicted by,theory for particles 
whose nearest distance of approach to the nucleus was from 4 6 x 10~ la cm. 
to 6 1 X 10 _,1 cm Rutherford and Chadwick tested the region from 
3 2 X 10~ ls cm to 6 6 X 10~ ,s cm much more accurately Their results are 
witbm 10 per cent of those predicted by theory They measured not only 
relative scattering but also absolute scattering, and from the experimental reeults 
doduoed the nuclear charge for gold It agreed to withm 2 per cent of the 
atomic number times the elementary charge This gave a oheok against 
Chadwick’s results with platinum as the scattering material He deduced the 
nuclear charge from his experimental results to within about 1 per oent. of the 
atomic number times the elementary charge and also showed that the inverse 
square law was obeyed for particles whose nearest distance of approach to the 
nucleus was from 7 X lO'^cm to 14 X 10"'* cm The results of the present 
experiment indicate that the nuclear field obeys the inverse square law fairly 
closely for distances from 0 4 x 10 -1 °cm tol 7X 10" w ran or to about 2 J times 
the radios of the K shell. For most of the points more than 600 alpha-particles 
were counted, so the probable error should be about 4 per cent, bat deviations 
due to multiple scattering and possibly due to the K shell of electrons, as 
suggested previously, make it difficult to say to what aocuracy the inverse 
square law holds. It would certainly be considerably better than 10 per cent. 
A calculation based on measurements of the stopping power of samples of 
the gold foil give a value for the oonstant K m equation (6), within 10 per 
cent, of the experimental value As K, on the nuolear theory, is proportional 
to S 1 , the experimental determination of the atomic number N is withm about 
8 per oent. of the known value. Hence, we may oonolude that for distances 
from the nucleus from 3-2 x 10"‘* cm to M x 10" w om the inverse square 
law holds and the effective nuclear oharge at thsse distances is within 5 per 
oent. or less of the atomio number times the elementary charge. 
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Untenon /or Single Seattenng 

As mentioned previously Wentxel’s criterion for single scattering says that, 
as long as <f> is considerably greater than 4c> one oan be sure of single seattenng 

w being the angle of single scattering corresponding to p = a / — but he 

V n nt 

gives no information as to how much greater or how many times 4 w the angle ^ 
should be For one thickness of the scattering foil used the value of nt as 
measured by the stopping power is 0 73 x 10 u The corresponding value 
of 4<o is 1 degree 4 minutes For two thicknesses of the scattering foil 4<o is 
3 degrees Examining ths curves in figs 3 and 4 and Tables 1 and II it is 
seen that the resultf agree with the theoretical value of very closely at 
somewhere about 6 or 7 degrees in the oase of two foils and about 2 20 degrees 
m the case of one foil Tins means that it would be safe to say that so long as 
<^> is not less than 10m one can be sure that the effect is practically all due to 
single scattering 

ttnmary 

The single seattenng of alpha particlos through angles from 1 2 degrees to 
over 8 degrees has been measured The siattenng material used was gold 

The seattenng curves indicate that the nuclear field obeys the inverse square 
law fairly closely for distances from 0 4 x 10 10 cm to 1 7 X 10 10 cm 
from the nucleus Other experimenters have shown that the inverse square 
law of force holds up to 3 2 X 10 13 cm from the nuoleus The results are 
not accurate enough to detect any shielding effect due to the K shell of electrons 

The curves indicate that the K shell is not lotuted to any appreciable 
extent 

Wentael’s entenon for single scattering has been extended The effect is 
practically all due to single scattering when the seattenng angle is not 
less than lOu where w is the angle of single scattering corresponding to 



In conclusion, I wish to express my thanks to Sir Ernest Rutherford for 
continued interest and to Dr J Chadwick for suggestions and preparation of 
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1 The structure of beryl described in this paper, has some interesting features 
In the first place, the ratio of sihcon to oxygen atoms in the molecule is that 
of a metamhcate As far as we know, no other example of a metasilicate has 
as yet been completely analysed (Wyckoff* has made some measurements on 
diopmde MgCa(8iO,)„ but has only succeeded in determining its space group) 
Although the ratio of silicon to oxygen is as one to three we find no SiO, 
groups in beryl We find instead an arrangement of oxygen atoms around a 
Sihcon atom of exactly the same conformation as the groups (SiOi)““ m 
typical orthoeihoates such as olivmef and garnet J In this metasilicate the 
ratio of one silicon to three oxygen atoms is effected by a sharing of two oxygen 
atoms of each tetrahedral 8i0« group with neighbouring groups Thus the 
structure forms an intermediate stage between the orthoaibcates and the 
structures of quarts} and chnstobahte|| where every oxygen atom is shared 
by silicon atoms This interesting feature may throw some light on the 
structure of other metasilicates In the second place, we have analysed the 
structure by making careful quantitative measurements of the absolute 
intensity of X ray reflexion, and interpreting these measurements by the 
formulse which have proved to hold for simpler cases The structure is one of 
moderate complexity, depending on seven parameters We hope to show 
that all these parameters can be directly and accurately fixed The analysis 
is greatly simplified when quantitative data are available, and there appears to 
be no reason why structures with many more parameters should not be 
attacked in the same direct manner 

2 Beryl belongs to the holosymmetno class of the hexagonal system 
Groth (‘ Chemische Krystallogiaphie ’) quotes the axial ratio— 

a c =» 1 0 4989, 

• Wyokoff,' Am Journ Serf vol 9, p 979 (1928). 
f W L Bragg and Brown, Zeitechr far Kriatattogr’ (1928) 
j Messer, * Zsitaehi far Knstsllogrvol. 68, p. 157 (1028) 

) W H. Bragg and Gibbs, * Boy Soo Proo/A.vnl 109, p 406(1928). 
o Wyokoff, ‘ Am. J«r 8cC vol 9, p. 4*8 (1086) 
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and gives the density as being between 2 6 and 2 7 We have found the 
following values for the axes, measured by the X-ray spectrometer— 
c = «-17±0 oi A 

a = 9 21 ± 0 01 A 

These lead to an axial ratio— 

a c = 1 0 9956, 

the c axis being twice as long as is ordinarily assumed Since these are the true 
axes of the space group, they will be used below The plane usually termed 
(1011), for instance, will here be given its true indices (1012). 

Calculation shows that the unit cell of the hexagonal space lattioe contains 
two molecules of Bc,A1^)i 9 Oj S The X-ray measurements lead to a value 
2 661 for the density 

Four space-groups may correspond to a structure of the dihexagonal bi- 
pyramidal class They are distinguished as follows — 

DVi No abnormal spacings 

D*n (mo ml) and (i»i»2ml) halved if I is odd 

I) 3 ,, (mo ml) halved if I is odd 

D 4 n (m m 2m l) halved if l is odd. 

A survey of the observed reflexions shows that the beryl structure is based 
on the apace group D* w .* The following reflexions were investigated — 

Type (0001) Present. Even orders up to 000 20 
Absent Odd orders up to 000 19 

Type {momo) All orders up to eighth present 

Type {m m 2m o) All orders up to eighth present, with exception of 
seventh order 

Type {mo ml} Present (10l2) . (40*8), (1014). . (30312), (10l6), 
(202.12), (1018), (2022), (4044), (6066) 

Absent (lOll), (3033), (5055), (7077), (1013), (1016) 

* Op. Nlgglt, ' Qeomet rie che KryiUllographie des DUoontluuums,’ p. 880 (1019) We 
have referred below to the adaption at spaoe-group theory to X-ray analysis by Artistry 
sad,YrnUey, rather than to the pioneer work of Nlggll In this laid, or to that of Wyekofl, 
because the later treatment give* the reeulte in so oo n v a ptsot sod compact a form. 
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Type (mmSl) Present (1122).. (68126), (2242), (1124), (2248) 
(1126), (22412), (1128) 

Absent (ll2l), (1123), (1155), (1127), (2241), (3361), 
(3363), (56105), (66128), (77147), (99153). 

General type Present (12Sl) ..(48124), (3141), (3l2l) .(12484), 
(5283), (4131), (12393) 

It is only ra the planes of the general type that the true length of the " e ” 
axis is apparent Since planes (moml) and (mm 2mf) are halved if l is odd, 
the space group must be !)*&, 

3 The symmetry elements of D 1 *, are shown in fig 1, which is a copy of the 
corresponding figure due to \otbury and Yardley * The conventions adopted 
to indicate the symmetry are described in their paper A group of formula 
IWAljSiuOgt, lies m each unit cell 



It will be seen from the figure that there are sixfold, threefold and twofold 
axes parallel to the e axis Reflexion planes of symmetry perpendicular to 
the « axis exist at heights c/4, 3c/4 from the base of the unit cell The planes 
• Astbwy and Yardlsy, ‘ Phil. Tran*. Soy. Boo., 1 A, voL 224, p» 221 (1924). 
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at heights 0, e/2, c a re oocupied by a network of twofold axes, those at a height 
o being shown in the figure as thick arrows There are a number of glide planes 
shown as dotted lines, parallel to the hexagonal axis. 

An atom in the general position is multiplied by the operations of symmetry 
into 24 within the unit cell Since the group within the cell is Be^AhSi^O*, 
the only atoms in the general position can be a group of 24 oxygen atoms 
As we shall see, all other atoms lie in positions at heights 0, c/4, c/2,3c/4 in the 
unit cell This indicates a very simple structure for the planes (000J), and we 
will analyse these in the first place. 

The intensities of reflexion were in all oases compared with the reflexion 
NaCl (400) as standard, RhK. rays being used. The absolute values for the 
integrated reflexion p for the pianos (0001) are given below. 


Table I —p X 10*. (0001) planes. 


(0002) 

100 

(000-12) 

19 

(0004) 

104 

(000-14) 

10 

(0000) 

111 

(000-10) 

3 5 

(0008) 

92 

(000 18) 

ml 

(000 10) 

4 0 

(000 20) 

3 0 


The intensities were measured by rotating the crystal with uniform angular 
velocity w, and measuring the total ionisation E produced as it passed through 
the reflecting angle We assumed the value Eto/I =* 100 X 10“' for the 
integrated reflexion NaCS (400), in order to determine the power I of the 
incident X-ray beam 

The high symmetry hmits the positions in which the atom* of the group 
Be*AJ«SiuOis may be plaoed The four aluminium atoms must either be 
placed m a row on the hexagonal axes (a very improbable arrangement, since 
they would then approach each other so closely) or they must be on the trigonal 
axes In the latter case they either he at heights 0, c/2, or at heights c/4, 3c/4 
from the base of the unit cell If we assume that the trigonal axes are occupied 
by the aluminium atoms, the six beryllium atoms can only be equivalent and 
he on the twofold axes parallel to c Like the aluminium atoms, ihsy lie either 
at heights 0, c/2, or at heights c/4,3c/4. In the caae of the twelve silicon atoms 
we may again assume it highly improbable that they should be arranged in 
rows on the vertical axes Alternatively, they may lie in two rings of OX 
atoms around the hexagonal axes, being in this case all equivalent to each other. 
These rings He at heights 0, c/2, or e/4, Se/4 in the out sell. I* the former 
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o»m each ulioon lie* on a twofold axis perpendicular to the o axis, in the latter 
oa*e on a reflexion plane parallel to (0001) Twelve of the oxygen atom* are 
governed by exaotly the same conditions as the twelve silicon atoms The 
re m a inin g twenty-four atoms lie in the general position, and hence have a para¬ 
meter parallel to the c axis 

From the foregoing it will perhaps be clear that m explaining the strength 
of the (0001) spectra we have a limited number of alternatives to test, and that 
in eaoh case there is only a single parameter (governing the c displacement of 
twenty-four oxygen atoms) which can be adjusted to give a correspondence 
between calculated and observed intensities It is therefore a simple matter 
to ohoose between these alternatives The only arrangement which corresponds 
with the spectra ib shown in fig 2 


Z-‘o jmA 
i ssA 


•Pi 

c 017A °j*A 


AI,Be, 

0, typeO*’ 

Si.O, typeO 11 
0, typeO* 
AI.Br, 

0* typeO M 


S1»0* type0 11 


typeO M 

Al.Be, 


Fta 2 — Arrangement ot Atom* in planet parallel to (OOOf), Beryl. 


The intensities of reflexion from planes (0001) are decidedly stronger when 1 
is a multiple of four than when 1 is a multiple of two, especially in the higher 
orders This proves that the planes containing sihcon must alternate with 
those containing aluminium, since the effect of the oxygen atom rapidly beoomes 
very small as the angle of reflexion is increased The effect of the beryllium 
atoms is small, but it is sufficient to make it possible to say that they lie in the 
planes oontainmg aluminium atoms when the final quantitative examina tion 
of intensities is earned out as described in the next paragraph. One-third of 
tha oxygen atoms he m the same planes ss the ulioon atoms The remainder 
lie in ihe general position. Their displacement parallel to toe c axis is fixed 
by toe dutanoe a indicated m fig 2. The general features of the intensities 
too# immediately that a ha* a value of about 0 • 94 A. This position is required, 
von, cxi —a. 2 c 
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for wstanoe to explain the strength of (0606) and the weakness of (00010) 
The type of analysis which leads to this result is so well known that it is perhaps 
unnecessary to go into it further here 

The question as to whether the groups 8i»0« or Al t Be f he on the reflexion 
pianos perpendicular to the c axis may be left open for the present smoe it 
does not affect the discussion of intensities in the next paragraph Other 
considerations show that the groups SijOj lie on these planes 

4 The formula for the absolute intensity p of integrated reflexion by the 
face of an imperfect crystal is as follows —* f t 

Eh) 1 .MM ** 1 1 + COB* 20 _ B itn # /II 

P ~T~2^ n -2-* W 

In this formula the symbols ha\e the following meaning — 

(X — linear absorption coefficient of crystal 
n — number of unit cells in one cubic centimetre 
X — wave length of X rays 
e ~ electronic charge 
m = electronic mass 
e = velocity of light 
0 = glancing angle of incidence 
e B,b ‘* is the temperature factor first introduced by Debye 

The symbol F stands for the ratio of the amplitude of the wave scattered by 
all atoms m the unit cell in the direction under consideration as compared with 
the wave scattered by a single electron m similar circumstances The value 
of F vanes with the direction of the incident and scattered X ray beam The 
contribution of each atom to the scattered wave will depend on the arrange 
ment of the electrons m the atom and the combination of these contributions 
into a single scattered wave will depend on the relative position* of the atom* 
m the unit cell 

In the pretent andyns ice wR we the obierved mteneitiet of X-ray refUmon 
io determine ¥ for a number of orystai pianet From these oohtet of F the atomic 
porUwnt mil he directly deduced 

F can be calculated from formula (1) by using the observed value* al p and 

* Darwin, Phil Mag rol 27 pp SIS sod 679 (1914) vol 4*. p. *00 (i#22) 

t Compton, A. H Phy* Rev voL 9 p 89 <1917) 

t Bngg James and Bosanqnet, PhU Mag roL 41 p SO# (1931) yoL-U, p l (1921), 
rol 44 (Sept 1021) Janus and Randall, vol 1 p. 1020 (1920) 
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substituting known values for the other factors which appear The only 
quantity which needs especial consideration is the absorption coefficient p 
When a crystal has more than a certain degree of perfection, the effective 
absorption ooefficient is increased by " primary ” and “ secondary ” extinction, 
very fully discussed by Darwin m his 1922 paper cited above In the case of 
oertam (0001) reflexions from beryl, the structure is sufficiently well known to a 
first approximation for it to be possible to calculate values of F which cannot 
be far from the truth Using these in formula (1), a comparison with the 
observed values of p show that extinction is appreciable, being of the same order 
as the normal absorption coefficient in the case of the strongest reflexions 
Our procedure has been as follows We have assumed that we can represent 
die effective absorption coefficient p by the formula 


p = |K, -f <xp (2) 

po is the normal absorption ooefficient, p the intensity of reflenon and x a 
constant characteristic of the particular specimen of crystal being examined 
and an index of its perfection In a highly imperfect crystal * is zero This 
formula is empirical, but there is some justification (experimental and theoreti 
oal*t) for using it, especially when extinction is not very large as in the present 
case With this assumption, we can write formula (1) as follows (neglecting the 
final temperature factor, which is probably small in so hard a crystal) — 

P = —~—A F* e (3) 

Po + «P 

Here 


j-— 1 01 X 10”* for beryl 


Q 1 + cos* 20 
sin 28 


Hie value of p, for beryl, based on Windglrdh’sJ tables, is 6 64 
Ws now consider the planes (0001) which have a very simple structure The 
scattering curves for beryllium, aluminium, sUioon and oxygen are taken from 
the tables prepared by Hartree, these being slightly modified by the results of 
quantitative measurements made on oertam simple crystals The values of 
tb« spatterin g power of the atoms as compared with that of a single electron 
are given for a series of angles at the end of the paragraph In comparing 


* Darwin, Joe c*l 

f Bragg James and Boaanquol James and Randall, l 
X wtfidgtrdh, Zertsohr f Phys , vol. 8, p M3 (18S8) 
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calculated sad observed values of p m order to get the best agreement, there 
are two variables which can be adjusted; these are the distance i, determining 
the position of the 24 oxygen atoms (paragraph 8), and the coefficient a, whioh 
determines extinction It hss already been seen that * has a value of about 
0 84 A Thu value will be assumed for a first approximation, and formula (3) 
checked, using a senes of values of a m order to discover the one which gives 
the best agreement It is perhaps simplest to show thu agreement by calcu¬ 
lating A from tbs observed intensities, using formula (3) and oompanng it 
with what u known to be the right value, 1 01 x 10~* 


Table II 



It u clear that the assumption of no extinction leads to obviously incorrect 
values The value 7 X 10* for the coefficient * gives both the best correspond¬ 
ence between values of A calculated from different spectra, and the best agree¬ 
ment with the true value 1 01 X 10~* Thu value for a will therefore be 
chosen A knowledge of a makes it possible to correct for extinction, and 
to substitute for the observed reflexion p the idea reflexion p' which would be 
observed with an ideally imperfect crystal All our observations have been 
corrected in thu way, and used to determine the values of F for each reflexion. 

We can now make a final adjustment by Beeing whether a better estimate of 
ths dutanos z oan be obtained when extinction u allowed for. The value of 
7 X 10* for « u assumed, and A calculated for a senes of values of z 


Table III 
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The value 0 94 already assumed is seen to be the beet and t appears to lie 
definitely between 0 WA and 0 96 A The oxygen atom is therefore at a 
distance of 1 36 A from the planes 8i»0» as shown m fig 2 
The following table givos the values of F for the atoms Be A1 Si 0 which 
have been used m the calculations — 


1 able IV Values of F 



It is difficult to decide what initial value* of F to adopt We have choeen 
the values 13 and 9 for silicon and oxygen m an attempt to allow for the dig 
tortion of the oxygen atoms grouped around the silicon atom If the figures 
10 and 10 had been chosen a test shows that the po«tion assigned to the atom 
would be almost exactly the same The former figures however do un 
doubtedly give a more consistent agreement with observed intensities The 
form of the F ourvea beyond sm 0 — 0 2 is taken from Hartree a tables and the 
curves continued on to the maxima 13 and 9 for aihcon and oxygen respectively 
6 The symmetry elements of the unit cell are shown in fig 1 The atoms 
have to be artanged m accordance with these symmetry element* and in a way 
whioh explains the observed intensities of spectra Certain general considers 
tiona lead at once to an approx mate solution of the structure 
The distance between neighbouring oxygen atoms may be expected to be 
about 2 7 A W L Bragg and G Brown* have pointed out that this is the 
case in BeO AlgO, BeAljO* MgjAIO, and MgjSiO, In the structure of 
garnet CajAIgSijOu, recently analysed by Menzerf the distance between 
neighbouring oxygen atoms vanes from 2 66 to 2 86 A James has shown that 
this interatomic distance exists in BaS0 4 $ and Wasastjemain CaSO* § Fig 2 
dhows that the twenty four oxygen atoms in the general positions are arranged 
on sheets parallel to (0001) which are at a distance of 0 94 A on either side of 
the planes marked AljBe* and at a distance of 1 36 A on either side of the planes 
marked Si»0 4 If the distance between oxygen atoms is to be about 2 7 A m 
*WL Bragg and Brown Boy Soc Proe A rol 110 p 34(1M«) 
t Lct> oU paragraph 1 

t James and Wood Boy Soc Proo A vol 109 p 598(1985) 

| Waaastjcwa, 8oo 8ci*at Fwui Oomm Phyi Math vol l p 2« (1#M) 
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beryl, it u at onoe clear that these latter planes are the reflexion planes of the 
structure each oxygen atom being at a distance of 2 7 A from its mirror image 
If this were not the case and the planes marked Al,Be, were the reflexion planee. 
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tfaja distance between oxygen atoms would be 1 9 A, which is too small to be 
probable 

In fig 3, the lines indicate the upper sides of the unit cell The aluminium 
and beryllium atoms lie in this upper plane, and the reflexion plane is at a 
distance c/4 (2 29 A) below One of the twenty-four oxygen atoms which axe 
in the general position will lie within the coniines of the triangle ABC, and at a 
distance 0 94 A beneath the plane of the diagram (the alternative position in 
the triangle AB'C is not distinct, since it is only necessary to translate the 
origin of co-ordinates a distance c/2 to arrive at it) This atom is lightly 
shaded, and is marked O 84 m the figure Three twofold axes at nght angles to 
each other intersect in the Be atom at B, and these axes convert the oxygen 
atom at O 84 into a tetrahedral group around B 

Assuming that no oxygen atom approaches much oloscr than 2 7 A to any 
other oxygen atom, the possible positions for the atom O 84 are very limited 
It must not be closer than about l 36 A to any twofold axis, or to the reflexion 
plane (we have already shown that it is actually at a distance of 1 36 A from 


or 2 X 1 36 A to a hexagonal axis, or it will be too close to the other atoms 
around these axes If we assume as an extreme case that the atoms may 
approach within 2 6 A of each other, trud shows that the atom is confined to 
the small triangular area around O 84 outlined in the figure If one atom is 
placed anywhere in this region, the others into which it is turned by the sym¬ 
metry elements will have the positions indicated in the figure by the unshaded 
and lightly-shaded circles The unshaded circles are at a height 0 94 A above 
the plane, the lightly-shadod circles at a depth 0 94 A below it Bach beryllium 
atom lies at the oentre of four oxygen atoms arranged tetrahedrally, every 
aluminium atom at the centre of six oxygen atoms arranged at the ooraers of 
sa octahedron 

The aluminium, beryllium, and twenty-four of the oxygen atoms are thus 
accounted for It remains to place the twelve silicon atoms and twelve oxygen 
atoms of the seoond sort on the reflexion planes at a depth c/4 = 2 29 A below 
the plane of the diagram. The oxygen atoms will he in groups of six around 
the hexagonal axes, and there is just room for such a group, indicated by the 
heavily-shaded circles The typical atom of this group is marked 0“ in the 
figure. Each pair of heavily-shaded atoms lying m the reflexion planes forms 
A tetrahedral group with a pair of lightly-shaded atoms which are images of 
each other in the plane This suggests that the silicon atoms may be at the 
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centre of these tetrahedra, and this supposition will be tested. The silicon 
items would be invisible in the structure as represented here, but for the sake 
of dearness their positions are indicated by the portions of black elides, con¬ 
tinued as dotted lines The diagram in fig 3 shows the positions of those atoms 
which are grouped on either side of the reflexion plane at a depth of c/4 A 
similar group, obtained from the first by rotation about an axis at a depth of 
c/2, is placed on either side of the reflexion plane at a depth 3c/4, but is not 
shown in the figure 

The positions finally assigned to the atoms depend in no way on assumptions 
as to interatomic distance This preliminary investigation merely indicates 
probable values for the parameters and so shortens the analysis 

6 Determination of Parameters— The structure has seven parameters, of 
which one has been already determined The parameters fix the positions of 
the silicon atoms (two parameters), the twenty-four oxygen atoms of the first 
type (three parameters), and the twelve oxygen atoms of the second type (two 
parameters) 

Since the only parameter paralld to the c axis is known, the rest can be got 
by considering the projection of the structure on (000Z) and examining the 
planes around the c rone The silicon and oxygen atoms lie in rings of six 
around the hexagonal axes We have found it oonvement to consider the ring 
as a diffracting unit when dealing with planes around the c rone The resultant 
scattered wave of six atoms m a ring will have the same phase as that of a wave 
scattered from a point at the centre The ratios of the contribution of the 
six atoms to that of a single atom at the centre depends on— 

(а) The ratio nr/d where “ r ” is the distance from the centre to each atom 
“ d” the spacing of the reflecting planes, “ n ” the order of the spectrum 

(б) The angle p made by the line, joining the centre of the nag to one of the 
atoms, with the reflecting planes The angle (3 need only be considered to vary 
between 0° and 30° owing to the repeat of the atoms around the hexagonal 

We have plotted curves showing the value of the ratio for values of nr/d up 
to 7 0, and for several value* of p Some of the curve* are shown in fig. 4 
The ratio is given by the expression 

S = 2 |oos (sin + 2 cos cos p^) cos gm . (4) 

These curves can be used for any case where the projection of a structure on a 
plane has hexagonal symmetry, such as the planes around certain zones of the 
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cubic or trigonal classes when these have a centre of symmetry as well as for 
hexagonal classes One feature may be noticed When nr/d is small the curves 
have almost the same form for all values of P Therefore the nflmont of low 
order can be directly used to obtmn the dwtances r (f the atom from the hexagonal 
axes 

The position of each typical silicon or oxygen atom m the projection on the 
c plane is defined by two parameters r y The latter is the angle made 
by the radius on which the atom lies with a standard direction choeen for 
convenience to be CB shown m fig 5 below The intensities of a number of 
reflexions around the c xone were measured From these the corresponding 
F val tee were calculated using the values of extinction found as above The 
contributions of the aluminium and beryllium atoms F, and F t to these 
values of F are known since these atoms are in definite positions Subtracting 
the contributions one obtains a quantity (F — Fj — FJ which must be 
accounted for by the silicon and oxygen atoms The ambiguity about the 
sign of F does not exist in practice because it is clear from the approximate 
structure what it should be The values F u and F 0 for a single siboon and 
oxygen atom at a given glancing angle are taken fron Table IV and the required 
factor for the groups of six atoms road off from the ourves in fig 4 for values 
of r and y (P can be derived from y by adding an angle depending on the m 
olination of the plane to CB) The contribution for small glanoing angles 
depends almost entirely on r alone as has been pointed out Starting with 
these orders possible ranges of simultaneous values of the parameters r (Si) 
r (0“) r (O* 4 ) are found which give the oorrect algebraic sum of F contributions 
Each successive reflexion considered narrows these ranges until finally a set 
of parameters is found which gives a satisfactory fit for all spectra Various 
factor* aid this analysis the F curve fox oxygen falls away very quickly 
with increase of glancing angle so that the parameters of the silicon atom 
can be fixed accurately from the higher orders and also there are flat region* 
on some of the ourves in fig 4 where the variation of a parameter produces 
little effect so that if the contribution* of one set of atoms fall in this region 
various positions of the other atoms can be conveniently tested 
The chief uncertainty lies in the F curves for ahinuninm beryllium, silicon 
and oxygen The agreement between calculated and observed value* of F 
would no doubt be improved by a more accurate set of curves, but the positions 
assigned to the atom would not be greatly affected because a very small shift 
of^m atom alters so rapidly it* contribution to the higher orders 
The values of the parameters finally chosen are given below both w the 
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( t, y) form and w dutanoee measured parallel to the ndee of the unit cell 
The definite poeitione of the Be and A1 atoms are included in the list Fig 5 



&AI 

Fi a 8 —Projection showing parameters (f, y) of typioal atoms proji cted on (0001) 


illustrates the way in which the parameters are defined, z being measured away 
from the observer and from the ongin at C 
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The origin of co-ordinates has been chosen at the point where the horizontal 
twofold axes cut the o axis The co-ordinates may be referred to an ongin 
at A centre of symmetry by adding c/4 to all * oo-ordmatee 
In Table VT we give a oomplote list of the reflexions whose intensities have 
been measured, of the values of F calculated from these intensities by the 
formula for reflexion, and of the algebraic sums of the contribution to F made 
by Atoms in the structure we have assigned to the crystal The two columns 
of F values show satisfactory agreement The uncertainty m values of F 
for the atoms at larger glancing angles explains discrepancies between the 
two oolumns for higher orders 
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Since numerical agreement between Calculated and observed values of 
F for about thirty planes has been obtained by adjusting eight variable*, 
consisting of seven parameters and the coefficient of extinction, the assigned 
structure is well confirmed 

As an additional check values of F for a number of other planes have been 
calculated and compared with the maximum ionisation current observed when 
the crystal was set so as to reflect The results are given m Table VII In 
all oases a strong reflexion has corresponded to a large value of F and a weak 


Table V! 



reflexion to a small value of F The figures in column II are very approximate 
estimates of intensity and should be oompared with the figures In column IV, 
to which they should be roughly proportional 
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7 Fourier Analysis of Electron Distribution —A very elegant method of 
analyau has recently been developed by Duane and used by Havighunt 
It was first suggested by W H. Brag® in 1918 * though it could not then be 
directly applied to the determination of electron distribution because measure' 
meats of absolute intensities of reflexion were not available If a set of crystal 
planes be considered, the distribution of diffracting matter in sheets parallel 
to the planes is a periodic function of the distance z, measured perpendicularly 
to the planes, which is repeated at intervals " d ” equal to the spacing of the 
planes. Such a distribution can be represented by a Fourier senes in the 
ordinary way. W H Bragg Bhowed that the amplitude of reflexion by the 
planet for the first order of reflexion owed its existence to the first coefficient 
of the Founer senee, that of the second order to the seoond coefficient, and so 
on Conversely, if the amplitude of reflexion in a number of orders is measured 
experimentally, a curve representing the electron distribution m sheets parallel 
to the planes can be built up by adding together the terms of the Founer senes 
The idea underlying the method is precisely that used in AbW’s treatment 
of the resolving power of a microscope The microscope is supposed to be 
focussed on a grating which is transmitting homogeneous light Spectra 
an formed in a plane between the objective and the eyepiece, and these spectra 
in their turn act as sources of light and build up an image of the grating which 
is viewed by the eyepieoe The information as to the structure of the grating 
* W.B Bragg, ‘ PhU.Trace. Roy Soc.,’ A, vol 815, p 203(1616) 
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which the microscope give* depends on the number of spectra which the aperture 
of the objective allows to pass If the first three orders are formed for example 
an image of the grating will be seen which corresponds to the sum of the first 
three terms in a Fourier senes, which, when oomplete would give the distnbu 
tion of amplitude transmitted m passing from line to line of the grating The 
analogy between the X ray and optical problems is complete except m that 
it is possible to use the eyepieoe to view the image formed in the microscope 
whereas in the case of X rays and a crystal it is only possible to measure the 
intensities of the speotra The summation of the Founer senes u earned out 
automatically in the image plane of the microscope but it has to be done by 
calculation in the second case 

Duane* has put the necessary formulae in a very simple form Havighurstt 
has used them in order to calculate the electron distribution in sodium chlonde 
and other simple crystals basing his results on figures given by W L Bragg 
James and Bosanquct To use the method it is necessary to have measure 
menta of the quantities we have termed F In order to get an accurate 
representation of the eleotron density values of F should be known for all orders 
up to a point where they become very sm all as compared with the lower orders 
We are indebted to a private communication by Prof A H Compton of 
Chicago for the precise form in which the formula is quoted here Let the total 
number of electrons m the unit oell of volume V be Z The distribution of these 
electrons m sheets parallel to a given set of crystal planes with spacing i 
will be examined An area A on the planes will be ohoaen such that Ad ■= V 
the volume of the unit cell containing Z electrons The number of electrons m 
the volume Adz is given by the expression 

z mu 

where t is measured perpendicularly to the crystal planes and 

r /(*)«**—i 

j «s 

It will m addition be supposed that the crystal has centres of symmetry Thu 
oase is much more simple to treat than that of a crystal without snob centres 
sraoe it avoids the complication of difference of phase in the components of the 
Founer series It can then be shown that 

rw f ( \ % , 2Ft 2to , 2F| , , 2F„ Sheas . 

Z/(* ) » 3 +- T c°. 7 + T c o, T + +-3*co.- r + (5) 

♦ Duns Proa. Nat Arad Sol vd 11 8 p. 488 (102 S) 
t Harigirarst, Proc Nat Acad Soi td. H 8 pp. 508 and #07 (19*5) 
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where Fj ?, F» are the values of F calculated from the observed 
intensities of reflexion 

Substituting the experimental values of F ” m this formula a curve can be 
obtained which shows the electron distribution parallel to any given set of 
crystal planes In applying this to a crystal such as beryl due regard must 
be pud to the sign of F The experimental values of F are given in column V 
of Table VI and their signs may be got from the calculated values w column VI 

The curves of figs 6 and 7 show the distribution of eloctron-denaity m sheets 
parallel te (0001) (lOTO) (1120) of beryl The curves are values of Z/(*) 
calculated from formula (8) Smoe the curves are symmetrical it is only 
necessary to show one half of the complete repeat of the pattern in each 
oase The (0001) spacing is halved and therefore the corresponding curve in 
fig 6 must be repeated four times in order to get the distribution between 
planes a distance 9 17 A apart the length of the o a ns (</ fig 2) In the other 
two cases one may suppose the curves reflected m the if (t) axis so as to give the 
oomplete pattern The area within the square gives the scale of the figure in 
each case 



The structure of the (00Of) planes is very simple and it us possible to analyse 
the curve so as to obtain an idea of the distribution of electrons in the various 
atoms The peak B m the middle of the curve la due to six oxygen atoms of 
the group Be«Al 4 SiuO M The peak A on the left when completed by reflexion 
is due to six silicon atoms and six oxygen atoms Therefore, by subtracting 
from it the peak B one may obtain a curve representing the effect of the six silicon 
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atoms alone Some latitude is possible in choosing the exact form oi the oxygen 
peak where the peaks A and B overlap, but it will be dear from the figure that 
there is not much choice, since the sum oi the two oxygen curves cannot exceed 
the total height oi the Z/ (*) ordinate at any point Similarly, by subtracting 
that part of the oxygen ourve whioh extends towards the peak C one obtains 
a ourve for the distribution of electrons m the group AJjBe,. The oomplete 
distribution of election density is made up of theee four components, Si« and 
Oi at A, 0« at B, Al,Be, at C The components are shown as dotted ourvea m 
the figure 

The total area under the curve measures the number of electrons m the unit 
oell This number is 632, and one quarter of theee, 133, are represented by the 
area under the part of the curve m fig 6 a Similarly, the areaa under the 
dotted curves measure the number of electrons associated with 84 , 0 », and 
Al|Be t (It will be realised that the numbers of atoms will be m the right ratio 
for a molecule BejAljSi^O^ when the curve is repeated by reflexion) These 
areas, as drawn m the figure, give the following numbers of electrons. 


Sis 

74 8 electrons 

12 47 electrons per atom 

0 . 

53 7 elections 

8 95 electrons per atom 

Al,Be, 

30 1 electrons 



The distribution of electrons amongst the silicon and oxygen atoms Ilea 
between that to be expected from neutral atoms, for which the value for silicon 
would be U and for oxygen 8 , and that for iomred atoms, with values 10 and 10 , 
Of oourse, the oxygen curve could be so drawn that the ratio 10 to 10 would 
exist, but if this is done trial shows that it is impossible to suppose the oxygen 
curve symmetrical on both sides of its peak. This may in fact be the case, 
smoe the oxygen atoms m peak B are united on one side to the ulioon atoms in 
peak A to form a ring of the composition SieOi*. It seems simplest, however, 
to assume the oxygen curve symmetrical, and suppose that szHoon and oxygen 
divide the electrons between them in the ratio of about 12-5 to 9. The point 
involved here is an interesting example of the power of Duane’s direct method of 
analysis. We are not oorrect in speaking of the atoms as bong in definite 
“ positions ” sxoept when we may assume that the distribution of electrons 
around them is highly symmetrical. 

The number of electrons m the aluminium and beryllium atoms separately 
cannot be deduoed from the ourve for Al»Be, and we have arbitrarily split 
up this ourve into two components of area eoneaponding to U-4 and 2 4 
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electron* In this way curves are obtained for the electron distribution m the 
atom* Be, Al, Si, 0 which are shown in fig 6 
It is now possible to compare the experimental curves for the distribution o{ 
electrons in sheets parallel to the planes (lolO) and (11140) given by the Fourier 
analysis with the distribution got by adding together the contributions from 
the various atoms The positions of the atoms are fixed by the parameters of 
Table V, and the structure of the planes is indicated in fig 7 As will be seen 
the comparison is not unfavourable The Fourier senes is not complete and the 
addition of higher terms imght eliminate some of the chief differences between 
the two curves In addition, the distributions for the vanous atoms deduced 
from the (000/) planes may be incorrect For instance, the fit w ould be improv ed 
if beryllium were given more electrons and aluminium fewer 

The method of Fourier analysis proposed by Duane may well prove to bo a 
more simple and direct method of finding structures than the method usually 
followed, in which atomic arrangements are assumed and their effocts compared 
with experiment Duane s method has the supremo merit of presenting in the 
form of a single curve the information yielded by a It orders of reflexion from a 
given plane One can imagine it possible to take the curves of electron dis 
tnbution in the various atoms, and by adding them along the z axis in a way 
conformable with symmetry to obtain the best possible fit to the observed 
Fourier curve and so to analyse the structure In the simple case of the (0001) 
planes, for example, the displacement of the oxygen atoms parallel to the o axis 
is immediately read off from the curve instead of being deduced from a number 
of orders It is interesting to note that the peak of the curse in fig G is at a 
distance from the Si,0, planes, which agrees witbm 1 per cent of the distance 
1 30 A deduced from the spectra It must be remembered, however, that an 
extinction coefficient has been chosen which makes calculated and observed 
intensities agree for the (0001) planes so that the Founer analysis should here 
give the same results as ordinary analysis 
Though this method may bo moro direct, it depends like other methods on 
accurate measurements of the quantity we have called “ F ” If “ F ” is known 
for a large number of planes, analysis will be possible by one method or another 
In rts turn, “ F ” depends on tho estimation of the effect of extinction All 
other factors can be allowed for, and the experimental measurements of intensity 
present no difficulties Aoeurate allowance for extinction appears to be the key 
o the analysis of complex structures 

Whatever method of analysis is finally adopted it seems necessary to work 
out an approximate structure m the first place, The Duane method cannot be 
vot CXI,—a, 3 a 
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applied until the signs of the coefficient F are fixed by preliminary analysis, 
for the observed intensities only give the squares of these quantities Probably 
the most convenient procedure mil be to combine the tnal and error method 
of assuming structures and calculating the spectra to be expected from them 
with the Fourier analysis method the latter being used to make the final 
adjustments of atomic position and to indicate the accuracy of the results 
8 Ducusston of the Structure —In the beryl structure every silioon atom is 
surrounded by four oxygen atoms arranged tetrahedrally every aluminium 
atom by six oxygen atoms at the comers of an octahedron and every beryllium 
atom by four oxygen atoms on a distorted tetrahedron Thi silicon and oxygen 
atoms form lings of the composition %,0 18 These rings have a hexagonal 
axis and equatorial plane of symmetry and are arranged around the hexagonal 
axes They are composed of S1O4 groups each group joined to it* Neighbour 
on either side in the nng by an oxygen atom held m common The rings are 
stacked on each other along the hexagonal axes forming a series of open 
channels, for no atomic centre is nearer than 2 55 A to a hexagonal axis 
The rings are linked together by the aluminium and beryllium atoms as shown 
in fig 3 The whole structure is like a honeycomb, with the hexagonal axes 
passing down the centres of the cells and with walls formed of closely packed 
oxygen atoms The open channel* in tho structure parallel to the c axis 
are very striking and suggest invcMiga ions into properties they might confer 
on the crystal 
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Al Group 

0“ <1« (parallel to(OOOJ)) 

-8 85 A 


0** - 0" (common to Bo group) 

-» 58 A 


G“ 0** (parullel to (lOlO)) 

- * 54 A 


Al - O" 

-1 #« A 

Bo Group 

0«* - 0“ (ponUlol to (0001)) 

-2 81 A 


0" O" (porsUot to (10l0) 

“ 2 52 A 


U“ - cm (parallel to (llSO)) 

-90S A 


Bo - 0* 

- 1 71 A 


The groups of oxygen atoms around Be Al and Si are similar to the groups 
m garnet, CajAlgSigOu, analysed by Menzer In garnet each calcium atom 

8 a i 
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u surrounded by four oxygen atoms each aluminium by aix oxygen atoms 
and each sihoon by four oxygen atoms In both crystals the distances between 
oxygen atoms are everywhere about i 7 A The distances between neigh 
bourtng atoms m beryl are given in Table VIII 

Jn conclusion we wigh to express our gratitude to Dr A Hutchinson F R 8 
for providing us with crystal specimens Part of the apparatus used m the 
investigation was presented to the laboratory by the General Electric Company 
of America 


Struct ire m the Seco i dary Hydroyen Spectrum — IV 

By 0 W El HARDSON PR8 Yarrow Research Professor of the Royal 
Society 

(Hece ved Ju e 1 1926.) 

{ I Ft Icier I Bands 

Fulcher s ban Is as extended by himself* and Allen f consisted of six sets 
of five lines in the red whose wave numbers obey a parabolic law very closely 
both whep the lines within each set are compared and when corresponding lines 
in each set are compared from set to set There were also four set* of four lines 
n the gteen with similar properties The numerical coherence of these lines 
has been ably discussed by Curtis | and I have nothii g to a Id to that discussion 
except to say that on plates taken by Mr Wilfred Hall with a 21 foot grating 
the line X — 9127 40 (16315 64v) is shown resolved with one component which 
preliminary measures place at X 6127 23 the value suggested by Fulcher 
It thus appears that the anomaly m this lino u due to blending and not to a 
perturbation 

In addition to the foregoing lines Fulcher included four other lines in the 
first four sets in the red which he denoted by the letters S t 8e &• These 
lines follow the parabolic law from set to set, but their interrelation within each 
set is far from obvious An attempt to include them in a consistent scheme has 
been made by Dteke | who arranges the vertical senes of Allen (8 fc 8„8 1 So, 8 ,) 

* Fulcher ttys. Rev vol 21 p »7S (IMS) 
fAllso, Roy Soo Proo A vol lOS p 06(1924) 

J Dart*. Roy «os Proo A vol 107 p 578 (1984) 

(DMce, Proo,Kao.Ahsd r Wet Amsterdam, voisf p 490(lM4> 
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M tl» first five tines of Q branches of which 8, is the geventh hue whilst S 4 and 8; 
are the first and second line respectively of associated R branches There are 
serious objections to the arrangement proposed for the lines 8 t —87 although 
I shall show that there is strong evidence for the lorrectness of the arrangement 
of Allen s vertical senes as Q branches In the first place Dielte s scheme has 
no place for any < f the S lines nor f >r the 8* lines 5988 22 6093 83 and 6399 45 
whereas the credentials of S seem as good as those of 8 t or 8* and one 
St line seems as good as another or at least the physical evidence for a 
connection between the 8* lines and theSj— S , lines is no better for those which 
ate tnoludod than for those which are excluded In the second place an oxamma 
tion of the numerical coherence of the wave numbers of the lines in the R 
series proposed by Diehe shows that it is too irregular for this arrangement to 
be likely to be correct 

A good deal < f light is thrown n this problem by an examination of the 
spectrum of hydrogen in the first type lischarge * The electrical conditions 
in this discharge arc especially favourable to the production of excited H, 
molecules and relatively unfavourable to the production of other possible 
emitters It is likely therefore that the spectrum observed under these con 
ditiont is that of the neutral H, molecule In this discharge the strength in the 
red consists almost entirely of H, an 1 Fulcher a lines This if well shown by 
figs I and 2 These are two microphotometnc prints taken for me on a Moll 
and Burger instrument by Adam Hilger Ltd from prismatic spectrograms on 
panchromatic plates of the region from H. to beyon 1 5637 45 A F the leading 
line of the third Fulcher triplet in the green Fig 1 whioh is for an ordinary 
Geissler tube discharge shows a mass of lines with a maximum average of 
^__ VlOLCT 
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intensity m the neighbourhood of 8000 A U and with no obvio ih regularity of 
str icture Fig 2 is a spectrogram of the luminosity of the first-type discharge 
under similar dispersion It will be seen that the strength on the violet side of 
5975 43 A U has almost entirely disappeared The only recognisable structure 
remaining is that of the green Fulcher bands and the line* in the neighbourhood 
of 5700 A U which have recently been arranged by Curtis * Between 5976 43 
A U and H. on the other hand the red F ilcher bands stand o it with great 
strength some of the lines being comparable in intensity with H, The strength 
coming from other systems which makes the intensity distribution in the Geiasler 
tube discharge (fig 1) so irregular is hero suppressed and the pattern oonsista 
of repeating units of the lines 8? S« 4- Ss + Si (unresolved) 8j + S, (un 
resolved) and 8, The first four units are very distinot but the two last nearest 
H. are fading out In addition to these lines So and 3 t can be reoogmsed in 
the first unit and the four hues AP (2) » b067 70 A U BP (2) = 6169 63 A U 
CP (2) -> 6271 31 A U and DP (2) -6372 ID AC clearly belong to the same 
system These additional lines have not been given by Fuller A very similar 
development of intensity distribution to that of fig 2 is also shown by a plate 
taken at a low pressure at — 252° C which was kmdly lent to me by Prof J C 
MacLennan f The low pressure low temperature and low voltage electron 
excitation features of this spectrum make it necessary that the strong lines m 

•Curtis Phil Msg. vol 1 p 6M (1M6) 

fC/ JCscUotou sod Shrum Trans Roy Sie Canada vol 18* p 177{1M4) 
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for example fig J should be those which belong to low rotational quantum 
numbers of the system The hues of higher rotational quantum numbers if 
they exist must be weaker lines The problem of the red Fulcher bands thus 
narrows itself down to the discovery of suitable additional lines which will 
enable the Si — S 7 lines and the added P (2) line to form the low rotation quantum 
number hues of a band unit This problem I propose to solve in the manner 
ah >wn by fig 1 This npresents the band unit in the red system which is 



nearest the violet and is lenoted by the letter 4 the others proceeding towar Is 
H. being denoted by the tetters B ( D I and F m succession Following 
Allen and Dieke 1 use the lines S 3 % H, % ami S_ f as a Q branch AQ (m) 
m I 1 4 4 5 «f 4 an i P (>) 1 nse as the lea hug lines AR (1) and AP (2) 
of R an l P branches correspon ling to 4Q (w) It will be shown that weaker 
lmese'ast to form a reasonable number f additional members Thelme$S,and 
I use as the two leading lines of a new Q branch and denote them by AQ 1 (1) 
and AQ 1 (2) Here again suitable oiheront weak«r lines can bo found and it 
will be shown that there is an mportant parallelism between the various Q (m) 
and Q 1 (m) branches in respect to their response to helium excitation The 
lost line Sj I use as the leading line i f an R branch AR 1 (1) associated wi th A Q 1 (m) 
Weaker hoes to continue this an 1 als) line# for an associated P branch AP 1 (m) 
can he found A corresponding arrangement has been found fort he B C Band 
E sets in the red but the last set has become too attenuated for anything but 
FQ (tn) to be discoverable with certainty although there aTe lines which might 
be FQ 1 (1) FQ 1 (8) and FQ 1 (4) Branches corresponding to AP (»») Q (m) R (m) 
aa far as DP (m) Q(m) R (*») havo been found m the green and os far as 
EP (m), Q (»), R (m) in the blue A combination principle holds between each 
set of bands and the others 
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{2 Tke Stte Q Sme» »n the Rtd 
Table I 


(4) | (3) («> | (7) 


W86 33 (3) (6602 04 
8901 93(3) 10694 M 
0998 03(3) 1000" 30 
6000 01 (3) 10042 96 


>7 M 
^>10 (Ml 


0000 96 (8) 10300 71 
0103 08 (0) 10387 41 
#111 08 ( 110380 10 
• Doubtful it pfrwnt 
CQ»(m) 

h, |*bi| 6107 08(9) 101S8 87 
H, ' 0160 38 (8) 18138 30 

|»t*.| 0*00 8# (?) 10100 88 

S, I 8 I 0369 43 (7) 18#70 00 
S, j *1* 0*03 2' (S) 14902 61 


)10 30 
\l4 21 


0 08 
\|# « 


InaMW)! 0 I 0318 08(1) 11 

KQ 1 (*h) 


48 ( 0) 10032 03 
0404 01 (I) 18810 61 
8411 77 (1) 18803 01 


8430 24(^)18833 77 

8406 87 (0) 17381) OR 
(18388 7 ) 

0311 31 (0) 18381 81 
6333 30(0) 15337 31 


>10 81 


^>10 37 


J9 78 

! > w 


yn ii , 

>8 RO - 


> 11 ) 
>1* S > 

>4 It 


>«*) 


t MUed with 6407 81 (0) 
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The properties in this sad similar tables are as set forth in Merton and Barratt s 
Tables and as used in my previous papers except for column 8, which exhibits 
estimates of the relative intensities of the lines on a plate of the first \ype dis 
charge It will be observed that with this discharge the alternation in intensity 
of the lines of any Q 1 branch is more marked than that given by Merton and 
Barratt s intensities which are for a discharge of the Geisaler tube typo but with 
a low current density and the same is true though to a less degree of the 
intensities of the lines m the various Q branches The extreme weakening of 
the relatively strong S, line 6197 05(6) =C*Q(1) is very sinking It may 
have to do with the high pressure character of the line but AQ*(1) which is 
also a high pressure line is not similarly affected An examination of G l Q (1) 
on Mr Hall s plate with a pocket microscope shows no evidence of duplicity 
The fact that the weakened lines art those for »» even in A D and h and for *n 
odd in B and GQ 1 (m) may lx significant 

The differences in the wa\e numbers of the lines are quite coherent although 
the second differ! net s are not constant Bo far as the vertical differences arc 
concerned this is shown by fig 4 in which X indicates first differences and O 




indicates second differences plotted against m The homonUl first and second 
differences are shown in Table II 
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Table II 

A (» B(») - t><») - D»(») — y(m> 

286 82 73 *7 262 16 24* 07 

13 25 U 11 14 00 

284 73 — 273 50 263 20 252 00 

II 14 10 30 11 20 

284 16 273 52 263 90 253 97 

10 64 9 02 9 93 

383 ) 

The third vertical secon 1 hfference is probably about 0 3 ora 1 too low at 
10 27 Otherwise all the lines are coherent to within the accuracy of measure 
raent and there is no evidence of perturbations The only evidence of the 
occurrence of blends lies in the fact that lines DQ 1 (4) FQ 1 (2) and LQ 1 (3) 
are claimed by other senes as IVaOQ (3) • PR (I) and DP (3) (see below 1 
respectively 

Important further evidence of the reality of the Q 1 (m) branches is denvod 
from a companson of the effect of helium on these lines and on the Q (») lines 
This gas has a peculiar and selective effect on the Q (m) lints a fact to which my 
attention was Irawn Independently by Prof Merton and by Dr Curtis In the 
AQ(m) branch helium depresses the line Q(l) has little effect on Q(2) slightly 
enhances Q (3) strongly enhances Q (4) and very strongly enhances Q (5) so 
mnoh so that on a helium plate this lino is stronger than Q (2) Broadly the 
effect is a weakening of the low rotation quantum hn * and a strengthening of 
the high rotation quantum lines A similar phenomenon takes place in BQ (n) 
CQ (m) and DQ (»») except that the low quantum weakening effect tends to 
increase and the high quantum strengthemug effoct to diminish as we proceed 
from BQ (m) towards DQ (m) Vow the interesting thing in the present con 
nection ib that a precisely parallel phenomenon is found in the comspondlng 
Q* branches This will be clear from Table Ilf which exhibits the relative 
intensities of the various lines of tho Q and Q 1 branches < n a H, f- He plats 
and a comparison H, plate for which I am indebted to Prof Merton 
The number* given in Table If! arc visual estimates from the appearance 
of the lines of tho intensities on the usual conventional sdklo and have no 
absolute meaning but they suffice to establish the close parallelism referred to 
It may perhaps bo permissible to add that these lines were originally picked 
out from the numerical requirements set by the 8s and S» lines without any 
knowledge either of the strengthening of the alternating character by the first 
type discharge or of the helium phenomena, and no alterations were subsequently 
made in the list 

* Sawfemaa Roy hoc Pro* A rdfi 110 p J« (1026) 
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* No* ooapiotoJy resolved from 0197 72 

t The axoeptlonal behaviour of thU line may be aoco in ted foe by the fact that it i« also olaunod 
«DP(3) 


J 3 The P anti R Br inchee m the Red 


m <l) (It) (3) (*) (8) (0) 

1 + + - 0 4 , 

3 + 0 


>7 35 < 

<0 5967 W (0) 16781 59 ( >8 

>8 87 ( 

»U m3 87 (*) 16880 3« ( ^>8 

»lM fSOSS 84 (8) 16*82 S9 ' 
t DooWe ot H*ll • pl»t*» 



0 W Jfechar^ 



IW 

IV 

j<8) 

f i 

noml(«)[ 1 


1 1 

'1871(1,1 J 

.h. 


(Dj 1HJ9* 66 

MJ4 39 (4) 164J6 Z® 4 M , 

V," 

fl0M 0J(0,1MM M Z 4 *” 


CB(«) 


6801 i»(«) i/iiti m s 


«1T* »t(X) Je IIW 18 y»*> v 

">«««) 18 IJ 1 n /*'“ 

9ISI *»<*) non M Z M °® \ , 


-»' m = ip (Jh wp * eo ™ ,w » 


t »»diritt6I5j 17(3) 


DR(«) 

Liij 


16333 93 

W( **(»> 13933 3J W \ 

**« I«(I)1S*9- 7 « )*** ^ ” 

W7 «<J) 1810.1 W 


RR (») 

R ^MO) 138WM 

(0)1387,,, >» 
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\A 

WWW) 


AP (m) 

jt«067 70 (5) U 


6100 18 (1) 16388 42 
0137 81 (1) 16387 68 
0178 18 <0) 10178 87 

om 81 (9) loo eoTij < 


>87 63 v 

>100 74 U 
>8 07 
>108 81\ / 

\ 


81V 

\ 


>131 43/ 

6370 18 [ 1 13928 86 / 

Uixe.1 * th 80-0 00(7) M. (2) t Double oil H»U a pUtc 

("0 _ __ 

> 94 08 


>18 8! 


2 


+ +• 

+ 





s 

16168 03 (3) 16203 96 

s 








ib. 

6203 66 (f) 16109 88 

4 



+ 

0 


W'i (6) 


ib. 

t«246 63 (t) 16004 22 

8 








0 

6291 80 (0) 13889 31 

F 


1” 




b,<4) 


9 

76340 87(6) 16707 10 |. 

7 


1 

n + i 

1 


aba 

6398 99 [ ] 15637 83 


)■ 

>114 91 
>128 31 
-I >128 27 


>11 38 

> 9 S 3 
>-30 

> 7 00 


•f Double on Hell • pUte 

CP(«) 


6271 31 (3) 13941 24 
6311 08 ( f ) 13840 76 
6330 14 (0) 13728 48 
6403 71 (0) 16606 76 

) 

8373 19 (8) 13688 83 
6411 77(1) 13393 01 
0436 11 (0) 13484 93 


>100 48 
>112 28 
>121 72 


> 9 44 


> M *\ , 

>107 os/ 


PPM 


2 

0 6472 U(f) 13446 33 , 

> 91 82 

a 

*b» 6312 t» (0) 13361 33 x 
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The first lines of each branch are low pressure lines which are depressed by 
tie condensed discharge The two lines AP (2) and BP (2) which form an 
exception to this statement are both found to be double under higher resolution 
The later members tend to come np m the condensed discharge and the two 
first P branches (A and B) show a similar property to the corresponding Q and 
Q 1 branches of enhancement by helium for the highest rotation quantum 
members It is not pretended that the strong lines 6224 81 (9) = CQ (1) and 
6340 57 (6) = DQ (3) belong here They merely cover up places where members 
are to be expected but the faint companion of DQ (3) (S t (4)) might be 
BP(6) The differences are all quite regular if some slight allowance is made 
for the known doublete The lrnes claimed by other senes which have not yet 
been found to be double all involve weak interferences whioh may be difficult 
of detection It should be remarked m connection with the numbers m column 
8 which represent intensities on a plate of the first type discharge that the 
luminosity in this discharge is very weak and the absence of lines which are of 
intensity (1) or less in the ordinary Geusler tube discharge has little significance 
The points which they seem to establish are (1) an alternating intensity in the 
R branches (particularly noticeable in the strongest branch BE (m)) (2) the 
strongest lines are for m odd exoept possibly in CR (m) for which branch the 
plate is difficult to interpret and (3) the first lines (m «=» 2) of the P branches 
are definitely present on the plato with a reasonable diminution in intensity 
from AP (2) to EP (2) 

The horizontal first and second differences of the red R (w) and the red 
P (m) lines are exhibited in the following table - 


1 (l»t) 
(2nd) 
* (1st) 

3 

4 f» 
3 H 3 > 




A(») 


284 93 
27S 33 


284 88 


B(w) 
12 88 
8 41 
2 80 


Table V 
Red R (m) 
- 0(s) 


272 07 
*67 82 


961 53 


10 41 

9M 


261 68 
267 #7 
264 06 


I)(m) 

12 64 
14 60 
7 61 


246 44 


271 ia 

ITS 64 
263 46 


2*3 21 
291 03 


9 46 
9 42 

TTt 

7 01 


Red P (») 

262 72 - 

10 32 

269 It - 

90 37 

278 74 -- 

» 10 


262 39 
248 76 
243 66 


9 89 

Tit 


242 60 
240 48 
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Both the vertical and horizontal differences seem quite regular At any 
rate there is no irregularity beyond what might be expected as a result of the 
interferences shown in Table IV 

§ 4 The P* arid R 1 Branches tn the Red 
Table VI 


p _ W L 111 Wave lit 2nd 

Properties Alr(lnt) Nnmher Ihfl DIB 


AR 1 (w) 
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Table Vn 


» (1) <*) <») «> 

1 + + 

3 + + 

;i 

6 ! 

AFM 

(«> <«> (7) (8) 

1 1 6041 01 (4) 16046 93 

1 BK (1) 1 6074 39 (4) 16438 01 

1 611160(0)16334 39 

^ <1* 6133 01 (6) 16440 83 

1 1 aha '(6101 4 [ ] 10118 4 

* JTxfd v til 6153 17(1)7 

*i 1 i 

BF(»») 

1 6131 17(3) 11*47 30 . 

8 j | j 

j UR* (3) aiba 6131 99 (4) 100*9 (U < 
TIP (6) ab< 6179 88(0) 13919 56 ‘ 

rm 

CP*(») 

I | | BP* (5)1 aba | 6104 89(0) 1W7 57 , 

| U50Q(*)j aba. 6906 00(0) 15833 39 • 

| 1 1 8,(4) |aba 1 6351 18(1) 15 40 51 • 


DP> (m) 

| | aba | 6376 11 (0) 16679 11 , 

j 0 6417 0- 15479 63 < 

1 | EP> (1) | aba j 6463 0S(pi) 15468 31 ■ 


M*(m) 

| |«« ™<°> 15 ** *» 
j aba 6514 68 ( } 15321 31 


> W « v 
< Nil 58 
Mil 14 / 


The P 1 branches cannot be regarded ae ao certainly eatabliebed u the P 
Branches once the hne* are weak and the leading tales do not stand out on the 
plate as the P (2) hne* do The number of line! available in the spectrum o! the 
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flwt-type discharge is, however, very limited, end it is doubtful if any alternative 
arrangement could be constructed which use* lines with any strength in this 
spectrum for the low rotation quantum numbers of the A and B branches If 
these branches are present, either AP (2) or AP (3) and either BP (2) or BP (3) 
ought to show up, even if the other lines are absent and it is satisfactory that 
suoh strength as the lines show m the first-type discharge is in the right place 
The two new lines assigned to BP 1 (3) and DP* (3) are present m the first type 
discharge, but are not given m Merton and Barratt s or Tanaka’s tables They 
do not appear to be attributable to Hg N 0 C, Ca, Ba Cu, A1 or ha so presum¬ 
ably they belong to hydrogen It should be added that no lmes due to 
impurities hsvc been found on the plates on which these lines occur Tho 
horizontal differences of R 1 (m) and P x (m) are shown m Tables VIII and IX 


Table VIII —Horizontal Differences of Red R 1 (ns) 


B 

( 1 st) 

(*»“) 

B 

B 


200 0« - 271 60 268 38 262 08 

+18 SO +8 18 +0 40 

273 86 - - 266 88 2«4 78 283 28 

+# 98 +2 10 +2 SO 

250 47 - 261 53 264 02 283 27 


(244 81) - (856 34) 

( 11 78 ) 

280 35 


Table IX — Horizontal Differences of Rod P 1 (m) 


301 66 

soe »i 

316 36 
321 29 


11 02 
14 60 
16 64 


289 73 
296 01 
298 72 


11 37 
21 IT 
28 63 


278 36 
273 84 
272 20 


12 68 
16 60 


260 82 
267 24 


All these numbers seem coherent The three numbers m brackets involve 
the interpolated wave number 16615 53 used for BR 1 (4) Tables VI and VII 
show a considerable number of interferences which may be difficult to settle 
It may be pointed out, however, that the claims of 1P (8), 159 Q (3) and 163 P (6) 
to the three relevant lines m the P 1 (m) branches are very slight With on* 
exception all tho other lines are hues which function twice in the Fulcher band 
system as now extended 


3 B 


vol cu —a 
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{ 5 The Banda in the Green 

The linos of the Q branches and their properties etc are shown in Table X 
The main bnes are the same as those given by Fulcher but some weak extensions 
have been added which it does not seem possible definitely to exclude at present 
The more rapid diminution of intensity of the higher rotation quantum lines 
in the first type discharge is very evident and on Prof MacLennan s plate at 
— 252° C there is practically nothing left except the first line of each band 
The tendency of the high quantum lines in the A band to oome up in hehum is 
very marked just as it was m the two red Q branches As in the red the green R 
branches are weaker but the lowest quantum lines show a definite persistence 
possibly amounting to enhancement in some case* in the first type discharge 
and on the low temperature plate The property of coming up m helium at the 
end of the branch seems now to have moved from the A branch to the others 
Again as in the red the P branches are still weaker than the R branches but the 
important lines BP (2) and CP (J) of the two strongest bands persist both in 
the first type discharge and at — 252° C It is, of course difficult to be sure of 
the fainter lines in these weak branches mid the lrnes given forAP(4) AR(3) 
and AR (5) might be replaced collectively by 18518 80(3) 19011 48(0) 

(** 53 P (6)) and 19065 01 (1) without much detriment to the numerical rela 
tionships Considering the character of this spectrum the number of suspected 
interferences in the green bands is not high 


Table X —Green Q (m) 


(») 


3 IS (S) 18861 i 


J6309 0»(«) 18830 m ' ^>10 5* 

6317 *0 (6) 18790 33 ( \l0 39 

, >1 79 < 

37 P (3) | 0* 8839 7«<1) 18767 43 / \ 9 19 

6344 37 H 1*10« « S 9 67 

BB(4) |tbs| 6361 63{ ] 18S4S 90 9 09 

53*1 73 [ ] 1*676 36 ' 

10»d wtti 5336 90 (3) t Mi»d in & 8*4* 1»(3) j Pamolrsd <k>sbl*l (If m4 B.) 
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Table X—(continued) 


Property* 


Number 


MIS 80(6) 188446 SI . 

>0 69 . 

MIS 66 (I) *18414 83 / 8 43 

5484 83 ( 6) 18394 Ti ( \ 9 96 

>40 06 ' 

5446 70 (0) 183M 66 ^ >67 

5461 50 (1) 18304 93 / >40 

>9 IS < 

[5479 3- -J 18248 8- ' >8 4! 

56 (2) 18178 25 : 

1182 R (7)j abe ] 5621 87 (0) 18104 79 i 
70 (0) 18030 23 - 
Double under high reeolutlgo 


>67 56 < 


, < 73 “>1 

>4 56 ' 


TQ(m) 


5637 46 (7) 18063 86 . 

>9 41 
42 < 


5543 41 (3)' 

5662 63 (4) 18004 86 
5564 63 (I) 17966 00 


>13 ' 


(6 75 (6) 17678 
11 73 (8) 

0 89(8) 

13 06(3) 

« 20 (0) 17641 


*• V 

58 M >91 

08 ^‘ 8 “ \ 9 is 
8, > TO >317 


0(6) late j*5683 05(3) 17691 » > 

1164 Q (4)Lbe I 6699 30 (0) 17641 46 ' 


Double under blgh ranoiutiou i the fete ter oomponrut u about t Lv towerde the 'riolei. 


3 B 2 
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Tabl* XI —Green R (») 


PropertiM 


W h tn Wen let Snd 
Air (lot) Mom bar Did Did 


AR (m) 

> I <91- 


5270 41 (3) 
8259 «9 (0) 


>34 a < 
15 (0) 19041 78 ( 

>»7 92 - 
46 [f) 19088 70 / 
i 8284 50(4) - 18917 98 (T180P (6)) t Recorded on flret type m 


5401 M (1) 18506 75 x 

^3 49 . 

6*85 50 (») 18863 £4 < 

Vo 04 C 

8372 46 (0) 18608 28 ' 

5361 63 [1] 18645 90 ' 


AP(6) 

Manured on an* p)et« only (M. end B ) 


I 5818 48 (3) 18115 91 
I 5499 86 (2) 18178 28 
I 8483 90 (0)* 18230 


Otj 5470 17 [-} 18278 89 
f Difluee on fliet-type pieta 


y02 34 . 

* < >»0 48 

>1 89 < 

14 < >6 14 

^>46 75 ' 


DR (m) 


1890(1) ebe 
157 q ( 7 ) ebe 


6634 31 (0)tl7743 49 , 
5616 24(0) r 
5601 <6 (0) 17846 91 
5590 04(f) 17884 00 ' 



IStructure in Secondary Hydrogen Spectrut 


731 


Table 1 2 —Green P ( m) 


AP(m) 
i < 7 > I < 8 > I 

162 R (S)| ah 6340 84 (1) 18718 48 
aba 6308 48 (jrf)18«M 07 
eba 6300 00 (0) 18613 72 
aba 6438 64 (j) 18399 09 
Q*| 8470 17 [ ] 18276 89 
Difloae on fliat-type plat* 

BP(tn) 


27 P (4)1 


OR (4) 


« 97 (1) 18320 12 
aba 6488 48 [ ] 18214 96 
I aba I 6624 01 (0) 18097 78 

cpm 

1 6873 86(1) 17938 93 

[5808 8-]17830 4- 

16 12 (0)f 17706 39 
17 86(f) 17577 38 
on one plat* only (M and B) 
m flnt-typa plate aa 6644 99 (broad) 

DP (m) 



K(4) 

(201 B (3)1 


19(7) 17572 11 , 

78 ( ' 


6725 87 (1) 17458 
5786 95 (2) 178*5 29 
(•5812 86 (9) 17199 M 


0 996 
19 / 

>12 44 

a / 


• Tha band llnea may be ebaent The atrength In both oaaaa belonja to other eyatenu 


The honrontal first and second differences for the green B and P branches 
Wo ihown m Table XIII The corresponding difference* for the Q braaohee 
here been tabulated by Curtis * The figure* in brackets involve the substitute 
17826 4—) for the line 17830 4—[— ] given in the table of properties Thu 
take* the irregularity out of both vertical and horiaontal difference* 


Vx oil 
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Table XIII —Horizontal Diflerence* 

Green R (*») 

* A<m) - B<») - C(») - D(m) 

1 (1st) 411 66 393 84 272 43 

(2nd) +18 71 +31 42 

3 (Iat) 406 36 884 M- 877 49 

(2nd) +30 37 +7 BO 

3 (lit) 398 97 978 14 883 38 

(2nd) +30 83 -o 09 

4 (lat) 393 88 370 01 891 89 

(2nd) +23 87 21 88 

Green P (m) 

2 (lat) 898 84 884 19 863 63 

(2nd) +14 18 +30 87 

3 (lat) 407 12 (888 66) (387 83) 

(2nd) +(18 57) +(20 93) 

4 (lat) 416 94 - 391 39 — 371 10 

(2nd) +24 56 +20 29 

5 (lat) 277 99 

§ 6 The Band* t» the Blue 

(1) The Q Branches —That a number of lines exist in the blue which are 
closely related to the Fulcher lines m the red and green was first recognised by 
Gehrclce and Laa* from observations of the spectrum of hydrogen excited by 
slowly moving electrons A considerable number of these were arranged by 
Dielcet m Q branohee similar to those already proposed for the red and green Q 
branches Table XIV shows Dieke a arrangement of these hues with the addition 
of three line* which are underlined once, and the substitution of three lines, under¬ 
lined twice for other hues given by Dieke I have also adjusted the wave num 
bexs of two lines which are abnormally strong (CQ (9) and DQ (2)), this takes out 
the irregularity in the vertical differences One of these lines is abnormal in 
showing the Zeeman effect and is given by Merton and Barrett as a high pressure 
hne It is probably a blend As regards the interferences, 88 R (m) and 10 P (») 
are both rather doubtful single branches the line denoted ss AQ(1) is expressly 
mentioned as a doubtful member of his band by Sandeman,{ and the hne denoted 
*■ AQ (6) does not appear on his plates Although the hoes of Fulcher’s bands 
do not show the Zeeman effect, the Zeeman property of AQ (1) might be genuine, 
as Curtis and JevonsJ have found that the first line of a branch in the helium 

* Geliroke and Lm, BsrftnAkad Sitobsr Jahrg,’ p, 433 (1M2) i p US (IMS) 

floe. oO. 

I Zoo cil 

i Curtis sad Jevons, ‘ Nature (IMS) 
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band spectrum will sometimes show this effect when the other lines do not The 
intensity and its distribution among the lines w the fint-type discharge and 
at — 252* C is very strong evidence in favour of the reality of these bands 
The line DQ (2) =» 4683 79 is abnormal both in intensity and wave number and 
might be perturbed It behaves both m the first type discharge and at low 
temperature as though it belonged to the band The AQ branch in the blue is 
distinguished by the same susceptibility to helium stimulation aa the AQ 
branches in the green and the red but in the blue band it is not confined to the 
lines of high rotational quantum number but extends to every line in the branch 
A peculiarity of the blue Q branches is that the line for which m =» 4 is extremely 
weak or absent m every branch Both m the blue and m the red and green Q 
branches there is an alternation of intensity with the weakness m the lines for 
which m is even If lines having the wave numbers given in Table XIV are 
used for the two missing lines BQ (4) CQ (4) it will be seen from Table XV that 
there are no irregularities either in the horuontal or in the vertical differences 



AQ(m) 



4490 45 (5) mm S4 
4493 HI (2) 22247 29 
4498 52 (2 ) 22223 31 
4504 BO [ ] 23191 84 
4512 81(1) 22152 95 
4622 37 (0) 22100 14 
t Very weak 



BQ (m) 
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Table XIV—continued 


4617 48 (3) 31660 73 . 

\l6 1* . 

4820 7* (1) 81633 61 ' > 7 48 

>22 60 < 

4626 39 (4) 421818 01 ( \l7 81) 

(31683 5-) / \6 79) 

80) ' 

4640 47 [ ] 31643 20 / 

>48 27 

4690 96 (*) 21464 93 ' 


:i ri 11 . 


* \V»re number ol liselnoteawd by 0 90 om * to t»V* ont irregularity 

EQ(») 



DQ(m) 

| 3 1 4680 42 (2) 31369 93 . 

! i >14 86 . 

6 4683 79 (6)*31344 76 / \ 6 76 

I 0 I 4688 a (0) 21333 16 ' 


a 

is 


:g 


Table XV —Blue Q (m) Horizontal Differences 
AQ(«) - BQ(m) - Cq(») - DQ(m) - EQ(*> 


311 r 

310 38 
310 36 
(310 34) 
Ml 80 


10 03 
9 68 

iolo 

(11 74) 

13 84 


301 34 
301 00 

399 96 
(398 30) 
397 96 


10 19 
18*1(1 
10 09 


391 11 
190 86 


10 44 

16*87 
10 79 


380 67 
379 9S 
379 07 


(2) ThRardP Brmchet —A* in the red tpd green theee branches are much 
weaker than the Q branobee and are more difficult to locate with certainty owing 
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to the fact that they are mixed up with »ome other systems which are strong 
in the first-type discharge In fact, a microphotograph of the first type in this 
region, whilst exhibiting considerable strength between H f and EL, shows little 
or no regularity of the type shown in fig 2 by the Fulcher bands m the red 
The lines given in Tables XV and XVI under A and B are the lines which I 


Table XV -Blue R (m) 


ae^pV 

s 

fllQ(S) 


AR (m) 
(*)| 


4474 24 (2) 22342 32 
4494 18(1) t**3W 56 
4499 67(1) 82437 03 

4448 4 St(P) *2408 93 

4449 24 (3) 32488 98 


>42 46 , 
>3191 / 
>21 16 


> 8 18 
>10 99 
>10 39 


R(m) 

4537 83 (1) 82031 28 
49*4 99 (f) 82093 94 
4914 87(1) 88145 79 
4904 90 [-] 82191 B4 
• Weak li prwsnt 


C,R (w) 


9K|1) 

8*P(S) . 
» AB <*> 


4909 39 (0) 81707 79 
4991 84 (1) 21771 70 
4930 04 (5) 21827 77 
4970 89(rrf) 81271 49 
D,R(«) 

| 4667 90(1) 11417 40 
4697 81(1) 31463 22 
4990 24 (0) 11427 80 
4*42 92(0) 91919 28 


>68 28 
>52 35 

>49 05 


>63 91 


>10 01 
> 6 20 


£>• 

>46 88 v 

< >U 26 

£>• 
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Table XV- (continued) 


J 

Propertiea 

W L. in Wave let 2nd 

Air (1st) Number 1X8 1X8 

"l 

3 

2 

r 4 

(1) 

| (2) 
+ 

(3) 

W 

' 

1(0) 

2 

(0) 

E 

(7) 

(0)1 

1 

4 be 

0 

7 

») 

4122 81 (1) 21123 20 . 

>2# 86 , 

4120 12(0) 21168 06 < > 0 28 

>90 47 C 

4791 80(1) 21172 61 < > 9 00 

>11 29 / 

4719 02(0) 21184 81 ' 

Table XVI—Blue P<m) 


Properties 

W L 10 Wave lit 2nd 

Air (Int). Number DU DiS 


AP(m) 



«77 23 (0)*2184I 10 . 
4S97 22 (1) 21746 23 
4020 72(1) 21(30 01 < 


M (0) 2101S 28 ■ 
one plat* only (It end B.) 

C»P (m) 

4042 42*(p) 21527 92 , 


MB <51 
MR(4) 


4007 OS (1) 21420 24 
4022 04 (I) 21200 74 


>110 « < 
>120 82 


22 


% 

22 / 


4t|V Ot(l) 21173 St ' 

Probablyidentical with 4041 U{ ]is Vtrtee end BerruK't Tebiee(Tanaka), 


IS 07 

• 72 


7 02 
» 19 
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D,PM 

' 1 <»> 

1 " 470ft 24 (0) 21 40 #1 > 

4732 81 (1) 21123 20 ; 
4763 82 (4) 2096ft 70 ; 

4799 00 (0) 20831 88 - 

* .P (♦») 

4709 ao (0) 20000 72 , 

4800 20 (r) 20826 39 ; 


\14 17 
,10 34 


believe to be the Alt (m) BR (m) AP (m) an] BP (m) branches corresponding 
to the branches with the game notation in the red and green bnt a largo proper 
tion of the lines are claimed by other series Unfortunately the rival claimants 
mostly belong to systems which also exhibit considerable strength in the first 
type discharge and at low temperature so that it is not possible to distinguish 
the band lines satisfactorily by the methods previously employed Of the 
interferences 10 P (1) and 38 R (2) belong to branohes of donbtfnl auth nticity 
but there is something to be said for each of the others The number of inter 
ferences seems to exceed what is reasonable purely as a result of the operation 
of chance so that perhaps some of the higher quantum lines ought to be taken 
out of this table However it seems aa well to include them until this part of 
the spectrum has been investigated under higher resolution 
The lines given under 0, D, and E, seem fairly definite branches which show 
the usual behaviour in the first type discharge and at low temperature but they 
are not coherent with the A and B lines This oan be seen from the vertical 
differences in the tables and is just aa evident m the horizontal differences 
There are however a number of lines m this region which can be arranged 
coherently with the A and B lines aa fragments of P and R branches cor re 
spondug to the C D and EQ branches These are given in Table XVII 
Their coherence with the A and B hnee is shown by the vertical differences m 
Table XVII and also by the horizontal differences m Table XVHI 
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Table XVII -Blue R (w) and P (m) 


(1) 

(9) 

(8) 

(4) 

(5) 

(8) 

(7) 







C,B(4) 




+ 

Z 


101R (3) 
26P (6) 


4600 06 (r) S1733 75 
*584 *8(1) 21806 62 
4570 89 (ret) 21171 45 
4558 50 (2)f21980 93 
• M»y be mixed with 4600 81 (r) t Unreeolved dooi 

CP(m) 


N7S 88 . 


^>93 rx 


I++I 


DR (m) 

1 5* I 4661 99 (4) 11446 85 , 


+ + ata I 4642 69 [] 81532 21 

| I I I | | | T I 4696 94 (0) 21606 62 

Mey be mixed with4660 84(2) t-veryw 

DP (M) 

| I | | I fatal 4698 II (rd) 21178 99 

* ViJoe required by oomblnetlou principle 

LR (m) 

4721 56 (1) 21173 59 


^>13 04 


4699 92 (pd)21371 03 
4681 35 (3) 11350 St 
4064 56 (;) 21432 28 


EP(») 


4758 39 (0) >1009 64 

tt»943 

4792 52 (0) 

4811 67(0) tom 02 



t H*jn» alxed with 4810 56 (p) 
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Table XVT1I — Homontal Differences 


AB(m) 

(Ut) 313 64 

(tad) 


Bine R (m) 


•B 

■ a, 

4 (fad) 

t (1st) 
(fad) 

9 a 

4 , ( fai> 


BR(«) 


CR(») 


281 23 
210 09 

288 78 
302 S3 
308 01 
312 49 


296 33 - 285 90 

14 11 12 63 

- 286 91 -- 273 42 

14 11 13 49 

— 274 34 - 264 92 

18 89 ‘ ' 


282 18 
235 71 


15 87 


260 9: 


Blue P (m) 


blnstion principle in»t«d of the line 21278 77 (ri) which u probably double ai 


In forming a final judgment as to the reality of these blue R and P series, 
it should be borne m mind that all the lines m Tables XV-XVII to which it 
is applicable satisfy the combination principle subject to a reasonable allowance 
of errors due to interferences or possibly wrong lines Another point in their 
favour is that the P branches are weaker than the R branches, and the R than 
the Q just as is the case in the green and red bands 


§ 7 The Combination Principle 

Tho linos of all the foregoing R and P branohes (but not of the R 1 and P 1 
branches) satisfy a combination rule such that R (*») — P (w +1) for any given 
value of m has a certain value tot all the A bands, a oertain other value for all 
the B bands, and so on, irrespective of whether the bands concerned are in the 
red, the green or the blue group Thit is shown by the data w Table XIX 
Thu table includes some data got from a blue Cj. band, the details of which have 
been taken out of this paper for further consideration The P and R branches 
Of this band do not belong to the same Q branch as the others 
The values of P (m) — R (m) for the lines of the red, green and blue groups 
are given m Table XX The corresponding values for the green and blue do not 
satisfy a combination rule, but they run in a similar way to those in the red 
Table XXI gives the values of the red R l (m) - P 1 (m + 1) and Table XXII 
those of the red R 1 («) — F (*») There is some fragmentary evidence of a 
aeoond P 1 branch in the red and of branches in the green whose lines satisfy a 
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combination role similar to that for the R (nt), P (m) lines, but I do not propose 
to produce it now, as it has not yet been sufficiently examined 


Table XIX —Values of R (m) — P (m + 1) and their next differences 

, red 

cr 


b ,a 

ST 


ST* 

Uu C, 


D rtd 

ETd, 


345 83 
34S S3* 
345 99 
345 91 


y m ,y« 

511 29 5 


132 70 348 13 

189 S3 348 29 510 SS 

190 12 347 32* 510 18* 

189 82 348 21 511 04 


\/ 

158 39 


162 83 185 28 

523 31 697 09 


180 35 349 43* 

179 98 347 85 523 74 698 54 

180 20 347 27 523 38 093 27* 

179 87 350 85* 521 03* 6*7 98 

180 47 347 72 

180 17 347 55 523 48 897 85 

lO^S l^S 

171 08 340 11 812 31 

171 18 341 78* 511 61 684 641 

170 87 340 03 512 10 683 42 1 

171 04 340 12 512 15 084 03 

170'08 171'm 

164 56 827 68 

1S2 48* 326 88 490 44 654 111 

163 85 490 80 655 261 

164 22 327 17 490 62 654 79 

,y M y. y 7 

h involve oltber taterfmmoss Of doubtful UnM h*v» been disregarded la 


The numbers in Tables XIX-XXII are very interesting They represent 
coherent functions of the rotation quantum numbers m and of a set of con¬ 
secutive integral numbers which might be assigned to the successive letters A, 
B, C, D, E, P It is probsble that these letters correspond to different 
vibrational transitions « — possible values being the diagonal transitions 
A = 0-0, B = l-»1 C »» 2 ->■ 2 D = 3 -*3 E *» 4 -+ 4 and F » 5- 5, 
and that the groups in the red, green and blue correspond respectively to 
different electron jumps* of the type considered in the elementary theory of line 

* Thu particular assumption u very doubtful It seems at least at probable that these 
groups correspond respectively to the sHernatave feta of vibrational transforms snob a* 
1—i-O 2—>-1 S—“*2, and so on. 




fill 
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•pectr* This interpretation is sot absohitsly osrtarn bat it is the simplest 
wbioh u consistent with the facts end it sestn* desirable to adopt it until some 
reason lor modification present* itself The numbers under any given letter 
such as A etc in any given colour, such as red etc will then represent the 
different rotation quantum jumps lor the tame vibrational quantum jump and 
the same electron orbital jump Successive differences, such aa R (m) — 
P (m + 1) represent sequences of successivs rotational energy terms or com 


Table XXI —Value* of the red R 1 (m) - P» (m + 1) and their differences 



Table XXII —Values of the red B 1 (») — P 1 (») and their difference# 


A 

2 3 « S 

in 04 390 *4 000 SO 047 73 t 

i^i i^i Mm 


B 

100 43 419 98 (570 »)• 7*8 97 

\/ \/ \/ 

190 66 (169 n)< (IS* %Tf 

• Tb«*e number* la brseksts 
lnrolvs the eshmlsted line 
8R> (4) - <1091* 51). 

0 

*83 » 450 40 « 

loVis ibs'm 

118 58 


D 

190 80 459 08 

in's* 



E 

*01 40 40* 95? 

Mm 
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binations of such sequences Their next differences do not vary much with t» 
for any assigned letter and colour, but they are not constant and it is very doubt 
ful if the precise manner of their variation with m can be accounted for on any 
theory which has been advanced up to the present To obtain a preliminary 
survey of the data 1 enquire what would be the result of assuming that each set 
of values of R (in) — P (m + 1) etc m Tables XIX XXII for any given 
sequence of nt reprisinte an integral sequence of successive differences of 
initial or hnal rotation terms I assume further that each of these hypo¬ 
thetical terms is represented by the expression F (m) — B (m — e)' where 
B and e arc constants B and e cannot really both be constants as the next 
differences of R (m) — P (m + 1), etc , vary with m, but I avoid this difficulty 
by using only the first two terms («* — 1 and m — 2) in each case that is to 
say, I use only the data given by the lines R (1), R (2), R (3), P (2) and P (3) 
These assumptions are only defended on the ground that it is necessary to make 
a start somehow, but the lines used have the advantage that those with higher 
quantum numbers (in) tend to become less certain On these assumptions the 
provisional values of (2 B) and (e) are given in Table XXIII, and the values of 
(«) are plotted m fig 5 


VALUES OF (£) 



Fra S 


VOL CXI A 3 0 
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On the f»ce of it the value* of (2 B) all increase to a maximum in prooeedmg 
from A towards E and then fail again The value of «ftoraB (m) — P(#» + 1) 
starts near mo at A and approaches the value j asymptotically at E Similarly 


Table XXI1J -Values of 2 B and of e 


(1) From red green aud blue R (f») — P (m 1) (Means) 

1 141 98 I 138 39 187 48 ) 170 08 I 1 

I +0 0687 | +0 3017 | +0 434 | +0 #001 ) H 

(2) from rel R(m) -P(*») 


0 414 


1 1 31 | 182 08 | 162 30 , 
-0 1767 I -0 03393 | +0 00103 I 


(7) From green R (m) — P («n) 

133 04 > 130 tl I 181 42 , 130 88 

-0 333 I -0 1183 I 0 00118 j +0 0723 

(4) From blue R (m) — P (m) (A ► E) 

133 80 | 147 19 I 138 19 I 

-0 404 [ -0 3143 I -0 108 ! 

(5) From blue B (m) - P (m) (C, D, f,) 

| I 183 13 j 187 90 

j i +0 00883 I +0 1377 

(6) From red R l (*n) — P 1 {m ■+■ 1) 

141 98 | 166 II 178 07 j 170 13 

+0 2*2 | +0 337 +0 330 I +0 170 

(7) From red R 1 (m) — P 1 (m) 

134 20 | 186 88 I 167 18 | 191 82 

-0 2138 -0 1633 -0 1943 -0 3234 


144 80 
+0 172 


187 IT 
+0 0171 


the Ted R (m) — P (m) starts near -J and approaches asymptotically to zero 
The same behaviour is shown by the green and the blue R (m) - P (m) except 
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that the green E and blue D are absent and the blue E is exceptional It may be 
that there are wrong lines in the blue E fragment, the failure of the D band 
make* them uncertain On the other hand there may be a perturbation 
here so that it is necessary to leave the matter undecided for the present 
The (e) values from the red R 1 (tn) — P (m + 1) start near +1 for A rise to a 
maximum and then fall to zero at h Similarly those from the red R 1 (m) — 
P 1 (m) start near — J at A rise to a maximum and fall to —J at E 
It may be that these changes in (2B) and (t) correspond respectively to 
changes with vibration states m the moment of inertia and in the component 
of angular momentum perpendicular to the line joining the nuclei of the emitting 
systems But this is not certain and an alternative interpretation will be con 
•idered later There are however some facts in the data plotted in fig 4 which 
I feel must m any event be significant particularly the way w which as the 
state E is approached the value of (e) approaches one or other of the values 0 
or ± i This becomes more significant when we remember (Tables XIX and 
XX) that for the R (m) - P (»» 4-1) and the red R (m) — P (m) values the 
next differences have become practically constant at D and E and are equal to 
the differenoe R (1) — P (2) multiplied by either 1 or f This shows that the 
formula B (m — ef with B and e really comlanti does apply at this end of these 
bands The parallelism of the curves m fig 4 and the fact that they always 
keep almost exactly half a quantum apart is also very striking 
The R (m) — P (j» -) 1) terms are the same for the red the green and the 
blue bands This means that all these bands involve one common state either 
initial or final I shall assume it to be the final state the alternative being 
improbable I take it then that the R (m) - P (m + 1) terms represent the 
terms or some of them of this common final state I assume tentatively that 
the initial and final terms are of the form B (m — E)* where B and E are 
constants at least at the F F end of the bands Subject to there assumptions 
we have quite generally 

K (m) =■ v 0 -f- B t (*» + 1 — Et)* — Mm — «i)* » + 1 —*■ m (1) 
P(» +l)~v* + B,(m +1 — E 4 )* — b t (m +2-e^* w +1—m +2 (2) 

Since R (w) — P (m d 1) have a common value for the differently coloured 
b&nds for the various values of m tn and if the common terms are to be the 
final ones (distinguished by small letters) we must have identically 
Bjfmd-l -E,)* = B.( m d-1 - V 


So J 
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This requires that B, S B, ami m' =• m—E,4E, Putting K for E x --E,4*s 
the fact that R(l) — P(2) ~ B(2) — P(3) — [B <1) — P(2)] requires that 
* — 2 = ± e, The solution jc — 2 = )- e is rejected because it leads to 
P (in f-1) ~ R (»i), thus 

* + e 1 ='E 1 -E a l (j (3) 

In a similar manner the fact that 

R (2) - P (2) ~ a {R (3) — P (3) - [R (2) - P (2)]}, 
in conjunction with (* — 2)“ »= e,* requires that 

E 1 + E l -« x fe, (4) 

So that from (3) 

Ej = 4 1 and e, + e, — E, = 41 (6) 

If the common terms are to be the final terms, then »» = m' with the numeration 
adopted in the tables, and there seems to be no reasonable alternative enumera¬ 
tion , so that 

Ei = E t = 4 1, Sj + « t = 4 2 (6) 

Reasonable alternative sets of values satisfying (6) are 

E, — E j = e x = Cj = 41 or Ej = E, >= + 1, s, = 4 
+ 1J or E 1 = E J = + 1, «i>= + 1J, e*=-fi 
So far as I can aee at present, there is nothing in the evidence to hand which 
would make any of these three alternatives preferable to the others 
For the F R' branches I assume 

R' (m) as * 0 ■+■ B'j (m +1 - E',)» - V x (m - s'J*, m + l—*m (7) 

and F(m + l)-v' 0 + B',(« + l-E',) l -^,(m+2-«' l )*. (8) 

*» +1—'m + a 

The combinations are not known but B', B', b\ b\ are not very different in 
magnitude, and since 

R' (1) - P' (2) ^ I {R' (2) - F (3) - IR' (1) - F(2)]} 
it follows that 

(E'j - E'J (1 - £', 4 E']) -(«', + I) - (s', - 2) (s'. -1). (9) 

From the fact that 

R' (2) - F (2) ~ 2 {R' (8) - P' (3) - ^R' (2) - P' (2) ]} 

(1 + E', - E'J (1 - E', 4 E'i)» s'*, - s'*, + 2 s', - 1 (10) 
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( e 't + e'j — 1) (1 + 1\ — E',) = 
This requites that either 

e'H 1 «=K| 


If (13) were true, the formula for R («i) would become 


(ID 

(12) 

(13) 

( 1 *) 


R(»»)= Vo-HB'! -h\) (m-etf 

which would represent a Q branch not an R branch The alternative (14) u 
therefore adopted and also, from (11) 


E'i + R » - 1 


(15) 


Even if we are confined to integers and half integers between — 1 and 4- 2, 
there are a considerable number of sets of values of E i E s e'i e\ which satisfy 
(14) and (18) However, many of them are ruled out by the faot that the 
differences of R (m) — P (m +1) are very nearly the same as those of 
R' (m) — F (m + 1) Disregarding the differences between Bj b 1( etc this 
common difference is A =- 2B (2 — E, + B» + f, — e,) The sets which 
satisfy this requirement (in the order E t E, e, e t ) are —(a) for P, R = 1 1, 
1, 1, F, R' = either 0,1, 0 1 or 1 0, 1 0 or 1J -f 4 or If -f If 
-Jorf i i t, (6) for P R — 1 1 } H either FR'=4 } 0,1 or 1,0, 
or If -f 1 0 or 0, 1, -4 4 and (c) for P R = 1, 1, If f FR' =- either 
-f If 0, 1 or 1, 0, 4 -1 or J i 1 0 or 0, 1, f \ The lines which oon 
Btitnte the red E fragment make the RP intersection (at ro — J) and the R'F 
intersection (at m =- 0) occur at practically the same wave number If we could 
be certain of this, a large number of these alternatives would disappear and we 
should be left only with either (1) for P, R E t =* E, = -(-1,«, = -f f eg — + 4 
andforF.R'E, = E t =-f J t l »^e l =. + l or(2)for P, RE, » E, - e, = 
e,« +1 and for F, R' E, E, = e, = e, ~ + f or (3) for P, R E t » E, = + 1, 

Ci ==■ + If e, = + f and for P' R Ej = E t s* + f «i =*• + 1, Sg =>* 0 
The uncertainty here arises from the fact that the E P and R branches each 
consist of only two lines, and if any one of these were not the band line there 
might be a considerable displacement of the R P intersection On the other 
hand, the conclusion reached is rendered probable from the faet that the spread 
between the intersections of R P and of R' P' steadily diminishes as we pass from 
the A to the E bands On the evidence at present available I do not see how 
to distinguish between the alternatives (1) (2) and (3) and these have for the 
differences of (R(m) — P(w + 1)} the alternative values either (1) 2 6 or 
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(3) 46 or (3) 66 ~ 164 Thu leaves the moment of inertia of the emitters 
unoertsin by the factors 1, 2 or 3 

Another question which must be left open for the present, is the reality or 
otherwise of the apparent change m the quantum character of the constants 
E t E, e i e t in passing from the A to the E bande The view that these quantities 
are different for the A as compared with the E bands meets with difficulties 
both m the structure of the bands themselves and also m requiring a change of 
a continuous character m the values of h etc, in passing from each band to the 
next An alternative interpretation which is feasible is to give to E, etc, the 
same values that they have in the E bands in every case, and to put all the 
venations in the corresponding terms from band to band in the quantities B 
and in effects arising from the vibrational and possibly also the electronic 
terms 

It is expected that more light will be thrown on these open questions when 
the alternative red F branches and the various fragments which have been 
found in the green and the blue have been studied more fully 

Each of the alternative schemes (1) (2) and (3) requires the lines P (1) and 
P (1) (m <= 1 ■+ m = 2) to exist, and it appears that in the red lines do occur 
where these are to be expected, vu ~ 



• This IJm is titrable under high weoluUwi 
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The vertical differences given in Table XXIV are tbe vertical difference* of 
the P and P' branches which would result if these members were put into 
Tables IV and VII, and the vertical differences given in Table XXVI below are 
of tbe tame nature The lines BP (1) and CP (1) can be extrapolated accurately 
from the other P (m) lines, and the other lines in Table XXIV he on the expected 
position as nearly as it is possible to ascertain it. The strength of AP (1) and 
AP' (1) in the first type and at — 262® C is strong evidence m favour of putting 
these lines into the P and P' branches The P branches in the green and blue 
are too feeble to build anything on in this connection. 

§ 8 The Q and Q' Branches 

I have not, so far, been able to find any combinations between these branches 
and any of the others , but as the P and R branches alone have been found, as 
yet, in the green and the blue, all that this implies is that the Q and Q' and P 
and R branches have no common initial states As the preceding analysis 
seems to require with some certainty that E x * E, •= + 1, at any rate at the 
E end of the bands, this excludes the value +• 1 for E, and E, for the Q and Q' 
branches and leaves as reasonable alternatives E x = e x =■ — 1, 0 or ± i The 
structure of the bands is able to distinguish between these alternatives If 
Ei =» «i =» 0 the ratio of the first three first differences of the lines of the branch 
is approximately as 3 6 7, if Ej — e x — - 1 it is as 5 7 9, if E x — e, -- -f J 
it is as 2 4 6 and if E x =• e t — — J it is as 4 6 8 These differences for 
AQ (m) and AQ' (in) are shown alongside each other m Table XXV It will 
be seen that for Q' (m) the successive first differences are very closely as 2 4 0 
and for Q («*) as 4 6 8, from which it appears that for Q (m) e = — J and for 
Q' (m) e xs -f- J. Thua the Q' (m) branches appear to have an extra line at 
the beginning as compared with the Q (m) branches 


Table XXV -Vertical Differences of AQ (m) and AQ' (m) 


m. AQ (») jlrt 2nd 

A'Q(m) l.t Sod 

DIB Ihfl 

1 10011 43. 

. 10* 4i> a0, >« 

10692 04. 

> 7 88 \a 44 

18084 52; /* 

3 10074 ^ ”> " 

>10 90\. „ 

10007 W< y 1 n 

4 100*4 33> tt >" 

>30 OS 

0 10307 73/ 

yu 07 

10042 S9' 
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There is however evidence that the hire Q (0) forbidden by the adopted 
selection principle (n -+ m m jt 0) exists in a weak form vu — 


Table XX\I 



The strength except m the cases of AP(1) and BP (1) and the numerical 
irregularities, in Tables XXIV and XXVI are probably due to Mends the 
expected positions being occupied by stronger lines claimed by other systems 
The fact that the weak line 6014 87 (0) does not occur on the first type plate but 
can be found on McLennan s Ic w pressure plate taken at -252° C from which 
many ordinarily very strong lines are absent soems to be direct evidence that 
this hue at any rate, is oorrectly attributed to AQ (0) The Q (0) Jules are 
obviously extremely weak compared with the members of the Q branches which 
follow them and which constitute the strongest lines m this spectrum under 
low pressure or first type conditions The difference (7 13) m Table XXVI 
is got by nsmg the corrected wave number 16318 16 for the blend 6127 40 = 
B<3 (2) [S, (2)] 

There are five important original Fulcher lines in the red which fail to appear 
both In the first type discharge and on Mol ennan s low temperature plates 
They are AQ (2) - 5991 92 (2) = S 3 BQ (1) - 0093 83 (2) = 8, GQ (1) = 
6197 05(5) = 8« DQ (2) = 6302 27(2) = 8, and CB (1)*«6201 15(5)* 
S 4 The line 5380 50 (3) assigned to green BB (2) appears to show a like 
behaviour These facts may be of importance in the further elucidation of 
the spectrum The intensity of 4683 79 (5)« blue DQ (2) is also anomalous 

* Th» inclusion of 8801 18 (5) — CR (1) her* is perhaps doubtful as owing to the olose- 
ne« of several strong lines ths matter Is s little dMeuH to interpret with the resolution 
which u applicable. 
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{ 9 The Emitter* of thete Band*. 

It seeing most probable that the emitter of Fulcher’s bands and the associated 
bands discussed in this paper is neutral H, These bands are the donunant 
feature of the spectrum of the first type discharge at least in the region between 
H, and about X 5300 The first type discharge cannot be maintained in a 
normal way below the ionization potential at which the hydrogen molecule is 
aplit into the poeitively charged hydrogen molecule H, + and an electron * 
In this discharge, when excited at the lower \oltages, the luminosity is con¬ 
fined to the neighbourhood of the anode, but the Fulcher lines extend further 
toward the cathode than the stronger Balmer line H. These facts, coupled 
with the absence of the high quantum number Balmer lines m this spectrum, 
make it almost certain that the emitters of the; Balmer lines arc mainly H atoms 
which have been excited without ionisation, and those of the Fulcher lines 
bodies which either are or have been H* + * Those considerations do not 
distinguish betwoen the positively charged hydrogen molecule (excited H s -(*) 
and the neutral hydrogen molecule (exuted H,) formed by tho recombination of 
the H a + with an electron, as the possible emitters, but a consideration of the 
distribution of luminosity and of tho mechanism of the discharge, though not 
decisive, seema to favour the latter alternative 
An important foatuxe of these electron discharges, first observed by Prof 
Buxom and myself,f is that the first typo discharge when first excited with the 
minimum voltago necessary to do so, starts as a glow covering the anode As 
the potential is raised, the glow moves forward and breaks away from the anode, 
until when the second type discharge strikes, the mam glow is lodged on the 
cathode. Why does the luminosity in the first typo discharge ahow this very 
definite displacement and also have a fairly sharp boundary ? I believe that 
the reason for this is thst recombination between an ion and an electron is far 
more likely to take place if the relative kinetic energy of the two is compara¬ 
tively small The part of the discharge tube at which there are a large number 
both of slowly moving H,+ ions and of slowly moving electrons is the region 
between the oquipotential surface, which is distant from the cathode by an 
amount equal (in volts) to the ionising voltage, and a similar surface some 
millimeters nearer the anode In the first type discharge the luminosity does 
appear to havo a geometrical restriction of just this land 
The fact that Fuloher’s bands are pre-eminently bands which are enhanced 
by high electron current densities, strongly favours excited H, as their emitters 

• Cf Richardson and Tanaka, ‘Roy Soo Prw,’ A, vd 87, p. 490 (1924) 
t Rlohardson and Busoni, 1 Phil Mag voi 32, p 439 (1910) 
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an against excited H,+ The spectrum of excited H,+ should be depressed by 
high electron densities We should expect it to be enhanced by any process 

involving the reaction © -f H —»H a -f. The first type discharge is 

probably the least favourable of any kind of hydrogen discharge to this 
reaction, but it is the one in which Fulcher’s bands are most outstanding 

§ 10 Other 8yitem* 

In addition to the bands apparently connected with Fulcher’B and mentioned 
On p 739 I have found some lines, of which the strongest aro 5938 60 
(v «= 16834 34), 5982 54 (v »10710 70) and 6031 80 <v = 16574 14), which 
stand out in Kiuti’a* plate and which can be arranged as a P Branch with the 
same second difference as his Q branch There are also some weaker lines 
which may belong to them, and others which may be the corresponding K branch. 
There is, however, a possible alternative way of arranging these lines, and it does 
not seem possible to settle between the relative ments of the two alternate es 
without better experimental evidence than exists at present Somewhat similar 
considerations apply to some lines which appear to be connected with those 
recently arranged by Curtis.t All these and various other points are being 
attacked experimentally, but it will probably be some time before information 
of the definiteness required is forthcoming 

In conclusion I should like to thank Mr D B Deodhur for assisting in the 
examination of the first type discharge, Mr Wilfred Hall for taking several 
plates with his 21-foot grating, Professor McLennan for allowing me to 
examine his low temperature plates, and Professor Merton for the helium 
plate referred to on p 720 


811 Summary. 

A more detailed examination of the spectrum of the first type discharge has 
shown that there are a number of other lines which belong to the same system 
as Fulcher’s bands. It is proposed to rearrange these lines so that S g to 8_, 
form a Q branch, S 4 the first line of an associated R branch to which there is a 
corresponding P Branch, 8, and 8 5 the first two lmes of an associated Q 1 branch, 
and 87 the first line of an associated R l branch to which there is a corresponding 

* Klutl, * Proo Phyi, Math 800 of Japan,' vol 8, p. 9 (1029), also Nagaoka Anniversary 
Volume, p. 193, Tokyo (1928). 

t ‘Phil Mag.,’ vol 1, p #05 (1926) 
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P 1 branch. Thu hold* throughout the first 5 of the 6 red bands Four similar 
hands ooenr in the green and fire in the blue, but the branches m those regions 
which would correspond to the dashed letters have not yet been located with 
certainty. There u a combination such that R (m) — P (m + 1) has the same 
value for corresponding lines of corresponding bands m the red, the green and 
the blue. The uuantum structure of the bands is not fully determined, but it 
u shown that they can be represented by terms of integral and semi-integral 
type. Reasons are given for believing that the emitter of this band system u 
the neutral hydrogen molecule H a formed and excited by the combination of 
the lonixed hydrogen molecule H 4 + with an electron 
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JOHN PERRY—1850-1920 

John Puby wsa bom in Ulster on February 14 1800 the second son of 
Samuel Petty of Gervagb He attended classes at the Model School Belfast 
and from 1864 to 1868 served ha apprenticeship to the firm of Victor and 
David Coates of the Lagan Foundry Belfast going through the drawing 
office and pattern shops In 1868-70 he attended the engineering classes of 
Prof James Thomson at the Queen s College Belfast being allowed as a special 
privilege to go through the blacksmith s fitting and erecting shops at the Lagan 
Foundry during the summer months He attached great importance m later 
life to the fact that hut theoretical and practical instruction thus Wfnt on 
hand in hand He was allowed to graduate early as Bachelor of Engineering 
in 1870 obtaining first honours and the Gold Medal and m the same year 
obtained a Whitworth Scholarship and accepted a post as second mathematical 
mest« and lecturer m physios at Clifton College where he established a physical 
laboratory and a workshop n 1871 It has often been stated that these were 
tha first established at any school but Perry found later that there had been 
a workshop previously at Rossall and in making the acknowledgment he 
added These ideas were not m ne they were those of the headmaster 
[Dr Permval] 

He left Clifton m 1874 to become the Honorary Assistant of Prof Sir William 
Thomson at Glasgow and in 1875 accepted a Joint Professorship of 
Engineering at the Imperial College of Engineering m Tolao Japan He 
was on duty from September 9 1870 to September 8 1878 and gave lectures 
on steam structure and hydrodynamics In all some 300 students attended his 
lectures some of whom became professors in the Engineering College in 
succession to him some a gam his pupils in London and some important 
personages in industrial oixcles Prof Perry and his contemporaries may be 
said to have founded the development of Japanese industry Special mention 
should be made of the feet that the professors occupied themselves ardently 
m researches beside their teaching duties (Letter from Prof Shtn Hirayama 
March 36 1336) 

Thu last sentence has a special reference to the association of John Perry 
with W £ Ayrton in a senes of brilliant researches. The partnership wes 
one of great advantage to both men and was so congenial that for a tune they 
shared equally aO their receipts even the lecture fees that either of them 
might cam It continued after thkr return to England up to the year 1891 
when their last jomt paper (of 56) was published 

Persy returned to England in 1879 oiganued the works of Messrs 
Latimer Clark Muirhead A Co became Examiner m Engineering to the City 
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and Guilds of London Institute, and m 1882 was appointed Professor of 
Mechanical Engineering at the City and Guilds of London Technical College 
in Finsbury Ayrton had left Japan in 1878, and had prepared the way 
for this College by starting (with H E Armstrong as his only oollesgue) 
technical instruction to a class of one old man and a boy of 14 But progress 
was very rapid, especially when Perry joined the other two He remained 
15 years at the College, and while there wrote his Practical Mechanics, 1883, 
and hia Spinning Tops (1890), the development of a British Association lecture 
to working men But his appointment at the Royal College of Science in 
1896 led to a more copious eduoational output The Calculus for Engineers 
and Applied Mechanics both appeared in 1897, Steam and Practical 
Mathematics in 1899, and England’s Neglect of Science m 1901, the year in which, 
at the Glasgow meeting of the British Association, he opened a crusade for the 
better teaching of mathematics He retired from his professorship at the 
Royal College of Science in 1918, but in his retirement he was constantly 
busy with engineering problems, especially that of the gyro-compass, on which 
he again worked in the happiest circumstances of collaboration, this tune 
with Mr 8 G Brown, F R 8 , his nephew by marriage He was also devoted 
to his work as Treasurer of the British Association, which he took over from 
Carey Foster in 1904 In 1920 a failure in health led him to take a long voyage 
to South America with Mr and Mrs S G Brown But he returned without 
apparent benefit, and took to his bed a week later, when it was found that h# 
must have contracted scurvy on the voyage After a few days’ serious illness 
he died peacefully on August 4 He had married m 1879 Miss Alioe Jowitt, 
of Sheffield, who died childless in 1904, and he was laid beside her in the 
churchyard at Wendover, where they had a country cottage 
In the career of which this is a bare outline, two features stand out clearly— 
the fertile partnership with Ayrton and the campaign for improved methods 
of teaching The partnership began almost immediately after Perry leached 
Japan, for in a pnnted list of 39 papers prepared about 1880 it is stated that 
all but four were published in conjunction with Prof Ayrton, and of these, 
three are dated 1876, ten 1677, eight 1878, seven 1879, while seven are undated 
The titles indicate varied activity there are two relating to earthquakes, 
which fascinated most of the young Englishmen who were invited about this 
time to teach the Japanese Western culture, and which continued to interest 
Perry to the end of his life, two are on heat conduction m stone, and probably 
led to Perry's later investigation on tbe cooling of the earth; there is one on 
“ The Music of Colour and Visible Motion ” (Phil Mag, 1879), another on 
“ A Dispersion Photometer," yet another on “ The Magic Mirror of Japan ” 
(RJS , 1878); and there is a joint investigation on stresses in continuous 
Beams, which formed the basis of some lectures to students, but the 
gnat majority are electrical investigations of one hand or another. They 
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begto with studies of the quadrant electrometer, of defective insulators, and of 
lightning conductors, and these led on to“ The Importance of a General System 
of Simultaneous Observations of Atmospheric Electricity ” (Jour Sod TA. 
Bng, 1877) Two Royal Society papers in the list are on the " Contact 
Theory of Voltaic Action,” on which other papers followed later The 
Engineer for November 28,1881, contains a report specially requested from 
the collaborators on “ The Efficiency of Electric Lamps ” as deduced from 
exhibits at the Pans Electrical Exhibition, prefaced by the editorial remark •— 
“ It deals for the first time with questions that have hitherto been 
carefully avoided, but whioh are of great importance " 

Ayrton and Perry made the first determinations of the dielectric oonstant 
of gaaee, on whioh followed an important memoir on the significance of this 
constant in the definition of the electrostatic unit of quantity They wrote 
on the viscosity of dielectncs, the theory of terrestrial magnetism, electrolytic 
polarization, telegraph tests, and they produced the first electric tncycle in 
1882 The volume of their early work was bo great as to draw from Qerk- 
Msxwell the jest that “ the centre of electrical gravity seemed to have shifted 
to Japan.” 

Such a partnership depends for suocess as much on differences between the 
components as on what they have in oommon One little incident may be 
given in illustration Perry enjoyed holidays, Ayrton did not Perry went 
for a six weeks’ holiday, and Ayrton wrote a letter to him every few days 
about matters he thought urgent When at last Perry returned to England, 
Ayrton met him at the station, enquiring eagerly for the results Perry drove 
him back to his house in Brunswick Square, went into his study, opened his 
bag and poured out all the letters unopened, with the remark, “ Ayrton, I was 
on holiday, now I will deal with this work ” 

It u, fortunately, not necessary to discuss the question whether Perry’s 
direct contributions to knowledge, or thoee which flowed from his own teaching 
and his influence ou other teachers, are the more important Certainly he 
exerted a profound influence on the mathematical teaching of recent years. 
The Mathematical Association has just published (1926) a Report on the 
“Teachingof Mathematics to Evening Technical Students,” which opens in the 
following words .** - 

“ Mathematic* his long been recognised ss in Important element m the 
education a t engineering and other teohnloal student*. Huoh thought his been 
devoted to the problem of prorating mathematical ideas In suoh a form that they 
can b* readily assimilated and applied to technical problems At one time, tbe 
presentation was undoubtedly too abstract This tendency has now disappeared, 
ohiedy owing to the efforts of tbe late Prof Perry. HI* methods hare been adopted 
ttry widely When they were first introduced, they aroused great enthusiasm, and 
it was hoped that henceforth no difficulty would be experienced In imparting a good 
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working knowledge ot matbematio* to every etsdeot ot average ospscity. Setae- 
quoit experience bu proved that there bopee were too Mnguine Some very good 
work her been done, both by teaohen end rtodenU, end yet, in the opinion ot meny, 
the reeolte obtained are eomewbat disappointing." 

Doubtless opinion will vary, both in time and place, aa to the vain* of 
Periy’e method*. He himself ardently believed in than and loet no oppor¬ 
tunity of prating them on the attention of othen, though his ideae did not 
reach a wide circle of mathematician! until the discussion meeting at the 
British Association m 1901 But, as an instance, both of the methods them¬ 
selves and of the way he pressed them upon the attention of others, we may 
quote a passage from a statement made by him to a Speoial Committee of the 
London School Board on Deoember 14, 1887 — 

“ On leaving the foundry I became Science Master and Assistant Mathe¬ 
matical Master at Clifton College, Bristol The ages of the boys ranged from 
12 to 18 I established there a school workshop and a physics and mechanic* 
laboratory These were the first institutions of their kind established in any 
school Here students went through a senes of quantitative experiments 
I will desonbe one of these experiments in connection with mechanics There 
is a piece of apparatus which is generally employed to illustrate the laws of 
blocks and tackle by which a man’s pulling force can lift a great weight In 
this apparatus a small weight is shown to be able to balance a much larger 
weight The student having been told about this in a lecture, he is taken to 
the laboratory, where he finds printed instructions on the piece of apparatus. 
A scale pan containing the larger weight is, say A, and that of the smaller Is B 
He puts a certain weight m A. He now adds to B until, on giving B a start 
downwards, a steady motion of the apparatus result* He now says that B 
balances A and fnotion He take* another weight A and repeats, and so on 
until he has obtained a great number of observations He now plots the weight* 
B which balance weights A on squared paper, obtains the law connecting them, 
obtains the law for efficiency of the machine, and obtains the law connecting 
friction and load. It is impossible for a boy to perform this process without 
obtaining exact ideas of work, loss of energy by friction, co-ordinate geometry, 
the meaning of a physical law, and the algebraic expression of a physioal law 
His hand and eye become educated His mental power is continually exercised, 
and beoomee enormously increased I have observed these facte in many 
hundreds of students The most curious bet observable is that when students 
learn in this way, by a proper amalgamation of, say, two lectures, three hours’ 
numerical exercise work, and three hours’ laboratory work a week, and 
especially if they have another three hours at mechanical drawing, not one of a 
great dais of even young boys seems to be lasy or uninterested in his work. 

" The above experiment mads by the student is somewhat similar to that 
which a practical engineer may have to man on a steam engine or other large 
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mol ns, and for which he will get perhaps a fee of fifty gurnet*. Three or four 
student# at V tame work on one piece of apparatus for three hours a week By 
this means, m a room 80 feet by 20, it is possible during a week to give 200 boys, 
m batches of twenty, this kind of instruction It is necessary that the piece 
of apparatus should not be used for any other experiment When the student 
has experimented with one piece of apparatus, he has to pursue a similar course 
with something else The coet of the apparatus for these experiment#, when 
calculated per head, is not very great This method of instruction was not 
very completely carried out at Clifton College My ideas, which are probably 
due to a book written by Dr Ball, were then unformed, but they have gradually 
been developing In Japan the system was more fully elaborated and tested, 
and at the Finsbury College it was complete in 1880 In Japan the agee of my 
students were from 14 to 20 The only scientific knowledge they possessed 
on coming under my instruction was a slight acquaintance with mathematics 
I think that the experience in teaching 1 got there has been of very great use 
to me since my return to England The system of teaching engineering was 
very perfect The students were sent to large works m the summer time, and 
thus a college education was combined with that of the workshop Many of 
my students are now managers of large works in Japan 

“ I consider that the problem of Middle Class Technical Education is com¬ 
pletely solved The experiment, which has been earned on at Finsbury during 
the last eight years, has proved that the theones of Prof Ayrton, Dr Armstrong, 
and myself were perfectly correct I Lave been testing these theones all 
my life ” 

Perry's general idea was to bndge the gap between engineers and 
mathematicians He wanted the engineers to think scientifically and the 
mathematicians to convert their formulae into concrete facts, especially by the 
use of squared paper 

“ Before 1876 sheets of squared paper were very expensive, they 
were only used by a few people in important work. In that year 
Prof Ayrton and I began to use it extensively in Japan, and when we 
returned to London and introduced at the Finsbury Technical College 
our methods of teaching mathematics and mechanical and electrical 
engineering and laboratory work, which have now beoome so common, 
we saw that one essential thing was the manufacture of cheap squared 
paper It can now be bought for 6d. a quire instead of 8 d per sheet 
Our students treat it almost like scribbling paper , It is of 
importance that the student should use many sheets of squared paper, 
use them lavishly" (Perry’s Elementary Practical Mathematic*, 
chap. IX) 

The broadcasting of squared paper, though a detail, is a detail of great 
importance, and representative of the effects of Perry’s campaign The 

3 d 2 
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existence of mathematical laboratories at tome of our pobho school* is another 
symbol, and there are by this tune many school textbooks to show Perry's 
influence, though in some of them there may be no direct indication of it 
beyond the date of publication 

“ To many mathematicians,” writes an eminent engineer (Prof. E, 0. 
Coker) recently, “ Perry was no doubt illogical, and everything that 
he should not be aa a mathematician, but there u, I think, little doubt 
that to engineers he was most useful, and hu influence on hu time 
was tremendous He was so very stimulating and helpful. He 
brought home to us what mathematics meant, and could do, and was 
not fitted to do, w a way that was only possible for a man who had been 
obliged to pick up knowledge as he could while going through an 
arduous training in engineering workshops ” (February 18, 1926.) 

Such testimony and results would not be forthcoming had Perry’s qualifications 
been merely intellectual, be had a great capacity for making friends of his 
students, and, indeed, of all with whom he came into contact On hu leaving 
Japan, 66 students presented him with a photograph of themselves with 
him in their midst, appending their names to sn affectionate farewell address, 
m which they regret that so many of hu pupils are “ scattered about m different 
parts of this country, and are, without doubt, exceedingly sorry for their 
absence ” 

Again, after he retired from the College of Science, his old students at South 
Kensington and Finsbury collected a sufficient sum of money for a John 
Perry medal, stamped with his portrait, to be awarded annually The honour 
was very highly appreciated by bun. It would scarcely be just to omit, (A 
mention of bis great and continued generosity to poor students. 

He was often called upon for speeches at gatherings of his English students, 
responding m genial vein, eg When I am among scientific men I pose as 
a professional man—and when I am among professional people I pose as a 
scientific man—and when I find both professional and scientific people together 
I try to hold my tongue " The last speech he made was on the voyage which 
had eo fatal a sequel Having been asked to present the prises to the 
children after their sports, he appeared in a red robe as Father Christmas 
drawing a Teddy Bear on wheek, and made the children a fascinating speech 
on the great privileges their parents enjoyed in possessing such wonderful 
children. Thu was about five weeks before hu death 

He was a great reader and declared that to wake m the night was a real 
pleasure to him, as an additional opportunity for reading He acquired the 
’ habit of unbinding books and separating them into separate portions of a few 
pages, which he oculd carry in his pocket without inconvenience, His favourites 
(especially the Bible and Macaulay's Essays) he read over and over again in 
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this way, bat he read new novels voraciously, and lent them freely to others, 
not merely here w England but during his early days m Japan. 

He conscientiously tried to acquire a liking for opera, but after some really 
painful struggles gave it up and returned to his Irish melodies, which he loved. 
He was a keen debater, and as such took an enthusiastic put m the proceedings 
of the Kensington Parliament, which held meetings about 1889. 

Towards the dose of his life he was invited to give some important ad vice 
in South Africa. The British Government ohoee him to represent them on 
a Committee to decide on the best method of administering the Otto Bdt 
bequest of half-a-million The mam point to be decided was centralisation, 
or scattering, whether to have one big oollege somewhere, or a number spread 
over the Continent The Committee made extended travels m a railway coach, 
and ultimately reported in favour of a oollege of similar importance m eaoh 
State Perry dissented, and his minority report in favour of a specially 
important college at Cape Town, with minor colleges elsewhere, was 
included He felt strongly the desirability of having one college strong 
enough to attract professors of first-rate importance In the end his 
suggestions were accepted wi loto, even down to the details of salaries. 

H H.T 

(For reasons which need not concern us, it was not until January, 1988, that any 
request reached me to undertake to writs something about my friend John Ferry. It 
was a request which I never thought of refusing if no one better qualified was available; 
but I was acutely oonsoious of my ignoranoe of his work and doings before 1913, when 
be and I beoame associated m the service of the British Association, of which he had been 
Treasurer sinoe 1904. This disability has, however, been remedied, so far as possible, by 
tbs of Mrs 8. 0 Brown, Perry’s mere, who baa allowed me to consult her uncle’s 

books and papers, especially a collection of scrap* intended for a scrap book though never 
boundup-H. H.T] 
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PERCTVAL SPENCER UMFBEVILLE PICKERING—1868-1920 

Spincbr PiCKiEUfO, who died at the age of 62, on December 5,1920, after a 
long illness, was a fine example of the sturdy and independent-minded type of 
Englishman Free by the accident of birth to choose h» own career, he 
devoted himself to science, and produced work whioh, although concerned with 
various widely different branches, was throughout characterised by a disregard 
of authority and reliance on his own judgment, based on the results of oarefully- 
planned and well-executed experiments 
He was bom in 1868, and was the son of Percival Andree Pickering, Q C , 
Recorder of Pontefract, and Anna Maria Wilhelmma Stanhope, granddaughter 
of Coke, of Norfolk, the celebrated agriculturist, who was created Earl of 
Leicester in 1837 He felt much pnde in his deeoent, and made elaborate 
inquiries into the history of the various branches of his ancestry Both his 
father and mother were representatives of distinguished and ancient families, 
concerning which Jus surviving younger sister Wilhelmma (Mr* A, W W 
Stirling) has written several fascinating volumes He was educated at Eton, 
and entered Balliol on January 19, 1877, where he remained until the Lent 
term 1880 He became Brae ken bury Natural Soience scholar, and took the 
Final Honours in Natural Science in 1879 Even as a school boy he had been 
devoted to chemistry, and it was whilst experimenting m the laboratory 
provided for him by his father at his home in Bryanstone Square that, aa the 
result of an explosion, his eye received the serious injury which ultimately 
resulted in its removal Before he left Oxford he had published several papers 
in tha Journal of the Chemical Society In the following year he took up the 
only academic appointment he ever held, becoming Lecturer in Chemistry at 
Bedford College, a position whioh he retained until 1887 He continued to 
work in the private laboratory at Bryanstone Square, first pursuing the subjects 
which had already attracted his attention at Oxford Gradually he became 
interested in the problem of the nature of solutions, until the whole of his 
energy was devoted to the experimental study of this subject After 1896, 
probably disappointed at the reception accorded to his mews by the scientific 
world, he ceased to work on these line* The almost innumerable determinations 
of density, freeeing point, conductivity, etc., involved in this work were earned 
out single-handed with a high degree of accuracy, and the results were 
embodied in a long senes of more than 70 papers published between 1887 and 
1896, m which, m the face of muoh criticism, he steadfastly maintained the 
hydrate theory of solutions From this subject Pickering turned to an entirely 
different branch of investigation, which lA approached with his characteristic 
disregard for all conventional ideas. How this came about is well told is 
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an article in Natan (19.9.’96) on the establishment of the Wobnrn Experimental 
Fruit Farm, whioh is quoted m the preface of “ Science and Fruit Growing " 
(Macmillan k Oo. ( London, 1919), the book in which the Duke of Bedford 
and he summed up their joint experience of 20 yean. “ The object of thu 
institution, which, under the above somewhat unpretentious title, has been 
established by the joint action of the Duke of Bedford and Mr Spencer 
Pickenng, F.R S, in order to supply what has hitherto been a great national 
want, is to provide an experimental station where all matters connected with 
horticulture, and especially with the oulture of hardy fruits, may be investigated 
both from the scientific and practical point of view 

" The origin of such an enterprise is always a matter of some interest, and 
it becomes all the more so in after years, when, too often, the details of its 
conception and evolution are irretrievably lost. In the present instance, we 
' may trace the origin to an accident m a chemical laboratory It was owing 
to such an accident some years ago that Mr Pickenng, whose work in physical 
chemistry is well known, was driven to Beek health in a partial existence in 
the country Not having the means, however, to procure this in the orthodox 
manner without abandoning his scientific work, he resorted to the somewhat 
unusual means of getting air and exercise by becoming an agricultural 
labourer at Rothaznsted From an agricultural labourer to a small farmer 
and landowner the steps were not so tedious ss is generally the case, and for 
some years past Mr Pickenng has turned his attention, after the manner of 
many landowners, to horticulture and practical fruotioulture To anyone erf 
a scientific turn of mind the unsatisfactory bans on which the culture of fruit 
depends cannot fail to be apparent Its present condition is little better 
than that of agriculture some fifty years ago. It rests mainly on the hard- 
earned and often one-sided expenenoe of practical men, gardeners for the 
most part, or nurserymen. 

“ But the pressure of business will rarely allow a nurseryman to indulge in 
anything approaching to systematic research, and even when he dot* obtam 
any important results they are liable to be looked on askance, as being possibly 
tinctured by mercenary considerations Moreover, even amongst the highest 
practical authorities there is hardly a single point in the cultivation of fruit 
on which unanimity of opinion prevails, indeed, on tome of even the most 
elementary processes there seem to be as many opimons aa there are so-called 
authorities 

“The desirability of having some station where such matten might be 
patiently investigated, and from which results might issue free from any taint 
of commercial expediency, was evident to Mr Pickering, and not having himself 
the capital or land necessary for such an undertaking, he applied for assistance 
to a fanner oollege fnsnd, the Duke of Bedford The Dukes of Bedford have 
during generations past identified themselves with the progress of agriculture 
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tad horticulture the present holder of the title showing no tendency to be 
eel 1 peed by hie predecessor* in these matters As was probable such a scheme 
met with the hearty approval of the Duke and the result was the establishment 
of the present institution conducted jointly by himself and Mr Picketing 
The fruit farm is on the Duke s land near Ridgmont station and almost 
adjoins the land which is given up to the use of the Royal Agricultural Society 
as an experimental agricultural station About twenty acres have been devoted 
to the purpose and of this some fifteen have already been planted 
At t) e experimental farm all aspects of fruit growing were carefully invests 
gated nothing being taken for granted—and the results were published in a 
senes of reports the 17th of which appeared in 1920 and were summarised in 
the work quoted above 

The fruit farm was admirably planned and the results of the experiments 
were in many eases obvious and striking to the eye The writer well remembers 
the convincing jicture presented by the experimental plots some ten years 
after their establishment and there is no doubt that this ooular demonstration 
was of great value in spreading among fruit growers the new and often startling 
information derived from the experiments His association with Harpondcn 
was strengthened by the purchase of a house in 1885 which beoame his per 
manent home in 1902 in which year he gave up his London house Here he 
found congenial society in the presence of Gilbert Lawee Warrington and 
Lyddeker and m later years of Hall and Russell Ho was a member of the 
Atheneeum and in 1890 was elected a Fellow of the Royal Society He married 
in 1897 Ethel Wilmot whom he had thanked m hu 1890 paper on Solution as 
a little girl wl o had devoted all her spare time to the laborious calculations 
involved m the present work They became inseparable companions in the 
home and in the walks to which at one time he was devoted Though austere 
in manner Pickering was endowed with a strong infusion of that artistic and 
romantic temperament which showed itself so markedly in his sisters one of 
whom Evelyn a distinguished artist married William de Morgan whilst the 
second Wilhelmina (Mrs Stirling) is a well known authoress to whose works 
allusion has already been made This revealed itself throughout his life in his 
love of music and his taste in art and literature and found final expression m 
the romantic instructions for his bunal on the Devon coast He left no children 
and placed his private fortune subject to his widow s life interest in the hands 
of the Royal Society for the promotion of research in science 
His views on solution are to be found fully expounded m an article in the 
Muir Morley revision of Watt s Dictionary of Chemistry (vol 4 pp 492-6) 
following one by Arrhenius in which the rpews of the Van t Hoff school of 
phystoal chemistry were expressed His contention that hydrates exist in 
solution is now generally accepted whereas his deduction of the composition 
of these hydrates from discontinuities in the first or even second differentials 



PercwcU Sprncet Umfremlk Picketing 


of hu curves of densities etc which led him to believe in the evidence of 
highly complex hydrates such as HjSO* 5 000 H s O has never been generally 
admitted as convincing 

Pickering was not only firmly convinced of the existence and preponderating 
importance of by Irates in solution but was also strongly oj poeed to Arrhenius 
theory of electrolytic dissociation seeking to explain the phenomena on which 
this theory was based on grounds of residual affinity and increased freedom of 
motion of the atoms m the molecule 

In the event his views were overwhelmed by the rising flood of physical 
chemistry and it was only after a considerable interval that hydration of 
molecules and ions in aqueous solutions became generally recognized 

Among the many and important results arising from the work at the expen 
mental fruit farm two or three may be selected as being typical of his methods 
as well as of mtnnsio interest The first c oncerns the method of planting fruit 
trees and was at first received with incredulity and the most hostile criticism 
The orthodox method of planting was to spread the roots well out trimming 
them when necessary carefully with a knife and then replacing the soil and 
making it final avoiding as far as jiossible any injury to the root The results 
of the Woburn experiments led to a procedure which was the exact antithesis 
of this It was found that even when the roots were huddled into a small 
hole and the soil rammed tightly round them by tbe aid of a rammer regardless 
of mechanical injury in the great majority of cases the trees grew better usually 
even m the first year after planting—m re certainly in the second year 'Nearly 
1 600 trees were used in these experiments which were extended to a variety of 
soils and situations througho it the country So opposed to gei etal practice 
were the conditions that it was hJhcult to ensure the proper carryii g out of the 
experiments by in lej en la t observers trained in the orthodox methods but the 
results clearly showed that except in very light soils and in the Londoi day 
planting the tree m gatepost fashion undoubtedly benefited it 

Of considerable interest are the observations and experiments on the effect 
of grass on the growth of fruit trees which were extended to the more general 
problem of the toxic effect of one crop on another This work arose from the 
observation that the growth of the trees of certain of the experimental plots 
which had been grassed over was seriously affected This difficult question was 
investigated in the most careful manner the various possible ftu tors such as 
changes in nourishment aeration and water supply temperature the physical 
and chemical conditions of the soil eto , being separately examined often by 
extremely ingenious methods The final result was to establish beyond all 
reasonable doubt that the deleterious effect which is exerted by a large number 
of plants on others growing in association with them is due to a toxic substance, 
probably excreted by the roots There is still some mystery as to the nature 
of the toxin for it cannot be detected in the soil in whioh the graes is grown or 
in the washings from soil in which grass is growing 
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Another subject to which a considerable amount of attention was paid at 
Woburn was the composition and proper um of insecticides and fungicide* 
Thu led Pickering back to the subject of basic salts, which had occupied him in 
hie early days, and he published bom 1907-1917 a long senes trf papers on the 
basic salts of copper, in which a large number of such compounds, whioh are 
present in the mixtures used for spraying plants, were described and an attempt 
made to represent their constitution by chemical formnlss The study of 
insecticides also led to work on emulsification, and he succeeded in obtaining 
remarkable semi-solid true emulsions, containing as much as 99 per cent, of 
paraffin oil dispersed in only 1 per cent of a 1 per cent, solution of soap He 
also found that insoluble precipitates, suoh as the basic sulphates of iron and 
copper, oould replace the soap usually employed as emulsifier, yielding extremely 
stable emulsions, admirably adapted for use as insecticides or fungicides 

The work at Woburn is generally regarded, in the words of Sir Daniel Hall, 
“ as the most substantial contribution of the last hundred years to the study of 
fruit tree development ” Its importance resides not only in the value of the 
actual results obtained, striking as these are, but in the example afforded of the 
strict application of scientific principles to the investigation of horticultural 
problems. 

A. H 


[The wnter is indebted to Sir Edward Bussell for permission to utilise the 
information con tamed in the Obituary Notices written by him for the Chemical 
and Biochemical Societies.] 






X& 


SIR JAMES DEWAR 1842—1923 

Jambs Dkwar was bom September 20 1842 at Kincardme-on Forth the 
youngest of seven sons His father a vintner kept the chief inn and was said 
by his son to have been a man of marked originality of character —a Presbyterian 
of the section known as the Anld Liehta The son was true to breed—ever 
the Presbyter 1 

As a lad he was fond of music and played the flute fairly well before he was 
ten years old About this time he met with an accident falhng through the 
ice this was followed by an attack of rheumatic fever and he was an invalid 
obliged to go about on crutches during a couple of years Hw lungs were 
weakened and he had to give ip the flute the village counted a fiddler and 
it is said the father called the fiddler in to cheer the delicate boy Fid lies were 
then common in Scotland as there was much coastal trade with Italy n those 
days I had it from Dewar himself that during this ponod he was brought 
much into contact with the village joiner and practised his hand n making 
fiddles this training in manual dexterity he often said was the foundation of 
hu manipulative skill indeed he regarded it as the determining event m his 
career He would dwell particularly upon the importance of some real task 
being undertaken in such work and always leprecated mere discij luiary 
routine exercises He is said to have made a number of fiddles the one he 
retained w labelled James Dewar 1864 so was made when he was twelve 
years old It was a good instrument and was playe 1 upon with effect at hia 
golden wedding 

When recovered from his accident he went to the Dollar Academy then and 
long a famous school He took the first prise for Mathematics a gold medal 
also the first pnze in Natural Philosophy m his last year Leaving school he 
went to Edinburgh University carrying with him the fiddle made five years 
before with bis own hands as his recommendation He entered as an Arte 
student m 1889 and lived with his bn tier Alexander who was tl cn nearly 
through hu medical course They lodged with two elderly ladies under whose 
roof James Dewar remaine 1 up to the time of his marriage August 8 1871 
The books in hu library show that he took prises in Prof Kelland s second 
mathematical class m I860 and in his thud mathematic* class m 1861 In 

1861 he took the pnze in the Second Division of Natural Philosophy and a 
pnze for eminent suocess in Natural Philoeophy in Prof Taits class In 

1862 he again took two pnzee in the First Division of the Natural Philosophy 
class 

He worked m the laboratory of James David Forbee the distinguished 
Profesdbr of Natural Philosophy in the University who discovered the 
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polarization of heat and was noted as a glacial geologist and in many other 
ways a man to whom Raskin was deeply attached When Forbes left to 
become Principal at fet Andrew s Dewar became the first demonstrator to 
Lyon Playfair the Professor of Chemistry We can picture him rendering 
no little service to Playfair, during the years he was his assistant through his 
dexterity and resourcefulness probably he taught Playfair not a little , the 
teacher in those days was a pioneer not a mere lecturing machine In this 
way he was brought into direct contact with two of the moat powerful intellects 
of the day—two men whose characteristic was not only absolute honesty and 
intensity of purpose but an altogether unusual breadth of outlook Before 
going to Edinburgh in 1858 Playfair had taught in London m the Royal 
8< hool of Mines but had also been associated with Liebig in his triumphal 
progress throughout England as an agricultural propagandist also with 
Prince Albert over the 1851 Exhibition He had already fully served his 
apprenticeship as a statesman 

On Playfair s retirement in 1868 Dewar became assistant under his successor, 
Crum Brown and was with him until 1871 or 1874 he taught the Medical 
laboratory class whilst J Y Buchanan hod charge of the ordinary class Again 
he was in contact with a remarkable man—a man of astoundHig versatility 
who would have been a great chemist had he confined himself to ohemistry 

In 1869 he was appointed Lecturer and later Professor in the Royal 
Veterinary College In 1873 he also became assistant chemist to the 
Highland an 1 Agricultural Society of Scotland and delivered diBtnct lectures 
for this body 

In 1875 he was appointed Jacksonian Professor of Natural Experimental 
Plulosophv m the University of Cambridge He never earned out the pnme 
duty of his office—the discovery of a cure lot the gout—though in early days 
he sought unsuccessfully for the qualification which might have helped in the 
work unfortunately he only spoilt his digestion and so in later years was 
perforce an extraordinanly careful liver 

In Cambridge he found no tradition of practical achievement to influence 
him His colleague Liveing and the Master of his College Dr Porter were 
perhaps the only men who fathomed his outstanding ability The crudity of 
youth was still upon him and the free manners of a Scottish University were not 
those of conventional Cambridge—his sometimes imprecatory style was not 
thought quite ccmme dfaut by the good No attempt was made to tame him 
or provide means for the development of his special gift of manipulative skill 
Yet he soon began to exercise an influence which probably has had more to 
do with the marvellous recent advance of the Chemical School at Cambridge 
than is commonly supposed The fine volume of collected researches in 
spectroscopy which Prof Liveing and he published a few years ago is a 
memorial not merely to their activity but of the example they set as exact 
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observer* in a field which at that time was in sore need of cautious 

worhen 

Two years after his appointment at Cambridge he also became Fullenan 
Professor of Chemistry at the Royal Institution London He had twice 
lectured there previously on the work he had done with McKcndnck The 
second lecture (March 31 1876) his trial tnp was probably the most carefully 
prepared oertainly the in wt logical discourse he ever delivered I well ren llect 
how fascinated some of us were by it 

Even if it be possible for a man to serve two masters the task become# 
beyond human power when ghosts aid one of them As an artist Dewar 
had the innate belief of primitive man in ghosts and in the Royal Institution 
laboratory miserable as was the accommodation it afforded the ghosts of Davy 
and Faraday were ever about him To have served tho Institution honour 
ably m a way to justify mention in history on a par with them is an achieve 
ment he m his modesty scarce contemplated as possible and yet he ever aimed 
at it The feeling that he had so much exceeded Faraday s period of office 
and not only maintained but also steadily improved the quality of his work, 
I have reason to think was year by year a more and more powerful mam 
spring of action m the indomitable fight against circumstances which he waged 
during these late bitter tunes of strife He was a tornble pessimist 

Dewar was not great as a teacher His mind was of too original and lmjiatient 
a type He never suffered fools gladly and students are too apt to he foolish 
at our old Universities even to ape the part of superior beingB His forte lay 
m directing competent hands not in forming them He worked himself 
and through skilled assistants not through pupils He was violently impatient 
of failure in manipulate! n and his work was almost entirely manipulate ry 
He therefore never created a school The pity of it is that circumstances 
were such that he never had a properly large staff That he accomplished si 
muob with the assistance of the few able men who have aided him is proof 
of his exceptional skill as a director It is unfortunate that the Davy Faraday 
laboratory was not from the beginning organised on linos which would have 
placed its resources in his hands rather than at the disposal of undue ted mdi 
vidual workers it is a grievous fact that he leaves no followers trained to use 
hi# incomparable methods 

Nominally a chemist Dewar s work lay in fields of his own creation not 
borderlands but regions before uncultivated He was no mere experimentalist 
but an artist to his finger tips music came next to science in lus 
affections 

Though deeply read and a great lover of poetry and literature he lacked the 
gift of ready literary expression -except in his letters and conversation—and 
was often an incoherent lecturer yet his lectures were the most masterly 
and fascinating displays ever witnessed He set a standard which has made 
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the Royal Institution table remarkablo throughout the world Faraday was 
celebrated for the simplicity of his style—Dewar is to be thought of on account 
of the daring of his displays, the wonderful refinement and appositeness of his 
demonstrations, all most carefully arranged and rehearsed in advance He was 
a great scientific actor playing plays with the most thrilling of plots and entirely 
original special scenery for each performance His manner, his 1 brogue ” even 
his impatience gave a peculiar charm to the impresaion he produced , but you 
did well to have been behind the scenes if you wishod to gather the full meaning 
of his message His demonstrations were unique in character, few realise 
the infinite loving care he devoted to their preparation In their simplicity 
they were often profound I can never forget the impression I received when 
I first saw him bum diamond under liquid air—the gradual accretion of the 
carbon (boride snow shower and the blueing of the fluid by ozone, also demon 
stratod by the iodine test, then the rapid upmsh of the mercury in a baro 
meter tube full of air when the tube was oooled with liquid hydrogen , it all but 
knocked the top ofl or again the production of ozone at the surface of solid 
oxygen by the impact of ultra violet radiations At such moments—and there 
were many such—the heart beat with joy at the significance of his feats of 
inspiration 

Hi. began to publish m 1867 His first paper, read to the Royal Society of 
Edinburgh on February 4th, was on the Oxidation of Phenyl Aloohol In it 
was dew jibed a sort of lazy-tongs method of representing carbon compounds , 
seven different ways of representing benzene were shown Through this he 
was brought under Kekul4 s notice with whom he spent the summer of 1867 
in Ghent Ho was thus brought into contact wi th the master mind in theoretioal 
chemistry of that time and with his assistant Komer, a laboratory worker of 
supreme ability 

During the period 1867-70 he did a great amount of work on a variety of 
subjects—chemical biological and physical he then laid the foundation of 
nearly all his later discoveries He was associated with Dittmar, with Gamgee, 
with McKendnck and with Tait Posably, indeed probably, these men all 
worked with him at hia suggestion McKendnck tells the story, in a private 
Autobiography, how one day, at the Veterinary College, a young man intro 
duced himself to him and said ‘ You and I should know each other, 
Dr McKendnck Ho knew him to be James Dewar and had seen his name 
frequently on the Royal Society of Edinburgh programme A few days later 
they met in the quadrangle of the University and Dewar suggested the research 
on the effect of light on the eye 

The influences to which he was exposed, while an apprentice and subsequently 
in Edinburgh, wen such that, given innate ability, it is not difficult to under¬ 
stand his suentifio upgrowth , his development on the artistao side, the rapidity 
with which the rough places were made smooth, cannot well be explained 
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—apparently he just grew to hi a environment but largely it seems, to one he 
himself created 

He was probablym full touch with medicine through his brother Dr Alexander 
Dewar assistant to Prof Syme It is clear that before coming South he had 
been in close contac t with a large circle of remarkable men who fascinated both 
by his scientific ability and hw superlative social qualities had taken him 
to their hearts 

It cannot bo sni that Dewar came to Cambridge to conquer He made no 
particular mark there essentially a man of action not built on lines of mere 
scholarship his great g fto were unperceived The con btious were primitive 
as compared with those of to-day far less inspiring than m the northern 
capital In T linhurgh he had been among men who wen all alert and he had 
led a Bohemian life m Cambridge ho was confronted by a dour respectability 
and the damns with which he praised were sometimes far from faint Few of the 
dons could appreciate his genius the importame of experimental science was 
not then recognised At no time was the attempt made to capture him an 1 
build him a special nest even when his fame was being spread abroad in con 
nectuon with inquiry at low temperatures Still he had Clerk Maxwell and 
Stokes as scientific friends—men who could appreciate him Soon he made 
another and in so doing gained what must be regarded as the greatest and most 
significant victory of his life I may be permitted to use a phrase current 
among us in those early days—it so exactly describes the situation he made 
the Livemg speak In fact he was almost immediate ly adopted by his 
senior oolleaguo Prof Liveing whom he induct d to sit down at the spectroscope 
with him not only at Cambridge but sometimes also in London where the work 
was also earned on because of the more powerful instrumental appliances at 
hand The association speaks volumes for both men it was the completion 
of Dewars education The nobility of Liveings character was recognised 
everywhere, there can never have been much to object to in a man with 
whom one so stern in his moral outlook yet gentle withal could rapidly ally 
himself and take to his heart Smaller minds could not see so far and at times 
there were disagreements let it be said openly he was never popular he 
never suffered fools gladly and he let this be known He was unlucky too in 
the choioe of au assistant who proved disloyal Factions arose So the 
University lost a great opportunity but the Royal Institution gained the entire 
devotion of a master mind who built himself into its fabric in a way which 
even Faraday never accomplished Few can realise with what fen our he 
served its interests—what his devotion meant—the depth of moral purpose 
in the man in his character He rendered service not only by his scientific 
conquest* in tho laboratory but to an extent which cannot be defined also on 
the social side his wife greatly aiding him He rapidly made himself a power 
in the outside world and attracted all sorts and conditions of men making them 
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not merely servants but willing slaves of the Institution The men who aided 
him are mostly gone To reconstruct the social fabric on the broad basis upon 
which he built will not be easy 
Why did he succeed there, not at Cambridge 1 

No artist can brook University conditions and restraint/! we seem not to 
realise how entirely we are taking the life— the morality, too—out of science 
by our competitive system particularly by placing the work of inquiry under 
Civil Service conditions and making it an onus upon the examinee a service 
rather than a work of love if not a reverent sacrifice 
He came to the Royal Institution a Bohemian and found himself free from 
control and professorial red tape obligations, in a Bohemian atmosphere— 
for surely Rumford was a Bohemian and so was Davy, even Faraday was 
in his quiet way Let it only be whispered—Dewar once told me that he 
had it from De la Rue that when a young man, he had ventured to visit the 
‘ Poses Plastiques and, to his surprise, saw Faraday sitting in a front seat 
Dewar had nought of the pedagogue in him, though muoh of the Presbyter— 
it irked him to lecture to regular schedule When, however, his subject 
possessed him those who heard and understood him perforce Bwd — 

I met a seer, 

Passing the hues and objects of the world, 

The field* of art and learning, pleasure, sense. 

To glean stdblons 

The theatre of the Royal Institution has been the resort of artists for 
generations and here he found an appreciative audience Here also he found 
a studio to lus liking full of the ghosts of sciential heroes , he was free to visit 
it at all hours of the day and night Being an incarnate experimenter, he 
gradually found full opportunity to exercise his bent and his imagination to 
exercise the fingers so well developed on his fiddles in his youth Not only 
was the constructive lust in him, but burnt into his soul was the sense of 
accuracy and artistic finish 

The art of discovery, as a systematic pursuit, is only gradually learnt and 
choice of subject is not easy—it comes more from the suggestion of opportunity 
than from inspiration Faraday only came to his climax when he was forty 
years old The value of experience in scientific work is not sufficiently 
recognised Dewar began his work in the South m a rather and period, 
stall an undercurrent was gathering strength and was soon to buret into 
flood He passed through a period of heat before settling down to the mature 
respectability of a cold more than arctio 
Dewar was ever a hero worshipper—but he was Belect in his choice The 
one for whom he had greatest reverence, in his early days, was the Fren/h 
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cheuimt St (.Imre Deville, a classic figure in the history of our science It w ns 
lie who introduced the terra ‘ disassouation ” or “ dissociation " to express the 
condition of reversible interaction, especially at high temperatures, eoinraon 
to all chemical change (that of radio-active material excepted) Dewar was 
fascinated by the beauty of Deville’s experimental methods and the precision 
of his treatment of the problem Heme it was probably, that lie, with 
Lneing, entered the arena against Loekyer, whose speculations on the 
dissociation of the elements at high temperatures were then beginning to 
fill the Royal Sonetv stage The weakness of Lockycr’s laboratory evidence 
was only too obvious to the trained chemist The Cambridge observers first 
gave attention to the reversal of metallic lines , then to the peculiar behaviour 
of magnesium especially in presence of hydrogen, to the so called (arbon 
spectrum , to the spectrum of water finally, they studied in detail the 
spectra of a number of elements These inquiries were earned on over a 
penod of more than ton years Fortunately the work is published in u 
lollccted form , it is a monument of accurate observation and of ongmal and 
skilful manipulation combined with extreme caution of statement and inference 
Much of it is of permanent value and there is a rich store of fact m the 
memoirs which remain to be exploited especially, I believe, in connection 
with the “ carbon " spectrum 

Dewar did not confine his attention to spectroscopic inquiry during tins 
penod At Cambridge he instituted a senes of atomic and molecular weight 
determinations , in the Royal Institu son laboratory, where he had gradually 
installed a powerful electric plant, working on Deville’s lines, he did much to 
unravel fundamental high temperature problems He was a pioneer worker 
on the formation of mtnc oxide in the elec tnc arc 

Thus far he had clone little to satisfy his artistic longing for novelty of 
effect he was but learning to pxernse his genius 

Still, a chill came upon him before he took cold, when suddenly, at the close 
of 1877, the scientific world was electrified by the news of the liquefaction of 
oxygen and hydrogen bj Cailletet in Frame and Pictet iu Geneva .Such a 
discovery could but react on the Royal Institution, where nearly all the previous 
work on liquefaction of gases had been done lie lost no time in obtaining the 
Cailletet apparatus and it was shown in operation in the Institution m the 
summer of 1878 The ghost of Faraday was ever about Dewar He quickly 
set to work and developed his appliances, (united as the funds were at his 
command , still, the heat engendered in spectroscopic inquiry had also to be 
dissipated and this was not easily done, the lust of the earlier battlo being 
upon him 

Meanwhile, two Polish physicists had extended Pictet’s achievement and 
made notable progress Liquid oxygen was first show r n in the Royal Institution 
in 1884 From that tame onwards progress was continuous and rapid His 
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method* have been developed and are muse the world over When Kamerhngh 
Onnes liquefied helium, be could operate with only 200 litre* and bad but 100 
litres in reserve Now airships are filled with the gas. Onnee had 20 litre* 
of liquid hydrogen ready for hi* first experiment and he wa* u«ng the last 
litre when liquid helium was first “ just perceived ” Recently, Prof McLennan, 
of Toronto, describing tbe apparatus he has built, states tliat he has obtained 
a litre of liquid helium with the expenditure of only 10 litres of liquid hydrogen— 
such is progress when once the initial step is taken 

Dewar’s object was never merely to bquefy gases He was never the mere 
artificer but always the philosopher seeking to penetrate into the far-distant 
region of the ultimate zero of temperature All can appreciate the work of 
Arctic explorers like Franklin. Nansen Amundsen and Scott, the difficulties 
they encountered and the character of their findings Few can appreciate 
the work Dewer did in hyper-Arctic regions -the genius, |he resourpe^dnae*, 
the infinite patience that were needed to thread a way through the^hfhokless 
field—the danger, too, of the work Often he earned his life hands 

and had more than one surprising escape He triumphed as an engineer and as 
a philosopher, though, like Scott, he had his Amundsen The story of those 
turbulent times must some day soon be told faithfully , to future students of 
the progress of science it will be in an impenetrable jungle if this be not done 
It is a human story, reminiscent of prescieutifiu days, of cattle-lifting m the 
Highlands and of vendetta in southern climes. It has an ethical side—one 
on which Dewar constantly dwelt, in which the essential nobility of his character 
came to the fore 

Aa to the melody and meaning of hi* work, what has he given to the world ? 
Liquid air, liquid hydrogen—refrigerating agents of previously undreamt-of 
potency, solid oxygen, solid hydrogen , other similar conquests scarcely lees 
notable were his too So he stands pre-eminent for all time as ohampson 
Arctic discoverer, the map of Fngor being now all but drawn As in geo¬ 
graphical exploration, however, so in physical science, mere additions to the 
map are of relatively small importance , what counts most is the knowledge 
gained of the new territory, of its resources and of its wonders Arctic explora¬ 
tion proper has brought little that is specially novel to our knowledge, we 
have learnt most from tropic lands An explorer in hyper-Arctic regions, 
Dewar brought back tropic wealth 

To liquefy so many gases was an astounding feat of skill To him, however, 
this counted a* little, what counted with him was the means he gained 
of revelling m regions yet untrod He developed a truly marvellous 
technique. 

First, he taught the world how to conserve cold—and heat too, if neceaeary— 
by hie invention and development of the vacuum flask. Without the silvered 
flask bttle could have been done with liquid air and similar agents. The public 
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can appreciate the value of the invention—Indeed, the “ Dewar flask,” so we 
should insist on calling it, is now known to every one and used by most 
A more far-reaching and original discovery, involving an astounding develop¬ 
ment of tie technique of high-vacua, was that of highly-cooled “ oharcoal " 
Indirectly, Dewar was the originator of the use of charcoal, as chief absorbent 
material, m the gas-mask used in the war against poison gas He had shown 
how the absorbent properties of charcoal could be developed and raised to a 
maximum Various people are repeating what he did and ate making no little 
fuss over their assumed “ discoveries ” , Americans especially are talking big 
about what they are pleased to call “ activated carbon ’ 

I have said that Dewar was the virtuoso—this quality i» pre-eminent in his 
scientific work Too many conquerors have left destruction in the path of 
their progress—his was always adorned with flowers , he could not help strewing 
them by the wayside 

He studied the properties of matter at low temperatures m every direction 
Probably the mo“t important of these inquiries, that, I think, whioh he was 
inclined to regard as the most illuminating, on the theoretic side, was that into 
the heat capacity of the elements at the boiling-point of hydrogen, about 21° 
absolute or -252° C He also did mnch work on the best capacities of com¬ 
pounds which has not been published 

1 have no tame to speak of other work on properties as influenced by temper¬ 
ature, such as was done in co-operation with Fleming on specific inductive- 
capacity or with Hadfield on the strength of metal* Itds full of plums for 
coming scientific ’ little Jack Horners ’ Probably the results may be read, 
at least in part, along lines such as those suggested above 
Dewar, as I have said, was always sprinkling flowers by the wayside To 
chemists he often threw pearls and pearls of great pmce. Two, m particular, I 
will first mention We talk constantly of the kinetic theory of gases—which is 
at the root of creation—but how feeble and mullummatmg are our usual 
demonstrations Dewar simply filled a flask with vapour of brown bromine, 
sealed off its neck, turned i t upwde down and poured liquid air into the depression 
m its bottom hey, presto 1 the molecules all crowded to the cold surface and 
fell asleep there, seemingly dead, almost in the flashing of an eye As a visual 
demonstration of the kinetic theory there u nothing to equal this, though of 
course some imagination must be used upon it to make it appear conclusive. 
Still more striking was his demonstration of the similar aU-bat-immediate 
condensation, by liquid hydrogen, of the air filling a barometer tube—the 
formation of an all but-perfect barometer As I have said elsewhere, the heart 
leapt with joy when these feats were first witnessed. The greatness-of this 
second demonstration is not easily realised—the effort* exercised by generations 
of workers before it was possible Dalton, Davy, Faraday, Gay Lussac, Avo- 
gadro, Andrews, CaiHetet, Pictet, Olzewski, Wroblewski, besides others, are to 
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be mentioned as pioneer workers in this field but Dewar was tn no way the 
least, though last, for his imaginative and constructive power was perhaps httle 
short of equal to that of all previous workers put together The theory is now 
established fdr all time by Aston’s crowning act m molecular ballistics, which 
has enabled him to assess the true masses of most of the known “ elemental)' ” 
species 

Stfll, we have to recognise—and Dewar has shown this in many ways--that 
chemistry, even the chemistry of the gases, is not mere ballistics , that strange 
element, afflatus, call it what we may, commonly denominated love or affection 
—the ruling passion of our society and of the animate world—la certainly 
traceable back to the molecules and to their atoms Even helium, the least 
affectionate of known materials, shows evidence of it, if only it receive a 
sufficiently cold welcome from charcoal, then it* innate selfishness is overcome 
and it mildly subsides into the cells of it* black paramour, w£th but slight display 
of heat -yet sufficient to prove that the mold ules are not entirely lone souls 
when reduced to liquidity i ' 

I have time for only one more reference—to the otone worlaand to that on 
phosphorescent discharge I hold this to he of primary importance but the 
chapter is scarcely opened Dewar was a wizard At one time he would show 
diamond or hydrogen burning below liquid oxygen and calmly point to onone as 
a constant product as an educt of the combustion of oxygen m and by oxygen 
At another he mould unburn the oxygen molecule at the surface of the solid 
substance—by means of ultra-violet radiation—and demonstrate the birth of 
osone triplets among the progeny Then he would demonstrate the internecine 
warfare set up in oxygen by an electric discharge, with the aid of the glow 
which attends the gradual passage, if not of ozone triplets into oxygen twins, 
of some recurrent oxidation effect 
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The glow must be an electrical phenomenon—in it, doubtless, we witness the 
gradual oscillatory downfall of the oaone molecules, the outward and visible 
sign being the “ electric ” glow discharge 

Dewar, however, made everything phosphoresce—even feathers and paper 
By ooobng greatly he forced the molecules to keep company, the evidence that 
they do so again being the " electric ” discharge as they rub themselves apart. 

One of Dewar’s most beautiful demonstrations— I believe also specially signi¬ 
ficant—was that of the known fact, always a paradox to the chemist, that 
phosphorus only glows in oxygen at a particular partial pressure What is 
the glow ? “ The glow of oxidation' ’ it the conventional reply—but oxidation of 
what! It has been said of a particular onde of phosphorus, formed at an early 
Mage. I venture to think it is the glow of jfjhe " oxidation ” of oxygen—of and 
by OBone, in other word* The interpretation may be extended, as a working 
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hypothesis, at least, to all glow phenomena traceable to oxidation—even to the 
glow worm. 

One other aet of demonstrations I must mention Faraday, we know, 
always had in his mind's eye the picture of some continuum which made 
“ induction ” possible Denar ga>e signal proof of the continuity of cbenucAl 
change —of the need of a connecting " Faradic ” link between molecules, if 
they were to interact—in his remarkable demonstration with a Crookes’ tubs 
containing an earth which phosphoresced when an electric discharge was 
rained down upon it, he but cooled the tube externally by applying a pad 
of wool soaked in liquid air the phosphorescenoe ceased The moisture within 
the tube is to be pictured as coming to rest, like the bromine 
I can refer but briefly to the great closing act of the drama I am striving to 
describe The curtain is rung up upon a complete transformation scene- no 
longer is the attempt being made to coerce the molecules into company by 
fleering instead, their desire for and affection m the liquid state is brought 
under notice in the so-called soap film, in its final stage of black tenuity 
I often tned to get his view of this state—but, to the end, he was the true 
experimentalist the patient student seeking to throw light upon darkness but 
unable to penetrate behind the veil watching the play of inter-molecular forces 
which are at the seat of the world’s activity, he was lost in reverent wonder 
A keen student of affairs and politics, he was torn with anxiety , the diffi¬ 
culties m the management of the Institution were very great. He was distressed 
also by his poweTlescness to help—that he should be so entirely put aside 
and that his vast experience of explosives and of many other matters then of 
consequence should be oast to the winds An attempt was even made to 
deprive him of his laboratory When his services could not be dispensed with 
and the opportunity tame to do something of which others were incapable—to 
develop the liquid-air metallic flask fof use by aeroplane pilots—with astonishing 
ardour he threw himself unsparingly into tho work and was happy for a time 
But he ever returned to the film The only interlude was m the period during 
which he developed a charcoal-gas thrrmoscope of amazing delicacy, when he 
occupied himself m measuring the radiation from the sky at night Cold was 
used to measure cold, with the aid of a film of caoutchouo frozen stiff by tho 
liquid air behind it--an extraordinary feat of imagination and the most refined 
manipulative skill With this wonderful instrument the man of nearly 80 
kept lonely vigil upon tho cold roof often far into the night—a worshipper of 
the infinite 

He died at the Royal Institution in hi* eighty-first year, on March 27,1928 
He had been working m his laboratory until late on the night of March 20 and 
was taken ill in the early hours of the following morning 
[Abridged by the Secretary from the Obituary Notice Ui ‘Nature,’ April 7, IMS, 
a»d the Friday evening lecture delivered Jan 18, )W*, at the Royal Institution by 
Prof. Armstrong 1 
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Sir Archibald Geikif was fleeted a Fellow of the Society in 1805 at the 
age of 29 years and at the time of his death in 1924 he was the sem >r Fellow 
and hence the father of the Sooiety Throughout this long senes of years 
he was devote lly attached to the Society and most anxious to promote its 
welfare anl further its activities m all possible directions and the Royal 
Society is much indtl ted to him for the services he rend< re 1 to it during th 
periods he ac ted as one of its officers He served on the Council first f row 
1885 to 1887 and was Foreign Secretary from 1889 to 1891 In 1903 he was 
elected Secretary on the biological side in succession to Sir Michael Foster 
and had as colleague on the physical side his friend Sir Joseph Lairaor the 
presidents during his term of office as Secretary being Sir William Huggins and 
Lord Rayleigh 

During the later years «f the nineteenth century the work of the Souetv 
had undergone considerable expansion both on the physical and on the 
biological side Tims the | art plavcd by the So lety in such undertakings 
as the International Catalogue of Scientific Literature the Association of 
Academies the National Physical Laboratory anl the investigations into 
certain tropical hseases considerably increased not only the range of the 
activities of the Society but also addel considerably to the work of the 
Officers Fellows and staff Geikie throughout his tenure of office took the 
greatest interest m the work of the Society as a whole anl his outlook wan 
always a wi le cne although os Secretary his activities were mainly concentrated 
on the biological side One of the most eh iracteristic features of his work 
was the interest hi took in all biological questions botanical zoological and 
physiologii al He never confined lus interest to the m >re social branches 
of knowle Ige that lie had made his own 

During Sir Michael Fosters tenure of the Secretaryship anl whilst 
Mr Joseph Chamberlain was Secretary of State fer the Colonies arrangements 
had been made in consultation with the Colonial Office for the Royal Society 
to undertake the supervision and control of a senes of inquiries into the 
causation and nature of important maladies affecting the welfare of our 
tropical Dominions and dependencies eg malana Malta fever Bleeping 
sickness Valuable results have been obtained by the successive commissions 
sent out under the auspices of the Tropical Diseases Committee of the Royal 
Society Geilne took the greatest posaihl* interest in this work not only 
from the actual scientific interest of the questions involved and the results 
obtained but also from the point of view that the Royal Society m super- 
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^ 1*1 fig end controlling »uch work for the assistance of the Government wan 
doing work for which it wm exceptionally fitted and fulfilling a moet 
important function in promoting the welfare of the Empire 

Like Foster Geikie held the view that all such work undertaken for the 
Government should be rigorously confined as it was to the investigation 
of definite scientific problems and not extended to either administrative 
matters or to supervising methods of medical treatment of given diseases 
This work often t ntailed a considerable burden on the Officers and Fellows 
of the Society and also some increase in the actual expenditure of the 
Society but Geikie felt that the Royal Society as the foremost Bcientiflo 
society should be willing to undertake such work and that it was specially 
fitted to carry it out to a successful conclusion On relinquishing the secretary 
ship to become the President of the Society he maintained the closest possible 
touch with the Tropical Diseases Committee and rarely missed taking the 
chair at its meetings Certainly the Fellows of the Society interested m 
physiological and pathological questions are indebted to him for the wide 
interest he feh in and the sympathy he extended to their investigations and 
work 

In his anxiety that the Society should continue to hold its place us the 
foremost Scientific Society he was alwavs wishful that it should contain within 
ita ranks man listinguished in all branches of natural knowledge and more 
especially that it should include amongst its fellows those who had gamed 
distinction from their researches although not following a snentific career as a 
profession The British Fmpire has long been noted for the number of men 
who have pursued scientific studies and gained distinction by the results 
achieved notwithstanding the fact that such studies have either forme 1 their 
relaxation or else have been pursued solely out of the interest evoked bv them 
Such men have often been miscalled amateurs and the Royal Society has 
always contained such men amongst its fellows Geikie was greatly nnprt ssed 
with the necessity of maintaining this custom as he was convince 1 that it 
gave the Society a breadth of view that otherwise it might not halt. He 
even went further and often regretted that the old custom of including amongst 
the Fellow* men who had obtained distinction in walks of life other than those 
actually included under the terra natural knowledge, was not more frequently 
followed He felt strongly that it was only bv these means that the Society 
would maintain the status it was rightfully entitled to as representin' e of 
learning In this connection it may be recalled that it was during his 
presidency that arrangements were made whereby the recently founded British 
Academy was enabled to use the apartments of the Society a# a meeting place 

Geikie was a very efficient officer of the Society spending much time in the 
offices of the Society and making bmiself familiar with all the details of the 
work that falls to the lot of the officers He wa» a pleasant colleague to work 
tritb, and had usually dearly cut and defined view* on the various questions 
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that came up lor decision by the Officers and Council, and thus the business 
of the Societv was conducted with dispatch under his auspices 

The at tivities of the Society have for long been somewhat hampered by the 
inadequacy of the funds at its disposal, and Geikie, like other Presidents of 
the Society, often alluded in his addresses and public utterances to the necessity 
of more liberal endowments if the Society was to fulfil its functions in the 
advancement of natural knowledge It was a source of gratification to him in 
lus last years that several munificent benefactions were received by the 
Society, thereby enabling it to endow Research Professorships m several 
branches of Science 

Geikie not only made himself familiar with other branches of Science outside 
t he range of his own speciality, but, m addition, ho had a well-developed literarv 
and artistic side Hu* literary abibty is well seen in his numerous writings 
dealing with a considerable variety of subjects, some biographical, several 
relating to his beloved Scotland, e j .ScottishSeeneryand Scottish Reminiscences, 
and several classical, more especially relating to Roman family life, Horace’s 
villa, etc He was at one time fond of sketching, especially amidst the Western 
Isles, and the present writer well rememliers the graphic manner in which 
he described these see nes, and how he had wished to follow the career of an 
artist to place them on canvas For many years he was in the habit of 
yachting on the West Coast of Scotland, and was familiar not only with the 
scenery, but also with the folk-lore and traditions of the islanders He had a 
fund of Scottish stones and was an admirable raconteur, telling his stones 
with a keen relish of their humour. Manv of them mav be found in his well 
known Scottish Reminiscences 

The 250th Anniversary of the foundation of the Roval Society was celebrated 
in 1912 during his tenure of the presidency, and he not only took the greatest 
interest in the vanous ceremonies and functions that marked the anniversary, 
but also played a very active part m the work of the Officers and staff m making 
all the arrangements necessary for the celebration Further, the Society is 
indebted to him for compiling and editing a new and enlarged edition of the 
Record of the Royal Society, and it was at his instigation that a facsimile of the 
ancient Charter Book was prepared Geikie took a very special interest m all 
that concerned the life of the Royal Society in the past, and one of the best 
illustrations of this anil of his literary activities is to be found in the history 
of tho Royal Society Club that he published in 1917, after he had relinquished 
the presidency of the Society, under the title of the Annals of the Royal Societv 
Club This is a very complete and accurate history of the doings of the club 
from its foundation m 1743 up to the year 1902, and contains min h informa¬ 
tion of the manners and customs of the times and many anecdotes illustrating 
the characteristics of some of the more prominent, of the early Fellows of the 
Society Geikie was a member of the club from 1890 to his death, and was a 
very constant attendant and a great believer in the humanising influence of 
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social meetings especially those of a dining < tub with such ancient traditions 
aw those of the Royal Society Club 

< leiku received the honour of Knighthood m 1891 and that of k (_ B m 1907 
and in 1911 the Order of Merit was < onferred on him and hi also lev ime ()ffii ter 
di la Legion d Honneiir 

Gtikie married on August lOtb 1871 Alice finbritlli Anne Mane Fignatcl 
who died on January 21st 1910 His funuly consiste 1 of one son Roderick 
who died on December !»th 1910 and three daughters one of these died oil 
1> finiary 23rd 1915 Sir Vr hibdl Geikit died on November 10th 1924 

T U B 


Tin scientific (ftrecT of Sir Archibald Geikie was one of great distinction 
Turning the Geological Suncv in 1856 he became Director Gem rul of the 
(nclogical Survey of the United kingdom in 1882 , President of the Geological 
Souetv lajndon 1890 92 and was selcc ted by the Council of that So< lety for 
ft second teini cf nftuc to pnsidt at the Centenary Celebrations in 1907 
Honours wire slum red upon him by scientific societies at home and abroad 
and by Universities thesi were crowned by the award of the Order of Merit 
m 1914 

Bom in kdmburgh in 1815 and eduiated at the High School and Um 
■unity, lie dermd inspiratun from th classic surroundings the scene of the 
fu ice c nntroversy between the Huttomans and Wemerians at the beginning of 
I ist 11 ntur) His fu ling of fossils in the Burdiehouse limestone in liu. boyliood 
marked the first stage in Ins In Id expern in • He roamed over Arthurs Seat 
an 1 the Pintlaiul Hills with (hatles Madmens volume on 'The Geology of 
Ifife and the JiOtliuins as his gmdi Not content with excursions in the 
neighbourhood of kdmburgh lie went to Arran with Ramsays account of the 
geology of that island in his hanl to examine the metamorphic rocks and 
I Milieu soic strata pnned by fhi granite masses in the north of the island. 
This expedition was followed in his eighteenth year by a viBit to Skvc where 
he began the mapping of the 1 ms in the district of Strath after u careful 
stu ly of Maeculloch s volume on The Geology of the Western Islanels 

VII these i xi turnons sprang from hm own initiative They showed that he 
was clearlv destined for a geological career if surh could be obtained Two 
articles which he wrote on his work m Arran secured an introduction to Hugh 
Miller then living in kdmburgh which le 1 to a close friendship that lasted 
till the tragic end of Hugh Miller s career The young geologist paid frequent 
visits to that home with his spetmiens his maps anil notes receiving m return 
great encouragement to continue the work Soon after this introduction 
Hugh Miller was asked by Sir Roderick Mtinhison who had been appointed 
Director General of the Geological %rvey to recommend a young geologist 
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to carry ou the mapping in East Lothian, begun by Professor Ramsay in 1854 
Archibald Geikie was recommended and he joined the staff m his twentieth year 

He made the acquaintance of other scientific men in Edinburgh at that tune, 
who were impressed with his enthusiasm for geological research Dr George 
Wilson, Lecturer on Chemistry in the extramural school and Director of the 
Science and 4rt Museum, in whose laboratory he did chemical analyses followed 
his early progress with great interest Robert Chambers, Professor Fleming, 
one of the able naturalists of that period, and Professor James David Forbes, 
whose work among the glaciers of the Alps and Norway is familiar to geologists, 
befriended him Forbes who whs Secretary of the Royal Souety of Edinburgh 
for twenty years, appealed to hnn to contribute papers to the Society, for he 
regretted the decline of geological research in Scotland since the days of Huttou, 
Hall and Playfair \n In bald Gokie responded cordially to this appeal m later 
years by commumi ating his best papers to this Society 

From the point of view of worldly advancement, Murchison was his greute't 
benefactor In I860, after a few years’ experience of field work in the lowlands, 
the young geologist was n quested bv Murchison to accompany him in the 
North-west and Central Highlands to determine the order of succession of 
the rocks in those regions From these traverses arose an intimate friendship, 
which lasted till the close of Murchison’s life in 1871 Through Murchison’s 
influence he was appointed first Director of the Geological Survey in Scotland 
in 1867 \\ hen Murchison offered to share the endowment of the new Chair 

of Geology in Edinburgh Umvinnty, he stipulated with the Government that 
Archibald Geikie should be the first Professor 

The areas fixed by Professor Ram«ay,then Director ot the Geological Survey 
of Great Britain, to be mapped by Archibald Geikie m bis early official career, 
gave him great gratification His colleague was H H Howell, a roal field 
expert, and after completing the survey of the low ground in the countv of 
Haddington, they moved westward to Midlothian To Geikie was assigned the 
area west of the coalfield, ranging from Arthur’s Seat and the Pentium! Hills 
to the Bathgate Hills, and northwards into Fife His experience m those 
areas determined the lines of research in which he did his best work The evi¬ 
dence bearing on the glaciation of the region, the development of the Old Red 
Sandstone formation in tho Pentlaml Hills, and the occurrence of volcanic 
rocks on different geological horuxins, suggested fields of investigation that 
might bear rich fruit 

In his early survey days, in common with the prevalent opinion of that time, 
fie attributed the polishing and grooving of the rocks to the aotion of currents 
and icebergs, but under tho influence of Professor Ramsay, who had already 
described the vanished glaciers of North Wales he adopted the view, propounded 
by Agassi* during his visit to Scotland in 1840, that these phenomena were due 
to the action of land ice In 1862 he contributed to the Glasgow Geological 
Society a valuable paper on ‘ The Glacial Drift of Scotland ’ (published in 
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1863) which helped to place the investigation of these deposits oil right lines 
He showed how the rock stnations radiated from the main mountain tanges 
he desonbed the local character of the boulder clay its i< lation to the underlying 
rooks the direction of transport of the materials its stnated pavement* the 
intercalated deposits of sand and gravel -observations which have stood the 
test of time From these phenomena he inferred tuat dunng the earlier part 
of the glacial period Scotland was covered with an ice sheet after the manner 
of Greenland that the boulder clay was a product of this ice sheet an 1 that the 
stratified beds in the Till marked periods of lessened seventy cf climate when the 
ice retired for some distance He described the inland stratified drift and the 
fosailiferouH marine shelly clays of the Clyde basin so admirably worked out by 
Smith of Jordanhill He suggested that the moraines in the uplan l valleys 
indicated the gradual shrinkage of the ice-sheet into local glaciers and the 
final disappearance of the ice 

Availing himself of the researches of Smith if tordanhill bdwarl Forbes 
T F Jamieson and others he appendel to this paper a list of irgam remains 
from the gla< lal deposits of Scotland 

This paper proved of great service to British geologists at that time as it gave 
an outline of the conditions which probably prevailed during the glacial period 
w this country and suggested the lines along which investigation should pro 
ceed It held the field till the publi stun in 1871 cf the well known volume 
‘ The Great Ice \ge bv his v mnger brother Professor fames Gcilfle 

As the Scottish survey work advance 1 it fell to the lot of Archibald Geikit 
to map in detail large areas of the Oil Bel Sandstone in Midlothian 
Lanarkshire Ayrshire and in tlit counties of bib Perth and Kinross He 
also examined the district* surveyed bv otliei members of the stall south (f 
the Grampians Throughout this region it had been proved that this 
formation consisted of two divisions an upper and lower separate!I bv a 
marked uni onformabihty an l haracterised by different fish faunas 

North of the Grampians however Murchison adopted a triple classification 
by introducing a middle division compose 1 of the Caithness flagstones lrom 
their lithological characters and fossil contents he maintained that this flag 
stone senes belonged to a different division if the formation He argued that 
the fish fauna found in this sent s differed in important [joints from that 
oocumng in the flagstones sandston s an 1 shales of Lower Old Red Sandstone 
age in Forfarshire It was therefore of younger date He also suggested that 
the Caithness flagstones might have been laid down dunng the long interval 
separating the lower and upper divisions south of the Grampian 

Hugh Miller and Dr Malcolmson had proved the occurrence of the upper 
division with its characteristic fish remauvs in the basin of the Moray Firth 
and they further showed that the ichthyolites found m the lower beds in that 
region resembled those met with m the flagstones of Caithness and Orkney 

Such waa the position of enquiry when Guhie began a senes of traverses 
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in the basin of the Moray Firth Caithness Orkney and the Shetland Isles 
In 1878 he communicated to the Royal Society of Edinburgh an elaborate 
paper on the Old Red Sandstone of Western Europe which embodied tin 
results of these traverses It was intended to be the first of a series 
lesenptive of the other areas cxeupied by this formation in the British Isles 
but his removal to London in 1882 prevented him from carrying out this 
intention The other areas were dealt with at a later date in his treatise ou 
the Ancient Volcanoes of Great Britain with special reference to the 
records of volcanic action associated with them 

One of the special features of this communication is the vivid description of 
the geographical changes in Western Furope that followed the marine 
conditw ns of Sdunan time Ad ipting the theory of the lacustnne origin of 
the Old Red Sandstone s iggestod by Fleming and Godwin Austin and 
support? 1 b) Rupert Joues on palaeontological evidence and by Professor 
Ramsav on lithological grounds he held that in North W est Furope the 
Silurian sea gave place to continental conditions with large inland lakes He 
lefined the areas of the various basins of deposit of the Old Red Sandstone 
in the British Isles and gave them the following names —(I) Lake Orcadie 
including the extensive region north of the Grampian range and stretching 
north to the Shetland Isles (2) Lake Galedoma or the Mid Scottish Basin 
between the Grampian Highlands and the Southern Uplands (3) the Lake 
of Lome exteudmg from the south east of Mull to Loch Aw# (4) Lake Cheviot 
including a part of the south east of Scotland and north of England (6) the 
Welsh Lake bounded on the north by the Cambrian and Silurian high grounds 
its southern and eastern extension being obscured by later formations 

The deposits in Lake Orcadie were grouped by him in two divisions a lower 
comprising the Caithness flagstone senes and an upper composed of false 
bedded sandstones and marls with its characteristic fish fauna resting 
uncomformably ou the lower as m the midland valley of Scotland He 
pointed out that Murchison s lower division in Caithness consisted merely of 
the thick accumulation of sandstones breccias and conglomerates that underlie 
the Caithness flagstone senes 

The distinctive feature of the paper was his correlation of the Caithness 
flagstone senes (Murclusons middle division) with the true Lower Old Red 
Sandstone south of the Grampians He admitted the marked differences in 
the lithological characters and fossil contents of the deposits in the two areas 
but he contended that the palmontological distinctions are probably not greater 

than the contrast between the icbthyic faunas of adjacent but disconnected 
water basins at the present time 

Much new information bearing on the distribution and field relations of 
these deposits was embodied in this communication The mam features m 
the geological structure of Caithness were indicated , the great overlap at 
Reay in the north of that countv where the higher members of the flagstone* 
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rest unconformably on the crystalline schists, was clearly established , his 
suggestion that the fish-bearing bands and associated strata in the Moray 
Firth basin are the equivalents of part of the higher portion of the Caithness 
flagstone senes has been confirmed by the later detailed mapping of the 
Geological Survey He also recorded for the first time the uneonformabihty 
between the Upper Old Red Sandstone and the Caithness flagstones visible 
on the west coast of the island of Hoy, Orkney 

In accordance with his classification the Caithness flagstone senes and 
associated strata were grouped with the lower division of the system in the 
official publications of the Geological Sumy But after his retirement from 
the Survey, the palmobotarucal cud ewe threw new hght upon the problem 
The researches of Dr Kldston and Mr P Marnair showed that the assemblage 
of plants found in the Caithness flagstones differed from those met with m 
the Lower Old Red Sandstone south of the Grampian Cham, and ought to 
be referred to a middle division The triple classification bawl upon the 
plants harmonised with that advanced by Dr Traquair, based upon the fishes 
The value of this evidence was appreciated by the Geological Survey in 1902 
and the three-fold grouping of the system has been adopted in the official 
publications since that date 

Turning now to volcanic geology we enter a sphere of researeh m whuh 
Archibald Geikie laboured with great success This branch of geological 
enquiry roused his enthnsiasm, and led him to study volcanic phenomena in 
the British Isles and other lands As hi« knowledge of volcanic activity in 
ihfferent geological periods increased, lie showed great aptitude in modifying 
his opinions in accordance with fresh evidence 

In mapping the areas assigned to him in Mid-Lothian, West Lothian and 
Fife m his early offiual life, he frankly acknowledged his obligations to the 
clear descriptions of Charles Maclaren, whose work was far in advance of its 
time These descriptions proved the occurrence of volcanic action in Old 
Red Sandstone and Calcifcrous Sandstone time His own field work m the 
Bathgate Hills showed that volcanoes were active at intervals during the 
Carboniferous Limestone period on higher horizons than those of the Arthur’s 
Seat volcano He recorder! the prevalence of later intrusive dykes traversing 
the Carboniferous strata From his own researches aDd the work of other 
investigators, lie prepared a paper on the " Chronology of the Trap Rocks of 
Scotland,” published in the 1 Transactions of the Royal Society of Edinburgh’ 
in 1861 In the map illustrating this comraumr ation the Trap Rocks are 
referred to the Old Red Sandstone, Carboniferous, Oolitic and Tertiary periods 
In accordance with the classification of Edward Forbes, the extensive basaltic 
plateaux of the West Highlands were assigned to the Jurassic period, except 
the lavaa at Ardtun, in Mull, which are associated with the well-known leaf 
beds deecnbed by the Duke of Argyll This grouping was corrected in an 
important paper that appeared m the ‘ Proceedings of the Royal Society of 
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Edinburgh m 1867 in whioh he suggested that the basaltic plateaux, 
extending from the North of Ireland along the West Coast of Scotland to 
the Faroe Islands and Iceland were all erupted probably during the Tertiary 
period Even at that date he emphasised the importance of the system of 
intrusive dykes which in his opinion was possibly the most striking mani 
festation of Tertiary volcanic at tivity 

While mapping the volcanic area m Fife between Hurntisland and the 
Saline Hills he visited the Auvergne in Central France with its extinct but 
recent volcanoes to increase lus knowledge of volcanic phenomena In 1868 
he visitcl the volcanic district of the F del in Germany and in 1870 at the 
request of Poulett Scrope author of the well known volume on Geology 
and Extinct Volcanoes of Central trance he undertook an examination of 
tho volcanic district* (f Southern Italy and the Lipan Islands He was 
in pressed by the contiast between tho comparatively low craters of the 
Phlegrian Fields win re the eruptive materials consist mainly of tuffs with 
ftw lava flows and the great crater wall of Monte Somma whose lavas are 
piled on each other to a great height and pierced by innumerable vertical 
lykes filling fissures made at successive eruptions Au attack of malarial 
fever prevented him from carrying out Ins intention of examining the lipan 
Islands 

Another stage m his pursuit of the study of volcanic phenomena in Scotland 
is marked by an important paper contributed to the Royal Society of Edin 
burgh in 1879 on tbe Carboniferous Volcanic Rocks of the Firth of Forth 
Basin—their Structure in the Field and under the Microscope 

As his field work proceeded m the Lothians and Fife he felt the necessity of 
applying the microscope to the study of the igneous rocks in order to gain 
definite knowledge regarding their internal composition and structure He 
realised that much new light might be thrown on the history of volcanic action 
in this region by thw field of enquiry 

In his historical sketch he notes with pleasure that the igneous rocks of the 
Edinburgh district furnished Hutton with the evidence whereby he established 
the igneous origin of wlnnstone (basalt) and led to the famous experiments 
of Hall which laid the foundations of experimental geology 

The volcanic masses were grouped by him in four sub-divisions (1) Necks 
or Vonts (2) Intrusive Sheets and Dykes (3) Contemporaneous Lavas 
(4) Tufis A notable feature of this communication was the prominence given 
to the numerous necks or vents occurring in the Lothians Fife and Stirling 
shire, from which proooeded showers of ashes and sheets of lava Most of 
them were regarded as belonging to different stages of Lower Carboniferous 
time while others were supposed to be later than the folding and faulting of 
the Carboniferous sediments and were referred to the Permian period The 
occurrence of these vents and their wide distribution is one of the valuable 
contributions made by Archibald Geikie to Scottish volcanic geology 
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In the petrographical part of this paper lie acknon ledges Allport s researches 
on the Carboniferous dole rites round Edinburgh and gives an outline of 
his own investigations Subsequent petrographical work has shown that 
he did valuable pioneer work in this branch of inquin for he was the first 
to describe many important features of tin microscopic characters of these 
rocks 

Archibald Geikie s disto\erv i f proofs of volcanic action dunng Periiiiun 
time in Scotland is of special interest While mapping the MauchUne district 
in Avtshue he worded n series of contemporaneous lain* and tuffs under 
lying the Permian sandstones of that region and fornung a ring of higher 
ground between tin (arliowferous and Permian sediments Tins discover) 
was announced in the Geological Magazine in 18t>(> Similar types of lava 
were mapped bv him m tin Thornhill basin in 1868 where tluv are also usso 
ciated with Piriiiian sandstones Ht lud special emphasis on tlie ociurrence 
ol volcanic necks in excellent preservation in A)rshire wludi he referred to 
this period Sumo of tbt smaller ones nse through the ring of Permian lavas 
while others occur in the upper division of the Coal Measures The v aie filled 
with agglomerate pierced in some cases by igneous intrusions 

In desiribing the voIcbuic phenomeua of Permian age he suggested that 
the great senes of volcanic vents in East Fife probably belongi <1 to this period 
He also suggested that the coarse agglomeiates of the Arthur s Seat volcano 
and the associated igneous rocks which in his opinion marked a second period 
of volcanic activity were probably erupted dunng Permian time But the 
subsequent detailed mapping of the Geological Survey led him to accept 
Maclarens later interpretation tonfinned bv Professor Judd that these 
coarse agglomerates occurred within the vent from which the lavas and tuffs 
of the hill had been discharged during one period of volcanic action in Lower 
Carboniferous time 

Another great opportunity of extending his know ledge of volcanic phenomena 
occurred to Archibald Geikie in 1879 He had arranged to give a course of 
lectures at the Lowell Institute Boston m the autumn of that year and he 
resolved to spend the summer in traversing the extensive lava fields drained 
by the Snake River in Idaho on the Pacific slope of the United States The 
vast floods of lava in that region with no visible cones and craters were 
explained by Richthofen as being cine to fissure eruptions Hitherto Geikie 
had regarded the Scottish volcanic plateaux as having issued from local vents 
but this visit widened his conceptions The great lava plain looked as if it 

had been filled with molten rock which had kept its level and wound in and 
out along tho bays and promontories of the mountain slopes as a sheet of water 
would have done The Snake River has cut a gorge through this plain which 
i xposes a succession of sheets of basalt to a depth of sev eral hundred feet No 
central cone from which these lavas might have been erupted was visible 
only a few cinder cones of secondary origin appeared at wide intervals on the 
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basaltic plaui The suggestion then occurred to him that the Tertiary voh amo 
plateaux ol Western Europe might have had a similar ongm 
Inspired by this conception, he revisited the West Highlands at intervals 
for several years to continue his investigations among the Tertiary igneom. 
rocks He was also impelled to do so hy the remarkable interpretation of the 
volcanic history of that region advanced by Prof Judd In a paper com¬ 
municated to the Geological Society on ‘The Ancient Volcanoes of the 
Highlands ’ in 1874, Prof Judd described the basal wrecks of five great extinct 
Tertiary volcanoes (Skye, Mull, Rum, Ardnamurrhan and St Hilda) the one 
in Mull was estimated bv him to have reached a height of 14,500 feet They 
indicated throe periods of volcanic activity The first was marked bv the 
extrusion of and lavas and tuffs connected with plutomc masses of granite, 
the second by basaltic lavas and tuffs related to deep seated masses of gabbm, 
and the third by the discharge of lavas from small sporadic cones after the great 
central volcanoes had bocome extinct 

\t last, after a quarter of a century of intermittent labour in tins subject, 
Archibald Geikic presented, in 1888, to the Royal Society of Edinburgh his 
great memoir on ‘ The History of Volcanic Action during thp Tertiary Period 
in the Bnti«h Isles ’ In the preparation of this monograph he a< knowledges 
the assistance he received from several of his colleagues A prominent feature 
of it is the elaborate description of the system of basic dykes, the importance 
of which he recognised early m his career His main conclusions may thus lie 
briefly summarised 

Owing to enormous honrontal tension a series of more or less parallel fissures 
arose in Tertiary time in a tract of country, including the north of England and 
Ireland, the southern half and the west roast of Scotland a total area of about 
40,000 square miles Molten material row up these fissures, thereby giving 
rise to the numerous basic dykes which are the distinctive feature of the volcanic 
region The basalt plateaux are supposed to be due to streams of lava issuing 
from these fissures and from vents occurring along these lines of weakness 
After these sheets of lava had accumulated to a great thickness, they were 
injected by laocolitic masses of gabbro, and sills and veins of dolente At a 
later period the gabbros and basalt lavas were alike disrupted and pierced by 
acid igneous rocks, ranging from granites and granophyres to porphyries and 
felsites Crustal movements again ensued whereby another senes of fissures 
was established, now filled with basic dykes that traverse alike the basalt 
plateaux, the later gabbros granophyres and granites 
It is interesting to observe that these mam conclusions were confirmed by 
Dr. Harkerm the course of his detailed mapping of the central mountain group 
of Skye for the Geological Survey But from the recent exhaustive memoir 
issued by the Geological Survey on the ‘ Tertiary and Post-Tertiary Geology of 
Mull, Loch Aline and Oban,' it is evident that the volcanic history of Mull is 
much more complicated than Sir A Geikie or Professor Judd imaginod Mull 



£nr Archibald Oeikie 


XXXV 


is regarded as a volcanic centre of extreme complexity which ' has repeatedly 
served as a focus of fissure eruptions , but it is doubtful whether the lavas still 
spared by erosion are not in the main, the products of a central volcano, an 
idea always linked with the name of Professor Judd 

His last contribution to this branch of geology was his comprehensive 
treatise on the Ancient Volcanoes of Great Britain which appeared m 1897 
It presented a summary of the knowledge then ascertained regarding these 
volcanoes, and embodied the results of his own researches and of others who 
had worked at volcanic problems in the field and in the laboratory It traversed 
a wide field of enquiry for the opening chapters of the treatise are devoted to 
the discussion of the general pnnuples and methods of investigation of volcanic 
phenomena which are followed by detailed descriptions of the proofs of volcanic 
activity in Britain ranging from pre Cambrian to Tertiary time 

In the traverses with Murchison in the North West and Central Highlands in 
1860 Archibald Geikie had to deal with problems of fundamental importance 
connected with the geology of the Highlands The researches of Maeculloch, 
Murchison and bedgwick, Hay Cunningham and Hugh Miller showed that the 
belt of quartzites and limestones in the West of Sutherland and Boss are 
succeeded eastwards by metamorphic rocks that stretch across the Great Glen 
to the eastern border of the Highlands Accepting Salter s determination of the 
fossils found in these limestones by Mr C W Peach, Murchison regarded 
these strata as Silunan (now known to be Cambrian by Mr A Macconochie s 
discovery of the Olendlus fauna in the 1 ucoid beds) He contended that these 
Silurian strata pass conformably below and are overlam by, the metamorphic 
rocks to the east and inferred that this metamorphic senes must belong to the 
same system This interpretation meant a radical change in the geological 
map of Scotland for the area occupied by these altered strata amounts to about 
11,000 square miles 

Professor Nicol, on the other hand maintained that no conformable upward 
succession from the foesiliferous limestones and associated strata to the over 
lying schist* is to be found He held that the line of junction is a Use of fault 

everywhere indicated by proofs of fracture, contortion of the Btrata and 
powerful igneous action ” 

It fell to the lot of Archibald Geikie to traverse rapidly with Murchison the 
line of junction in the county of Ross where, owing to stupendous inversions 
and overthrusts, the prevalent dip of the foesiliferous strata and the Eastern 
Schists is towards the east south-east He was misled by the apparent super 
pontoon and especially by certain deceptive sections in which the Eastern 
Schists rest with similar dip and strike upon the undisturbed Silurian rocks 
Eventually he accepted Murchison’s interpretation 

The results of these traverses were embodied in a joint paper communicated 
to the Geological Society, London in 1861, ‘ On the Altered Rocks of the 
Western Islands of Scotland, and the North Western and Central Highlands * 
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Murchison’s interpretation of the structure was therein described and illustrated 
by sections m such convincing form that it met with general acceptance for 
many years 

In 1878 the controversy was reopened, and Murchison’s position was shown 
to be untenable by several investigators Dr Hicks, Prof Bonney, and 
Dr Callaway made important contributions to the problem 

Prof Lapworth grasped the true solution of the geological structure of that 
region In 1883 he began a senes of articles in the ‘ Geological M agazin e on 
4 The Secret of the Highlands, based on his detailed mapping of the Durness 
Eireboll region m 1882, but owing to severe illness this senes was never 
completed He therein demonstrated the inversion of the Silnnan strata on 
the east side of Loch Eireboll and the unconformable junction of the basal 
quartzite with the old Archwan floor on the east side of the fold at Ant Sron 
From his paper on The Close of the Highland Controversy (' Geol Mag ,’ 
1886) and from the Obituary Notice of Charles Lapworth,’ by Prof Watts 
and Sir Jethro leall (’ Proc Roy Soc 1921), it is clear that he recognised 
that the Archaean Gneiss had been dnven over the fosaihferous quartzites on 
Ben Amaboll by a gently inclined ovsrthrust fault Along this plane of 
movement and at other localities, the original rocks had been crushed and 
rolled out into types which he termed mylomtes On the shore at Hailim, 
on the east side of Loch Eireboll, be observed that the serpuhte grit had been 
repeated many tames by clean-cut faults a striking illustration of imbricate 
structure All these phenomena were shown in the field in 1883 to Sir Jethro 
Teall by Prof Lapworth 

The Durness Eireboll region was mapped by Peach and Horne in 1883-84, 
when they reached conclusions practically identical with those of Prof 
Lapworth regarding the stratigraphy and metamorphism of the rockB, in 
complete ignorance of his results (see “ Close of the Highland Controversy, ’ 
p 98 ‘ Geol Mag 1886) It was then proved in the course of the geological 
survey work that under extreme lateral pressure the rocks behaved like brittle, 
rigid bodies, they snapped and were dnven westwards in successive shoes, 
so that crystalline gneiss and schut arc made to rest upon fossiliferons strata 
of Silurian age It was further shown that the Eastern Schists were dnven 
westwards by the Moine thrust—the most easterly and most powerful of the 
senes—for a minimum distance of ten miles over all underlying thrust masses, 
till they rest directly upon the Silurian (Cambrian) limestone m the Durness 
basin 

The evidence proving these conclusions was carefully inspected in the field 
by Archibald Geiloe, who had never had an opportunity of examining the 
Eireboll sections He was completely convinced that Murchison’s interpre¬ 
tation of the structure must be abandoned, and he took the earliest opportunity 
of making a public declaration to this effect A report giving the results of 
the work by Peach and Home, with a preface by Geiloe containing a frank 
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confession that he had been misled and that he had accepted the conclusions 
of his colleagues appeared in Nature November 13th 1884 
In dealing with the geological structure of the Silunan rocks of the Southern 
Uplands he acoepte 1 the order of succession adopted by Nicol and Murchison 
and was largely influenced in holding this opinion by the doctrine of Colonies 
This theory was introduced by Barrande the distinguished paleontologist 
to explain the intercalation of fossils belonging to higher zones m lower 
portions of the Silunan succession in Bohemia These precursory foesdiferous 
bands were termed Colomes The distnbution of the bands of graptolite 
shale in the Southern Uplands as mapped by the Geological Survey was regarded 
as an instance of the precursory appearance of the higher graptolite forms 
in the Moflat region and their disappearance in the Lead Hills district 

But the researches of Prof Iapworth furnished the kev to the solution 
of the structure of the Cham He demonstrated a definite faunal sequence m 
the graptohtes which is persistent though the strata may be inverted by folding 
He further proved a great variation in the character of the contemporaneous 
sedimentary deposits the black shales of the Moffat region ranging from 
Aronig to I landovery time about three hundred feet in thickness being repre 
sented in the Girvan area by Bevtral thousand feet of sedimentary deposits 

Reference must be made to his tenure of the Chair of Geology for eleven 
years in Edinburgh University By his lectures which were given in a clear ana 
attractive form and especially by his class excursions he was an inspiring 
teacher Edinburgh is an ideal centre for practical training in field geology 
but in addition at the end of each session he earned out a long i xcursion 
lasting a week or ten lays to examino special problems m the field Receptive 
students who took part in these excursions felt the influence of his personality 
He thus desenbes the impression produced on one of his former students by 
these practical demonstrations 

' These students rambles and the love of geology which they fostered have 
dwelt ever since those days in Sir William Herdman s memory and though ne 
has become eminent in another field of natural science he has assure 1 me that 
it was the remembrance of his experience in the Geology Class at Edinburgh 
and its excursions which led him in recent years to found and endow a Professor 
ship of Goology in the University of Liverpool It w not always that a teacher 
liven to see the fruition of his labours C< rtamly no incident connected with 
my professional career has given me keener pleasure than this generous b lx mlity 
of a former student 

Archibald Geikic s eminent services as an exponent of geological science 
m his olass books and text books demand spec lal mention His experience 
in the field during bis early e fficial career enabled him to test the truth of the 
principles laid down by Hutton and illustrated by Playfair regarding the evo 
lufaon of the earth s surface features The potency of the ordinary agents of 
denudation m hollowing out valleys was not admittod by some of the leading 
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geologist* of that tune Even Sir Charles Lye 11 who was the gnat exponent 
of the umfonmtanan school contended towards the close of his career ^hat the 
prmoipal valleys in almost every great hydrographical basin have been due 
to other ca uses besides the mere excavating power of nvers 

Qeikie was an ardent follower of the views of Hutton and Playfair He was 
impressed with the remark of Desmarest when pointing out the value of 
Hutton s contributions to the natural history of the earth and the physical 
geography of Scotland It is to Scotland that Hutton s opponents must go 
to amend his results and s ibstitnte for them a more rational exj lanation 
Geiloe was convinced that Scottish top< graphy furnished no groun Is for such 
opposition He produced m 1865 his volume on The Scenery of Scotland 
viewed in Connection with its Physical Qeology which gave an excellent 
popular description of the Huttoman principles of earth-sculpture as illustrated 
by the country he knew best He showed with great clearness and artistio 
style how the ordinary agents of denudation—nun nvers the sea the win i and 
moving ice acting upon different types of rock ha 1 carved out the distinctive 
varieties of Scottish scenery As the volume was based on personal acquaintance 
with the physical features of the country and a knowledge of its geological 
structure then ascertained it imme liatelv arrested attention Its success was 
marked it ran through three edition* the later editions incorporating the more 
important advances in Scottish geology 

In view of the success of this volume he then projected a senes of educa 
tional works on Physical Geography and Geology to meet the public demand 
In 1873 he contnb ited to Macmillan » elementary science senes a pnmer 
on each of these subjects a task which cost him excessive labour Hu aun 
m writing the Physical Geography Pnmer was to stimulate habits of observe 
tion of the common phenomena of every-day experience It ranks as one of 
his best e lucational achievements These pnraers were followed by class books 
on the same subjects for which there has been a great demand The great 
educational value of these publications is beyond doubt Their success is due 
to his teaching being permeated with the Huttoman conceptions of natural 
forces now in operation and to the exquisite literary form in which the lessons 
ore presented 

These primers and class books were meant to be the precursors of his great 
Text book of Geology the first edition of which appeared in 1882 This 
volume was intended for the ubo of students and professional workers in the 
science and so well did it meet the requirements of the time that the whole 
issue was disposed of in a comparatively short period One of the valuable 
features of the book was his analysis of the research done in other countries 
in each of the great divisions of the geological record It reflected extensive 
reading and the careful preparation of brief summaries of the results achieved 
He made a strenuous effort to keep each successive edition abreast of the 
research of the time and in dealing with his own record he frankly abandoned 
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positions which he had previously held when new evidence proved that they 
were erroneous The fourth edition, published in 1903, after his retirement 
from the Survey, is notable for copious references to the geological literature 
of other countries, which cost him enormous labour It is also notable for the 
qualification which he attached to Huttoman teaching, as he thought umfor- 
nutananism had been pushed too far 

“ It has often been insisted upon that the Present is the key to the Past, 
and in a wide sense this assertion is eminently true While, however, the 
present eondition of things is thus employed, we must obviously be on our 
guard against the danger of unconsciously assuming that the phase of nature’s 
operations which we now witness hag been the same in all past time 
For aught we can tell, the present is an era of quietude and slow change com¬ 
pared with some of the eras that have preceded it ’’ 

A reprint of the fourth edition of the text-book was issued in 1924 

His active brain and fertile pen enabled him to produce several biographies 
in the midst of other onerous labours He completed the ‘ Me of Edward 
Forbes,’begun by Dr Wilson, he wrote the ‘Memoirs of James David Forbes,’ 
of Murchison, of Ramsay, who succeeded Murchison as Director-General of the 
Geological Survey The Life of Murchison is of permanent interest to geolo- 
gists from his vivid sketches of the Founders of Geology in Scotland and 
England, and from his description of the achievements of Sedgwick and 
Murchison in establishing the Cambrian, Silunan and Devoman gystems 
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i-DWIN HhNRY BARTON—18.58 1925 

Coi leagues of Prof Barton who met him during the late summer of 1925 
saw in him the fme figure of a man apparently in robust health brimful of 
energy both mental an l physical and with the prospect of many years of 
un hmmished activity bcfort hun His most intimate relations and even he 
himself w< re equally in happy ignorance of any cause of trouble and yet on 
September 23rd having just returned from a holiday m North Males spent 
m walking and climbing as was his wont he died without a moment b warning— 
a tragic but not unhappy «nding to a life of strenuous endeavour crowned by 
no mean success Nearly one half if his lifetime was spent in a grim struggle 
to get his foot on the first rung of the ladder of distinction This onceaccom 
phshed although his circumstances permitted him for the first tinu to enjoy 
some of the simple pleasures of life there seemed to be but little relaxation of his 
efforts His subsequent continuous nse in his profession and his happy family 
relationships must however have made the second half of his lifetime- in 
glowing contrast to the first—a period of increasing satisfaction and joy 
Edwin Henry Barton was born in Nottingham m 1858 his father died 
young and his mother was left to battle alone to keep herself and her three 
children This commi ncement of his carter under conditions of such poverty 
that he was obliged to leavi mhool and earn something towards his own lmng 
must of course have had a great influence on hw outlook on life and on his 
prospeots Most ordinary boys of his age would have regarded freedom from 
book work as some compensation for his changed position Barton however 
whether spurred on by ambition urged by his devout mother or guided by a 
natural liking for study denied himself the usual pleasures of boyhood and 
devoted all his spare time to the improvement of his oducation 

In those days there was little enoouragement to or opportunity for a youth 
to atten 1 evening classes but the opi mng of the University ( ollege of Notting 
ham in 1881 provi led Barton then a man of 23 with facilities which he eagerly 
grasped Entering the College as an evening student immediately after it« 
doors were opened so well did he use his opportunities that m the course of 
some years he passed the Loudon Matriculation and Intermediate Science 
examinations The bare statement of such elementary successes is not 
impressive but in the case of one who had been taken from school at an early 
age and whose energy was absorbed by daily toil' such achievements were 
a proof of exceptional industry determination and self-denial During the 
whole of this period the absence of all trivial pleasures from Barton s life may 
be inferred the delights of cncket football and all other games were unknown 
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to him An engineer’s employ6 by day, a student by night, at the age of 32 
Ins youth was passing or had passed, and although his sterling qualities had 
raised him from a junior position in a drawing office to that of chief draughts¬ 
man, he had not yet embarked on his real life's-work But the tide in his 
affairs, which ultimately led him to fame, was now reaching its flood Having 
saved a little money, ho determined to give up his occupation as a draughtsman 
and to become a day student of the University College in order to pass the 
London BSc examination This aim he accomplished, taking 2nd Class 
Honours m Physios after ODe year’s work, and shortly afterwards he was granted 
an 1851 Exhibition The tide had turned He was now launched on his 
career as a man of science Under Prof Rilcker at the Royal College of Science, 
London, and then, under Prof Hertz m the University of Bonn he commenced 
his training in research work On his return from German)' in 1893 he was 
appointed Junior Demonstrator in Physics under Prof V\ H Heaton in 
University College, Nottingham, two years later, having meanwhile taken 
the London University P Sc degree, ho was made a Senior Lecturer m the 
Physics Department, and hnall) in 1906 he was appointed to the Chau- of 
Experimental Physics 

During the 3‘2 years in which he was engaged in teaching, his published 
research work gradually raised him from obscurity to a high position m the 
scientific world That his work was of very great value was proved by his 
election to the Fellowship of the Royal Society m 1916, a coveted honour, so 
difficult to obtain, especially by a provincial Professor, who has few opportunities 
of making himself known except m print The poor, self-educated vouth who 
entered the Nottingham College in 1881 thus took his position among the leading 
physicists of his day He had brought credit and distinction to the institution 
which had helped him to rise , lus example and his teaching encouraged many 
of his students to devote themselves to science Between him and his colleagues 
the most cordial relationships invariably obtained in all matters of academic 
work, always kindly, genial, and ready to help others, bis influem e was of thr 
best, but his lack of sympathy with all games a result of his studious boyhood - 
prevented him, perhaps, from establishing those numerous comradeships 
which come so easily to the average Bnton who engages m outdoor sports 
Barton’s tastes were less combative, he was interested in sound, not onlv ns a 
theoretical physicist and as theauthor of a well known “Text Book of Sound,” 
but alao as a player of many kinds of musical instruments, he was also a 
lover of nature, fond of his garden and of the country-side He married at 
the age of 35 and left two sons, both of whom, as rising physicists, bid fair to 
follow in their father’s footsteps 

Hu first two papers, the result of work with Hertz in the Bonn laboratory, 
were published in the ‘ Proceedings ’ of the Royal Society and dealt w i th electrical 
interference phenomena somewhat analogous to Newton’s rings, but exhibited 
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by high frequency waves passing along parallel wires with short circuited ends 
and tontaimng portions which cause partial reflexion All his other publics 
tions appeared in The Philosophical Magazine commencing with a senes 
(1897 1900) on the absorption of electnc waves by a terminal bndge on their 
attenuation and their reflexion at the oscillator and on the reflexion and trans 
mission by condensers of electnc waves along wires 
His researches hitherto had been inspired by his early work with Hertz but 
in 1901 Barton began to turn his attention to the subject on which he bocame 
so great an authority namely that of acoustic and other mechanical vibrations 
The first result was a theoretical paper on the refraction of sound by wind 
this was followed by sevtral others on the practical investigation of the air 
pressures used in playing brass instruments and of the relations between the 
vibrations of a string an 1 those which consequently occur in the bridge sound 
box and contained air < f the instrument on which the string is mounted The 
mathematical treatment of the lateral vibration of bars and of the spherical 
radiation and vibrations in conical pipes in 1908 was followed by another 
senes of important practical and theoretical studies of the vibration curves 
of violin stnngs and of the belly and bndge of the instrument and also of 
the air therein contained with the aid of optical lever* fixed on the bndge 
or other more lively parts of the belly he magnified the vibrations and 
recorded them on a photographic plate He also earned out a mathematical 
an l experimental stu ly of the range and sharpness of resonance under sustained 
forcing and their venations with pitch the results of which rendered clearer 
many points in the theory and practice of brass instruments A suggestion 
made by Ecclcs at the British Association meeting m 1912 that the bending 
of the waves round the earth m long-distance wireless telegraphy is due to a 
higher vtlocity of propagation in the upper regions of the atmosphere owing 
to the ionization there present led Barton to an experimental investigation 
of this possibility although his results did not settle the question they favoured 
rather than lisfavoured b coles views This work however only interrupted 
for a short time his researches on acoustics and other vibrations to which he 
returned in 1917 In that year he commenced with Miss Browning the expen 
mental investigation of the vibrations of coupled—or of double-cord^- 
pendulums and the results illustrated many important points m the phenomena 
of inductively-coupled electnc circuits The joint authors then passed on to 
the study of double-cord pendulums in which the masses of the bobs or else 
the lengths of their suspensions were unequal—systems which were somewhat 
analogous to coupled electnc circuits with different inductances or different 
penods The results obtained when the masses of the bobs and the periods 
of the separate vibrations were both unequal were also investigated This 
work led to the experimental study of forced vibrations which play an important 
part in many branches of physics A single heavy driving pendulum was first 
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used to actuate a number of light ones of graduated lengths, all suspended 
from the same tightly-stretched cord Following up this idea a similar set of 
pendulum “ resonators ” was employed to show the effects on them of two 
simultaneous harmonic forcings of different periods The photographic records 
which were obtained enabled the authors to assert that their results were 
nowhere in conflict with the resonance theory of audition, and that it was quite 
unnecessary to assume the existence of a larger number of separate vibra¬ 
tors and nerves than are actually present m the human ear 
The conception of tn-colour vision due to Young, and developed by 
Helmholtz and Maxwell, was then studied in a similar manner with a system 
of three-light pendulums, the effects of stimulus on these responders being 
photographically recorded and compared with the facts of colour vision The 
conclusion arrived at was that with corresponding mechanisms actually present 
in the retina, “ colour vision would be in the mam as we now find it ” 

In 1912 papers on "triple pendulums with mutual interaction and the 
analogous electrical ureuita” were followed by others on the dampings of 
pendulum vibrations, in which it was shown that the relations between viscosity 
and damping oould be employed for the comparison and determination of the 
viscosities of liquids In his last paper, published in November, 1925, he 
returned again to the study of musical instruments, and analysed with the 
aid of photographic records the sound changes of the trumpet and cornet 

F 8 K 
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It was with considerable surprise that hu Cambridge friends and colleagues 
learned, towards the close of the Easter vacation, of the death of the University 
Professor of Mineralogy, on Apnl 16, at the home of hu sister Mrs 6 T 
Pilcher, Treen, God aim mg Surrey For although he had more or less recently 
suffered from attacks of bronchitis, he had made good recoveries, and there 
appeared every prospect of his well-known excellent constitution asserting 
itself for some yean to come Yet, after a slight further indisposition and 
when he had apparently quite thrown it off, he was found to have died during a 
rest in hu room at Treen, probably from heart failure, and m a manner which 
seems to have been peaceful and painless He was in bis eightieth year, having 
been bom on January 16, 1847, the second son of the Rev John Lewis, at 
Llanwyddelan in Montgomeryshire He had occupied the Chair of Mineralogy 
at Cambridge for 46 years, and had been a Fellow of Onel College, Oxford, for 
exactly 67 yean purely a combination of service in both the ancient Univer¬ 
sities which is rare if not unique 

As a boy, William J Lewis was educated at Llanrwst School, and thence went 
up to Jesus College, Oxford, the training ground of so many distinguished 
Welshmen, as a scholar in October, 1868 Here he took up especially mathe¬ 
matics and natural science, and obtained first classes in Mathematical Modera¬ 
tions in 1867 m the Final* m 1868, and in Natural Science in 1869, finahing 
this portion of his career by hu election in Apnl, 1869, to a Fellowship at 
Onel, and by winning the Senior Mathematical Scholarship in 1871 

Dunng the years 1870 and 1871, however, he was an assistant master at 
Cheltenham College, where ho taught mathematics and natural science, M that 
hu Onel Fellowship dates practically from 1872 Now he was greatly interested 
m the lectures of Prof Nevil Story Msskelyne while at Oxford, and being 
attracted by the fame of W H Miller, the Profeesor of Mineralogy at Cambridge 
since 1832 the father of modern crystallography, whose method of describing 
crystals IS still unsurpassed and universally current, he went to Cambridge in 
1874 to study under that famous crystallographer He afterwards studied 
mineralogy for several month* at the University of Bonn, and on retumihg in 
1876 obtained an appointment at the mineral department of the British Mnseum, 
then at Bloomsbury, under his former teacher, Nevil Story Msskelyne, who 
was then acting as keeper of the mineral* Two year* later, m 1877, sennas 
long trouble developed, and he wisely resigned the petition, being succeeded by 
Sir Ltaanu Fletcher, sod proceeded to warmer climates abroad. Hus step 
proved to have been taken just in time, for hu health became eventually quite 
restored It was dunng thu enforced absence from England that he sccom- 
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pawed two tolar eclipse expeditions, tod carried out tire observation# of the 
polarization of the corona which were published is the Royal Astronomical 
Society's Solar Eclipse Volume 

In 1879 Lewis returned to Cambridge, and acted as MiQer s deputy during 
the latter's illness He was incorporated as a member of Trinity College, and 
after sojourning for a time in outside lodgings was given rooms in College, and 
resided there for the rest of his life In February, 1881, he was elected to 
succeed Miller, who had died after holding the Chair of Mineralogy for nearly 
fifty years, 1832-81 This profeasorahip had been founded in 1808 the first 
occupant of the chair having been Dr E D Clarke In 1822 the latter was 
succeeded by J S Henslow, who, six years later, in 1828, was followed by the 
celebrated Master of Tnmty, William Whewell, who, however only occupied 
the chair for four years, until 1832, when Miller succeeded him and elaborated 
the Millenan System of Crystallographic Notation, which had already been 
suggested by Whewell, to whom the conception is fundamentally due It was 
first worked out m its present form and detail, however, by Mdler, and published 
m his 1839 ‘ Treatise on Crystallography ” 

In the year 1870 the Czystallologiral Society was founded, with Lewis as its 
secretary, and he continued to hold the honorary post until 1883, when the 
Society eras amalgamated with the Mmeralogical Society He became Librarian 
of th* Mmeralogical Society in 1890, the library being boused in the New 
Museums at Cambridge, and was President of the Society during the three 
years 1909-12 In 1909 he was also elected a Fellow of the Royal Sooiety 

In 1884 Lewis inaugurated a raoet useful Scholastic Agency in Cambridge, as 
a private venture, long before the official Appointments Board was formed or 
thought of, and numerous young university men have owed their start in the 
hard life of the world, on leaving the ‘ Varsity," to this paternal institution, 
which was devised by its kindly founder for this especial purpose It was 
rendered even more valuable by being oombmed with an insurance scheme on 
particularly favourable terms, the advantage* of which were entirely on the 
tfde oi the student 

The oolleotaon of minerals at the New Museums, Cambridge, is one of very 
considerable interest, both intrinsically and historically, and was much enlarged 
during the long period of Lewis’s occupancy of the chair Not only was be 
constantly adding to it the results of his many visits to the mineral districts 
of the Alps, especially the Binnenthal, but it was notably enriched by the 
purchase of the Joseph Came collection, and by the gift during bis lifetime by 
the Rev Dr Thomas Wiltshire, formerly Professor of Geology and Mineralogy 
at Ring’s College, London, of a fine oolleotaon acquired during many yean 
by him. t 

During one of the later of these mineral hunting expeditions m the Alps, m 
tbs summer of 1919, when seventy two year* old, Lewis went out alone one 
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afternoon from the little hotel at Bmn for a stroll to the Langenbach quarry 
Am he di 1 not return for the evening meal a search party went out to seek him 
jmt before darkness fell but were unable to find him Next morning about 
ten o clock some mllngere at work near the quarry heard shouts and eventually 
lmcovered him sitting near the edge of the quarry with a broken leg The 
juarry was half filled up with old snow and ice and about three o clock in the 
afternoon Lewis was standing on some of it when it suddenly gave way and 
he found himself largely buried in it with a mass of ice pinning down one of 
h s legs which it had broken and with a still larger mass threatening to fall 
01 his head and chest if he made the least movement So there he lay all night 
unable to make anyone hear his calls for assistance the search party having 
taken the wrong direction With truly wonderful endurance he kept his head 
and consciousness an 1 in the early morning after the night s freezing had 
more or less fixed the threatening ice masses he gradually managed to free his 
leg and although it was badly broken to crawl out of danger and to bind on to 
it a splint improvised from a tree branch lying fortunately withm reach and 
then to crawl to the edge of the quarry from which he was eventually able to 
attract the attention of the working party He was then got down to the inn 
where the leg was roughly s< t F ventually he was taken to a hospital at Berne 
where the leg had to be again broken and reset and where he had to remain 
many weeks In the end however he made a perfect recovery 

■Vs regards his scientific writings Lewis a chiefly known by his book A 
Treatise on Crystallography published by the Cambridge University Press in 
1899 m the Cambridge Geological Senes It is essentially a mathematical and 
geometrical textbook of crystal morphokgy and from this point of view is 
still pre eminent The subject of crystal twinning is especially well treated 
for T ewiS was quite an oxt eptional authority on crystal twins His original 
memoirs consist of two (his earliest) published m the Journal of the Chemioal 
Society in 1875 concerning the crystallographic characters of organic 
substances three in the Proceedings of the Cambridge Philosophical Society 
m 1882 and 1883 six later ones in the Philosophical Maganne and ten in the 
Mineralogical Magazine ( Proceedings of the Mineralogical Society ) They 
are mostly descriptions of new characters or occurrences of known minerals 
and of < rgamc substances and inorganic salts But three others call for special 
mention The first concerned The Analysis of the Bhombohedral System ” 
a paper read before the Crystallological Society m 1678 and was important as 
offering a better geometrical method of dealing with rhombohedral crystals 
The second was a paper to the Cambridge Philosophical Society in 1882 on 
The Measurement of a Bead of Platinum by the late Prof Miller and is 
noteworthy from the fact that if, records that Miller had in 1874 constructed a 
two-circle goniometer (whioh is still in the mineralogical laboratory at Cam 
bridge)—thus long before its more recent so-called invention by Fedorov in 
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1889 and, independently, by V Goldschmidt in 1893 and its nee by the 
V Goldschmidt school —and had used it in the autumn of 1874 to measure the 
faoets on this more or less spherical bead of fused and recrystalhzed platinum, 
by a theodolitio method The notes left by Miller were put together and 
interpreted by Lewis in the 1882 paper in question The third memoir is one of 
1898, read to the Mmeralogical Society, on ‘ Some Twins of Caleite and a 
Simple Method of Drawing Rhombohedral Crystals, and of Deducing the 
Relations of their Symbols,” the nature of which is well indicated by its title, 
and further illustrates the two lines of work, twinning and rhombohedral 
geometry, to which Lewis specially devoted himself 

In Apnl, 1906, Lewis was in Italy, and was present at the great eruption of 
Vesuvius from the 7th to the 12th of that month, the period of greatest violence, 
and has left a manuscript giving a vivid description of the wonderful and 
terrible phenomena as seen both from Naples and from the actual slopes of 
the mountain, together with sketches of the scene at various times and measure¬ 
ments of the great pillar and cauliflower- or umbrella shaped cloud above the 
crater The height of the pillar varied from 2 2 to 2 7 times the height of 
the mountain, and the top of the cauliflower he gives as no less than 4 0 times 
the height of the mountain Naples streets were mch-doep in ash-dust He 
ascended several of the actual lava streams and measured their width and 
rapidity of advance The great cauliflower cloud he describes aw brightly 
ruddily illuminated below by the red-hot lava, and above by the continuous 
lightning, while the repeated ejection of lapilh was each tune like the simul¬ 
taneous discharge of thousands of rockets Moreover, the terrible roaring of 
the mountain and the rattle of the fall ing stones were blended with theme ewsant 
peals and rollings of the thunder, the whole forming a veritable mferno of 
terrifying grandeur and magnifioencc 

Besides his scientific publications, Lewis wrote a book on “ The History of 
the Parish of North Wraxhall, Wilts, with a Life of the late Rector Francis 
Hamson ” (published by the 8 P C K m 1913), the latter being for manv years 
a close friend and also a Fellow of Old It is an interesting work which, 
obviously, entailed much historical and antiquarian research, includes some 
good stones of the old days at Oriel, and shows Lewis in an altogether new light 
He was, indeed, oapable of forming a few great friendships, and when he endow ed 
a scholarship at Onel he attached to it the name of his fnend, Francis Hamson 
Notable instances of further friendships were those with the late Sir Lazarus 
Fletcher, Henry Jackson, the former Vice-Master of Tnmty and Regius 
Professor of Greek, and Sir James Frazer, 0 M , another Fellow of Trinity 

Still another side of Lewis’s character was hw affection for, and great kindness 
to, ohildren, and no more sincere mourners of bw loss were present at hw 
funeral than two little boys and their mother (the war widow of the grandson 
of another old fnend, Dr Harper, Fellow and Pnncipal of Jesus College, Oxon), 
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who had spent many happy play hours at tea parties with their land old host 
in his rooms at Trinity 

Lewis was never marred, and, one of the last of the Fellow* of the old regime, 
he was at his death much the Senior Fellow of Onel It was fitting, therefore, 
that his funeral, on April 20, should take place at Oxford, the service at Onel, 
and the interment at Holywell Cemetery There was also a Cambridge 
memorial service at Trinity on April 

Perhaps no better indication of Lewis’s kindliness and generous thought for 
others could be afforded than to mention in oonoludmg this notice, that while 
spend mg his long nights vigil after his accident m Switzerland, immovably 
wedged between blocks of ice and with a broken leg he elaborated a pl%n for 
scholarships at Bedford College the details of which he wrote to his sister, 
Mrs Pilcher the next day after his rescue Moreover, he actually earned 
out his scheme by founding three of them, for the daughters of Welsh clergymen, 
and coupled them with the name of his little never forgotten nephew, Lewis 
Pile her who died as the result of an accident some years ago Ills fnends in 
tfie Mineralogieal Sooiety will also remember the effective, yet tactful, manner 
in which he led and organized the very timely temporary aid afforded to Belgian 
colleagues during the war and to the aged Prof Viotor von Lang, a former 
colleague at the Mineral department of the Bntish Museum m the evil days 
of Austria just after the armistice Moreover, during the war he returned 
his salary as professor to the University All this, however, waa merely the 
expression of Lewis s nature and it is this impression of him which will render 
his memory honoured and ever green to those who knew him best 


A E H T 



xhx 


INDEX to VOL. CXI (A) 


Absorption spectra of some naphthalene den vat icon in vapour and solution (do Lasilo), 
366 

Aoetoldehyde thermal decomposition (Hinshelwoo 1 and Hutchison), 380 
Acetone, thermal decomposition (Hinahelwood and Uutohuon), 246 
Adsorption experiment* with radium D and radium E (McHutohison), 134 
Aerofoil, drag for two dimensional flow (Fage and Tone*) 592 
Air, effect of temperature on viscosity (Rankine), 219 

Alkali perchlorate* and a new prinoiple concerning the moasiin ment of spaoe lattice oeUs 
(Tutton), 462 

Alpha partioloB, scattering through small angle* (Bom), 677 
Aluminium crystals, distortion under compression (Taylor and Farren), 128 
Appleton (E V ), Watson Watt (R A.) and Herd (.1 F) On the Nature of \tmosphenos 
Part II, 615 Part III, 664 , 

Atmoephcrlce, nature of (Appleton, Watson Watt and Herd), 615 and 654 

Bakenan lecture —diffuse matter m interstellar spaoe (Eddington), 424 

Baldwin (Oi B ) and Jeffery (G B) Eleotromo Orbit* on the Relativity Theory, 104 

Baldwin (0 R ) and Jeffery (Q B ) The Relativity Theorv of Plane Waves, 95 

Barnr* (W H ) flee Maass and Barnes 

Barton (E H ) Obituary Notice, xl 

Beals (0 8 ) Quartet Terms in the Arc Spectrum of Copper, 168 
Beryl, structure (Bragg and West), 091 
Bowden (F P ) Sr « MoAulay and Bowden 

Bragg (W L) and West (J ) The Structure of Berjl, Be.AlrSi.O,,, 691 
Brlnkworth (J H ) The Ratios of the SpeeiHo Heats of Nitrogen at \tmospbenc Pressure 
and at Temperatures between 10" (' and — 183' C , 124 
Carbon dioxide, thermal constants (Mesas and Barnes) 224 

Chapman (8 ), Topping (J ) and MorraU (J ) On the Electrostatic Potential Energy, and 
Rhomhohedral Angle, of Carbonate and Nitrate Crystals oi the Caloite Type, 25 
Comparison between ununoleoular and birooleoular gaseous reactions—the thermal decom 
position of gaseous acetaldehyde (Hinahelwood and Hutchison), 380 
Compton scattering, application of relativity quantum mechanics (Dirac), 405 
Coven (LG) See Finch and Oowen 

Crystals of the caloite type, the electrostatic potential energy and rhombohedral angle 
(Chapman, Topping and MorraU), 25 
Dean (W R ) The Elastie Stability of a Corrugated Plate, 144 
Dewar (Sir lames) Obituary Notioe, xin 
Diffuse matter in Interstellar a pace (Eddington), 424 

Dirac (PAM) The Elimination of the Nodes in Quantum Meuhamos, 281 Relativity 
Quantum Mechanic)* with an Application to Compton Scattering, (05 
Diao notion on the eieotrioal state of the upper atmosphere, 1 
Distortion of alutnuuum crystals under compression (Taylor and Farren), 529, 

Double- six, analogous general configuration (Room), 386 



1 


Dnnn (J & ) Tbe Low Temperature Oxidation of Copper, 210 

Dunn (J s ) The High Temperature Oxidation of Metals, 203 

Eddington (A 8 ) Diffuse Matter in Interstellar Space, 424 

Eddy (0 E ) and Turner (A H ) The L Emission Sene* of Mercury, 117 

Elastic stability of a corrugated plate (Dean), 144 

Electrical state of the upper atmosphere, discussion I 

Electrode potential, significance (Heyrovsk^) 201 

Eleitrolytio gas, combustion in direct current discharges (Finch and (Wen), 267 
Electronic orbits on the relativity theory (Baldwin and Jeffery), 104 
Elcotrostatio potential energy and rhorobohcdrxl angle of carbonate and nitrate crystals 
of the calcite typo (Chapman, Topping and Momtl), 26 
Elimination of the nudes in quantum mechanics (Dirac), 281 

Fage (A ) and Jones (L J ) On the Drag of an Aerofoil for Two Dimensional Flow, 502 
Farren (W 8 ) Ste Taylor and Farren 

Finch (0 I) and Oowen (L 0 ) Gaseous Combustion in Electno Dischargee Part I 
The Combustion of Electrolytic Gaa in Diroot Current Discharges, 267 
Flow of gases at high speeds (Stanton), 300 

Fowler <R H ) and Hartree (DR) An Interpretation of the Spectrum of Ionised Oxygen 
(OH), 83 

Gaseous combustion in electric discharges (Finch and Oowen), 267 
Go due (Sir Archibald) Obituary Notice, xxiv 

General configuration in space of any number of d i m ensions analogous to tbs double-six of 
ordinary space (Room), 386 
Hanson (E T ) The Theory of Ship Wave., 491 
Hartree (DR) Set Fowler and Hartree 
Herd (J F) Appleton, Watson Welt and Herd 
Heyrovrkt (J ) A Note on the Significance of the Eleotrode Potential, 201 
High temperature oxidation of met*Is (Dunn), 203 

Hinshelwood (C N ) and Hutchison (W K ) A Homogeneous Unimotauular Reaction - 
The Thermal Decomposition of Acetone in tbe Gaseous State, 246 A Comparison 
between Ummoleoular and Bunolecular Gaseous Reactions—The Thermal Deoom- 
poaition of Gaseous Acetaldehyde, S80 
Huteiueon (W K ) See Hinshelwood and Hutchison. 

Hydrogen, nitrogen and hydrogen nitrogen mixtures, isotherms (Vcrtchoyle), 662 
Hydrogen overpotential, evidence for a film theory (MoAulay and Bowden), 190 
Hydrogen, structure of secondary spectrum (Richardson), 714 
Ionised oxygen, interpretation of spectrum (Fowler and Hartree), 88 
Isotherm* of hydrogen, of nitrogen, and of hydrogen nitrogen mixtures, at V and 20' C , 
up to a pressure of 200 atmospheres (Versohoyle), 662. 

Jeffery (G B ) Ste Baldwin and Jeffery and Stunson and Jeffary 

Jex (C 8 ) See Shaw and Jex 

Jones (L. J ) See Fsge and Jones 

L emission series of mercury (Eddy and Turner), 117 

Lamb (H ) On Ware Resistance, 14 * 

de Lasxlo (H 0 ) The Absorption 8peotr» of some Naphthalene Deriratirss in Vapour 
and Solution, 366 



h 


Lewie (W J ) Obituary Notice, xltr 
lightning (Simpson), 06 

Lom of energy in metal (date* of finite thickness dne to eddy currents produced by alter 
nating magnetic fields (Merchant and Miller), 804 
Low temperature oxidation of copper (Dunn), 210 

Mata* (0 ) and Barnea (W H) Some Thermal Constants of Solid and Liquid Carbon 
Dioxide, 224 

Magnetic survey reviewed (Schuster), 66 

Merchant (E W ) and Miller (J L) The Loss of Energy in Metal Plates of Finite Thiokneea, 
due to Eddy Currents Produced by Alternating Magnetic Fields, 004 
McAulav (A L) and Bouden (F P) Evidenoe for a Film Theory of Hydrogen Over 
potential from Surface Tension Measurements, 190 
McHutchison (J P ) Adsorption Experiments with Radium D and Radium E, 134 
Mercury, L emission senes (Eddy and Turner), 117 
Mercury t apour, continuous spectrum (Rayleigh), 406 
Metal plates, loss of energy due to eddy currents (Merchant and Miller), 604 
Miller (J L ) See Merchant and Miller 

Mobility of ions in su-, III —air containing organic vapours (TyndaJI and Phillips), 077 

Morrell (J ) Sro Chapman, Topping and Morrell 

Motion of two spheres in a viscous fluid (Stimaon and Jeffery), 110 

Naphthalene dmvatlvce, absorption spectra (de Lasxlo), 306 

Newbery (E ) The Controlling Factors of Transfer Resistance, 182 

Nitrogen, hydrogen and hydrogen nitrogen mixtures, isotherma (Verschoyle), 052 

Nitrogen, ratio of the specific heals (Bnnkworth), 124 

Obituary Notices — 

Barton (E H ), xl Lewis (W J ), xln 

Dewar (Sir James), xui Perry (J), I 

Qmkie (Sir Archibald), xxiv Pickering (P 8 U ). vm 

Oxidation of copper, low temperature (Dunn), 210 
Oxidation of metals, lugh temperature (Dunn), 203 
Oxygen, Ionised, spectrum (Fowler and Harlree), 83 
Perry (J ) Obituary Notice, l 
Phillip. (L R ) 8" Tyndall and Phillips 
Pic haring (PH U ) Obituary Notioe, via, 

Quantum Mechanics, elimination of the nodes (Dirao), 281 
Quartet terms in the arc spectrum of oopper (Beals), 168 
Radhun, adsorption experiments (McHutchison), 134 
Rankine (A 0 ) The Effect of Temperature on the Viscosity of Air, 219 
Ratios of the specific heats of nitrogen at atmospheric pressure and at tempciatures between 
10’ C and -188’C (Brinkwortb), 12*. 

Rayleigh (Lord) The Continuous Spectrum of Mercury Vapour In relation to tho Resonance 
Line 2638 02,406 

Relativity quantum mechanics with an application to Compton scattering (Dirao), 405. 
Relativity theory and electronic orbits (Baldwin and Jeffery), 104 
Relativity theory of plane waves (Baldwin and Jeffery), 95. 

VOL. 0*1 —A 3 o 



hi 


Rsnlew of Mr Walkrt a magnetio survey (Schuster), 6*. 

Rhombohedral angle aod electrostatic potential energy of cry stall of the oaloite type 
(Chapmen, Topping end Morrell), *5 

Rioherdaon (0 W ) Structure In the Secondary Hydrogen Spectrum 714 
Room (TO) A General Configuration in Space of any Humber of Dimensions Analogous 
to the Double-Six of Lines m Ordinary Space, 886 
Row (D C) The Scattering of Alpha Particles through Small Angles, 677 
Scattering of alpha particle* through small angles (Rose), 691 
Schuster (Sir Arthur) A Review of Mr George W Walker s Magnetic Survey, 68 
Shaw (P E) and Jex (Q 8) Tribo- Electricity and Friction, 339 
Simpson (Q C ) On Ughtning, 66 

Space lattice cells measurement of and the alkali perchlorates (Tutton), 462 

Specific heats of nitrogen, ratio (Bnnkworth), 124 

Spectrum, arc of oopfg|£» ,vna (Beals) 168 

Spectrum continuous, of mercury vapour (Rayleigh) 486 

Spectrum of ionised oxygen (Fowler and Hartree) 83 

Spectrum, secondary hydrogen, structure (Richardson), 714 

Stanton (T E ) On the Flow of Gases at High Spoeda 306 

btimaon (M) and Jeflery (G B ) The Motion of Two Spheres in a Viaoous Fluid, 110 

Structure in the secondary hydrogen spectrum (Richardaon), 714 

Structure of beryl (Bragg and West) 091 

Taylor (G 1) and Farren (W S) The Distortion of Aluminium Crystals under Com 
pression.—-Part I, 629 
Theory of ship waves (Hanson) 491 

Thermal constant* of solid anil liquid carbon dioxide (Maas* and Barnes), 224 

Topping (J ) See Chapman Topping and Morrall 

Transfer resistance, controlling factor* (Newbery), 182 

(Trl bo-elec tricity and friction (Shaw and Jex), 389 

Turner (AT H) Set Eddy and Turner 

Tutton (A E H) The Alkali Perchlorates and a Now Principle oonoemi®th* Measure¬ 
ment of Space-lattice Cells, 462 

Tyndall (A lit) and Phillips (L R ) The Mobility of Ions in Air Part lit—Air Containing 
Organic Vapours, 577 

Upper atmosphere, discussion on its electrical state, 1 

Versohoyle (T f H ) Isotherms of Hydrogen, of Nitrogen, and of Hjrirogen Nitrogen 
Mixtures, at O’ and 20° C, up to a Pressure of 200 Atmospheres, &6t‘ 

Viscosity of air effeot of temperature (Rankroe), 219 
Viscous fluid motion of two spheres m (Stimson and Jeflery), 110 
Watson Watt (R A) Set Appleton, Watson Watt sod Heed 
Wave resistance (Lamb), I$> 

Waves, plane, relativity theory (Baldwin and Jeffery’); 6* 

Wave#, ship, theory of (Hanson), 491 
West (J ) See Bragg and West 


inn on tbs on run dud sxd mmw r n TOUMUan a). 






